Bengaluru lectures Arun Ram, version: November 10, 2023

2 Lecture 2: The affine Weyl group

2.1 The finite Weyl group Wjs,

Before we start the game we wish to play we are given some symbols d, Ag and oy, ..., a, and some
integers denoted

ag,at, ..., 0n EZ>07

and Cii, fori,5€{1,...,nk.
ay,ay,...,a) € Z=o, KX JE{L..n}

Fix a C-vector space a and its dual a* so that

a has C-basis {ay,...,a) },

. ith aY) =6,
a* has C-basis {w1,...,wn wi (wiy o) = 0y

Let
h* be the vector space with basis {d,w1,...,wn, Ag}.

For j € {1,...,n} define
Oéj = C’ljwl + 4 anwn

and
sj: h* — b* by si(ad + X+ 0Ag) = ad + X — (N, o) Yoy + LA,

for a,f € C and A\ € a*. The finite Weyl group
Wan € GL(HY) is generated by s1,..., s,.

2.2 The affine Weyl group

Let
a3 = Z-span{ay,...,a)}.

For p" € a%d define t,v: h* — b* by
tuv(ad + X4 0Ag) = (a+ (A= €3 )(1W))6 + A+ € + (Ao,

where a,/ € C, A\ € a* and p" is viewed as an element of a* by the isomorphism

The affine Weyl group is
wad = Cl%d X Wen = {tuvw ‘ uv €ayg, weE Wﬁn}

with
tuvtyy = tyvayy and Wty = tyyvw, for ¥, vV € az and w € Whyy,.
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2.3 The Heisenberg group

The matrices of s; and ¢,v, with respect to the basis {0, wr, ... ,wn, Ao} of h*, are
110 --- 0 0 0o ---1lo0
1 - 0 —ai(hi) 0 -0
0[0 -+ 0 —aj(he) 0 --- 1|0
L 0jo --- 1 —Oéi(hz‘_ﬂ 0 - 0 .
si=| olo ... o 1 0 o | for i € {1,...,n}, and (2.1)
0j0 --- 0 _ai(hi+1) 1 0
00 0 —ai(hy) O
00 0 0 0 1
L]k k| =50, 1)
py p = kihy+ -+ knhy,
tw=1| o 1 , for = %Oﬂ +-+ kg%an (2.2)
Y = pYwi + - + pyw, in add,
: fir
ol--- 0o .- 1
so that —2(u, u) = —3(uy k1 -+ - - kn). The Heisenberg group is the subgroup of GL(h*) consisting
of transformations for which, with respect to the basis {J, w1, ..., wn, Ao} of h*, the matrices are
1la -+ an| 2z
!
0 1 : with a1,...,an, Y1,.---,7, 2inR.
Tn
0 0 1

2.4 Orbit representatives of the W2 action on (h*)iy

Let
b7 = Cd + Zspan{wi, . ..,wn, Ag}.

For ¢ € Z~, define

Ap={ad + A+ LAy € b | a€C, A(hg) < ¢, and Ahg,) >0 for i € {1,...

Ay={ad+Xreby | aecC,and A(hy,) >0forie{l,...,n}} and

i

Ay={ad+X+lAye by | aeC, AN(hg) > ¥, and A(hy,;) <0 forie{1,...

A set of representatives of the W24 orbits on b7 is

f)* o UA QUA_JUAgUATUAU - -+

int —

11

13},

i}



Bengaluru lectures Arun Ram, version: November 10, 2023

Ag—axis
p— /\ pos. level
integrable modules L(A)
S — level zero
el Ll integrable modules L(\)
wi-axis
A W1 2wq 3wy 4w dwq
w1 1X(),
neg. level

ntegrable modules L(—A)

— .

2.5 Classifications of integrable modules
Let U = Uy(g) be the quantum group corresponding to the affine Kac-Moody algebra
g=Cdo gle,e ] @ CK.

Let U’ be U but without the generator D = t¢.
Let £ € Z~(. The sets A, provide index sets for classes of U-modules:

Ay <> {finite dimensional U;(g) modules}
Ay <+ {level £ irreducible integrable U;(g) modules}
A_y <> {level —¢ irreducible integrable U;(g) modules}

Ap <> {level 0 integrable extremal weight modules U;(g) modules}

Let

Clu]® = {a1(w)wr + - -+ + an(u)wy, | ai(u) € Clu] and a;(u) is monic}

Then

Clu]@™ <+ {irreducible finite dimensional U;(g)-modules}
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1
2.6 Type A§ )

For Type Agl) the initial data consists of the matrices B = DC' given by
2 =2 10 2 =2
(5 )00 D)=

(_22 _22> (1) = <8> then K= ag + 04\1/ and A; =wi + Ag.

Since

The matrices

1 —k —k2 1 0 0 1 1 1
thay =0 1 2k |, si=|0 -1 0], so=(0 -1 2], with k € Z,
0 0 1 0 0 1 0 0 1

generate the action of W24 on h*, with respect to the basis {4, w1, Ag} of h*, For example, if £ € R
then

the Wad-orbit of (2w; + £Ag) is contained in the parabola {yé + zwi + €Ay | y = 25 (2 — 4)}.
and if £ = 0 then
the Wad-orbit of (2w; + 0Ag) is contained in the two lines {yd + zw; | * = 2 or x = —2}.

These parabolas and lines are displayed in the following picture.
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