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3 Lecture 3: Extremal weight modules

Let
b7 = C + Z-span{Ag, ..., Ap}.

A set of representatives for the W2d-orbits on b3 is (§*)ine = (h*), U (h*)), U (h*);,, Where
(b*)fgt = Co + Z>p-span{Ag, ..., Ap},
(h*) . = C6 + 0Ag + Z>o-span{wy, . ..,wn}, (3.1)
(0")int = C6 + Z<p-span{Ag, ..., A, }.

For sly these sets are pictured (mod §) in .

3.1 Extremal weight modules L(A)
Let A € b . The extremal weight module L(A) is the U-module

generated by {uy,p | w e W} with relations  Kj;(uyp) = q<wA’aiv>uwA,

\
Euu,pa =0, and F;wmai >uwA = Us;wA if (wA, a;/> S ZZO? (32)
—(wA, o)) . v
Fiuyn =0, and E, UA = Us;wA, if (wA, o)) € Z<o,
for i € {0,--- ,n}. Pictorially, if (wA, o) € Z>( then there is a chain of length (wA, o) from u, to
Us;wA
0
Us,wA E? E( El El
o b Fi F; F;

The module L(A) has a crystal, denoted B(A). The crystal is a labeling set for a (weight) basis of
L(A).

Some properties of the L(A) are:

o If A € (h*){", then L(A) is the simple U-module of highest weight A.
o If A & (h*)i, then L(A) is not a highest weight module.

o If A € (h*),, then L(A) is the simple U-module of lowest weight A.
o If A& (h*),, then L(A) is not a lowest weight module.

14



Bengaluru lectures Arun Ram, version: November 10, 2023

PLATE B: Pictures of B(w; + Ag), B(w; 4+ 0Ag) and B(—w; — Ay) for sl
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3.2 Bruhat orders

Let af, = R-span{ay, ..., a,}. An alcove is a fundamental region for the action of W24 on (RS + af;, +
Ag)/Ré. There is a bijection

wad {alcoves}

1 +— {z+Ag€ag+Ao|z(h;)>0forie{0,...,n}} (3.3)

An element w € W24 is dominant if
w(p+ Ag) € R>p-span{wi, ..., wn} + Ao, where p=wi+ -+ wp.

In the identification (3.3) of elements of W24 with alcoves, the dominant elements of W?2d are the
alcoves in the dominant Weyl chamber.
Let z,w € W2 and let w = si; -+ 85, be a reduced word for w in the generators s, ..., ;.

The positive level Bruhat order on W24 is defined by

xr < w if z has a reduced word which is a subword of w = s;, - - - 55,

The negative level Bruhat order on W24 is defined by = < w if z & w.

The level 0 Bruhat order on W24 is determined by
(a) =< for dominant elements: If z,w are dominant then x < w if and only if z < w,

(b) = translation invariance: If ¢V € a3d and x,w € W then z < w if and only if at,v <0 wt,v.

3.3 Demazure submodules

Let U™ be the subalgebra of U generated by Fy, ..., E,, Ky, ..., K,,C,D.
Let w € W24, The Demazure module L(A)} is the Ut-submodule of L(A) given by

w

L(A)g = Ul uga and  char(L(A))) = Z eVt ®),
PEB(A)

since L(A)} has a crystal B(A)7.

3.4 Demazure operators

The BGG-Demazure operator on C[h3] = C-span{X* | A € b3} is given by

D;,=(1+s) fori e {0,1,...,n}.

1
1— x—a
Let A € (h*)ing, w € W2 and i € {0,1,...,n}.

int w

If A€ (b*)F then Djchar(L(A)Y)) = {
int w

if Ae (h*)?  then Dychar(L(\)E) = {Char L /\;

int w

if A € (h*);, then Djchar(L(A)}) = {
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PLATE A: Bruhat orders on the affine Weyl group (partial relations)
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3.5 Crystals

Let b = R-span{d,w1,...,wn, Ag}. The universal crystal in mind is the set
. . .. « | p(0)=0,
B(univ) = { iecewise linear paths p: Rjg 11 — . }
( ) b b P Ro1) br p(1) € b,
with root operators €, . .., é, and fo, ..., fn defined by Littelmann (see [Ra06}, §5] for an exposition).

For A € by, the straight line path from 0 to A is

pa: Ry —br  givenby  pa(t) =tA, for ¢ € Rjo,1y-

Let w € Wad,

B(A) = {fi, - fipa | k € Zsg and i1,... i € {0,1,...,n}},
If A€ (h*)F then

int

B(A)f, = {p € B(A) | the initial direction of p is < w}.

B(A) =16, ---€éypr | k € Z>p and i1, ...,i, € {0,1,...,n}},
If A e (b*),,, then
B(A)5 = {p € B(A) | the initial direction of p is < w}.
3.6 Weyl character formula

The Weyl character formulas are formulas for the characters of the extremal weight modules L(A) for
the cases when A € (h*)F. or A € (h*);,

int"

Let p=wi + 4wy and b =af +aY + -+ +a) and
p=RAo+ A+ A =wi+- - +wn+ (a5 +af +---Fay)Ao = p+hY A,

Letting

the Weyl denominators are

a;‘ — PthV Ao H ((1 — )" H (1— qr—le—a)(l . qrea)>

r€Z>0 aceRt

and

ay =70 T (=g JT = a0 De)1 = g7e™))

r€Z>0 a€Rt

and the Weyl character formulas are
1
if A€ (h*), then char(L(A)) = — Z det(w)e? B+
ap weW

if A € (h*);, then  char(L(A)) = i_ Z det(w)e?A=r),
a

int
P wew

The Weyl denominator formula is equivalent to char(L(0)) = 1.
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