Bengaluru lectures Arun Ram, version: November 10, 2023

4 Lecture 4: Level 0 representations

4.1 Extremal weight modules L(A)
Let A € b} . The extremal weight module L(A) is the U-module

int*

(wA Q)

generated by {uy,p | w e W} with relations  Kj;(uyp) = ¢ UwA,
Eiuwn =0, and Fi<wA’aiv>uwA = Us wA, if (wA, o)) € Z>o, (4.1)
Fuypa =0, and Ez-_<wA’a¢v>uwA = Us wA, if (wA, o)) € Z<o,
for i € {0,--- ,n}. This module has a crystal, denoted B(A).
4.2 Level 0 extremal weight modules L(\)
Let
A=mwi + - + MypWn, with mq,...,m, € Z>o.
Let
11y ey Tmg 1s T12s -y Timg 2, ce Tlny s T oms

be n sets of formal variables and define
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For i € {1,...,n}, define

e(j)(u) =(1—zu)(l —z9u) - (1 —zpm,u) and

eg) (uil) =(1- a:l_’lufl)(l — xi%uil) (l—x

i ;U

-1 -1
M, )
Let U’ be the subalgebra of U without the generator D.

Theorem 4.1. The extremal weight module L(X) is the (U @z RGy)-module generated by a single
vector my, with relations

X;‘,_rm)\ =0, Kimy = q™my, Cmy=my,
(@), 1 @, —1
€L \qg "u DN, _1 e ’(qu
q( )(u)mA =K, +(Z.() )mA and q(_)(u Dmy = K; 1(2,)()1mx,
ey’ (qu) e (g tut)

(@)

where q’ (u) and q@ (u™Y) are generating series for loop generators of U.

An alternative presentation of L(\) is as the (U’ ®z RG))-module generated by a single vector m

with relations
+

-
x; ,mx =0, Kimy = q"™my, Cmy=my,

and

(iLmA:O, forie{1,...,n} and s € Zs,,,

egi)m)\:O and e
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4.3 Finite dimensional standard modules M (a(u))

A Drinfeld polynomial is an n-tuple of polynomials a(u) = (a™M(u),...,a™ (u)) with a®(u) € Clu],
represented as

a(u) = a® (Wwy + -+ + a™ (u)wn, with a® () =(u—a1;) - (u—am, ;)

so that ‘
the coefficient of v/ in (¥ (u) is egfl)ﬁj(au, ey Oy ),
the (m; — j)th elementary symmetric function evaluated at the values aj, ..., Gy, ;. Define
Mﬁn(a(u)) = L()‘) ®RG Ma(u)s
where

6](;) (xl,iv T2, -- ')ma(u) = eg) (al,i7 ce 7ami,i)ma(u)

specifies the RG y-action on m,,). In other words, the module M fin(q(u)) is L(\) except that variables
x;; have been specialised to the values a; ;.

4.4 Finite dimensional simple modules

Let U’ be the subalgebra of U without the generator D.

Theorem 4.2. The standard module
M (a(w))  has a unique simple quotient L5 (a(u))
and

{Drinfeld polynomials} —  {finite dimensional simple U’'-modules}
a(u) = aV(w)w + - + ™ (Ww, — L (a(u))

s a bijection.

4.5 Crystals for level 0 L()\) and M (a(u))

Let
A=miwi + - + Mpwn, with mq,...,my, € Z>o.

Let k=#{i € {l,...,n} | m; # 0} and
S = (k= (W, .. k™) | kD is a partition with £(x?) < m; for i € {1,...,n}}.
Given A there are uniquely determined
we W and j € Zso and v € Ay such that wv+ Ag) = —jo+ A+ Ap.
Then the crystal of L(A) is the set
B()\) = B(v + Ag), x ZF x S™.
and the crystal of M (a(u)) is the set

Bi()\) = B(v + Ag) .
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4.6 Character formulas

Let
-1

1
P g g Pt

0, = =
I 1—q+1—q—1

(although % = q_% = 1%1(1, it is important to note that 0, is not equal to 0, it is a doubly infinite
formal series in ¢ and ¢~ 1).
Conceptually, the set Z¥ x S is the crystal of RG,. Letting ¢ = e ?, its character is
y g

mn—1

et me g 1
char(RG,) = <qu1 H W) (quz H = q’f) <0qmn H = q’f)'

The character of the crystal B(v+Ag), is determined by the Demazure character formulas. A pleasant
way to express this character is as the evaluation of an electronic Macdonald polynomial,

char(B(v + Ag)})) = Ewgr(q,0).
Putting char(RG,) and char(B(v + Ag)};) together gives

char(B(\)) = char(B(v + Ag);,) char(RG)).
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