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8 Sequences and series: Review from Calculus 2

8.1 Sequences

Let Y be a set. A sequence (y1,y2,Ys3,...) in Y is a function

Z>0 — Y
n —> UYn

Let Y be a set with a partial order < and let (y1,¥2,¥s,-..) be a sequence in Y.

e The sequence (y1,¥y2,¥3,-..) is increasing if (y1,y2,ys, ...) satisfies

if i € Z~g then y; < Yit1-

e The sequence (y1,y2,¥s,...) is decreasing if (y1,y2,ys,...) satisfies

ifi € Z~g then y; > Yit1-

e The sequence (y1,¥y2,¥s,...) is monotone if it is increasing or decreasing.

Let Y be a metric space and let (y1,¥2,¥s,-..) be a sequence in Y.

e The sequence (y1,y2,¥s,-..) is bounded if the set {y1,y2,¥s,...} is bounded.

The sequence (y1,Yy2,ys,...) is Cauchy if (y1,y2, . ..) satisfies:

if ¢ € Ry then there exists N € Zsg such that if m,n € Z>n then d(ym, yn) < €.

e Let £ € Y. The sequence (y1,y2,¥s,...) converges to £ if

lim y, =/

n—oo

ie., if (y1,v2,ys,...) satisfies

if ¢ € Ry then there exists N € Zs( such that if n € Z>y then d(y,,!) < €.

The sequence (y1, %2, ...) converges in Y if there exists £ € Y such that (y1,ys,...) converges to
L.

The sequence (yi1,y2,...) diverges in Y if there does not exist ¢ € Y such that (yi,y2,...)
converges to /.

Let (y1, 92,93, -..) be a sequence in R.

e The supremum of (y1,y2,ys,...) is sup{y1, y2,ys, ...}
e The infimum of (y1,y2,ys,...) is inf{y1, y2,ys3,...}.
e The upper limit or limsup of (y1,y2,ys,...) is

limsup y, = nh_{go(sup{yny Yn+t1s---})-
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e The lower limit or liminf of (y1,y2,ys3,...) is

lim inf Yn = (inf{ym Yn+1, - - })

lim
n—oo

Ezample. If y, = (—=1)"(1 — 1) then limsupy, = 1 and liminf y, = —1.
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8.2 Series

Let X be a topological group with operation addition and let (a1, a2, as,...) be a sequence in X.

o0
e The series E ap, is the sequence (s1, s2, s3,...),

n=1

o0
where sy, = a1 +a+2+ - + ag. Write Zanzf if  lim s, =¢.
n=1

n—o0

o0

e The series E ap, converges in X if the sequence (s1, $2, 83, ...) converges in X.

n=1

o
e The series g an, diverges in X if the sequence (s, s2, 83, ...) diverges in X.
n=1

Theorem 8.1. (Root and ratio tests) Let (a1, az,as,...) be a sequence in R.

oo

(a) If lim [@n1] =a exists and a <1 then Z lay| converges in R.

n—oo |an|

n=1

oo
(b) If lim |7n+|1‘ =a exists and a > 1 then Z lan| diverges in R.
n—oo |ap
n=1

[e.o]
(c) If 1i_>m |a, |V = a exists and a <1 then Z lan| converges in R.
n—,oo

n=1
o0
(d) If lim |a,|V" = a exists and a > 1 then Z lan| diverges in R.
n—oo
n=1
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8.3 Absolute convergence
Proposition 8.2. Let K be R or C and let (a1, az,as,...) be a sequence in K.
o o
If Z lan| converges in R>q then Zan converges in K.
n=1 n=1

Let K be R or C and let (a1, ag,as,...) be a sequence in K.

oo oo
e The series E a, converges absolutely in K if E lan| converges in R>q.
n=1 n=1

o
e The series Z an converges conditionally in K if

n=1
[o¢] o0
Z |an| diverges in R> and Z a, converges in K.
n=1 n=1

Proposition 8.3.

(a) Let (a1,az,as,...) be a sequence in C which converges absolutely in C.

o0 oo
Let a = g G- Then every rearrangement of g an converges to a.
n=1

n=1

(b) Let (a1, a2,as,...) be a sequence in R which converges conditionally in R.

oo
If £ € R then there exists a rearrangement of Zan which converges to £.
n=1
8.4 Radius of convergence
Let (a1, as9,as,...) be a sequence in C and let
oo
Z anz™ = ag + a1z + agx® + - - - (an element of C[[z]]).

n=0

[e.e]
The radius of convergence of E apz™ is

n=0

ROC (Z anx"> = sup {M ’ r € C and Z anr" converges} :
n=0 n=0

oo
The following proposition is what ensures that the knowledge of ROC (Z anxn) is useful.

n=0

Proposition 8.4. Let (ap,ai,az,as,...) be a sequence in R or C. Letr,s € C and

o e.9]
assume Zans” converges.  If |r| < |s| then Zan\r]" converges.
n=0

n=0
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Proposition 8.5. (Leibniz’s theorem) If (a1, az,as,...) is a decreasing sequence in R>q

o0

such that Tl;l];)rIOlO anp =0 then Z(—l)"an converges.
n=1
The favorite example here is (aj,as,...) = (1, %, %, ...), which has
o0 o0 o 1
11 _ 11| _ :
2(—1)71 L_log2 and z; [EhkarE= Z; ~ diverges.
1= 1= 1=

8.5 Harmonic series and the Riemann zeta function

Let s € C. The Riemann zeta function at s is

[e.o]

1
C(s) = v
n=1
The harmonic series is ((1). A p-series is ((p) for p € R-y.
Theorem 8.6. Assume p € R~g. Then

C(p) converges if and only if p € Rsq.

Proof. Case 1: p = 1. In this case ((1 Z diverges since

§1_1+1+1+1+1+1+1+1+ STEVE
n 2 '3 4 5 6 7 8 2 2 2
n=1 —_— ——

— 1
Case 2: p € Rey. Then ((p) = Z — diverges since
n

n=1

f: 1+ +1+1+ >1+1+1+1+
—~ N 3p 2 3 4

o

1
Case 3: p € Ryy. Then ((p) = Z —p converges since

n=1
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1. (contractive sequences) Let Y be a metric space and let (y1,y2,¥s,...) be a sequence in Y. The
sequence (y1,Y2,Ys,...) is contractive if (y1,ys,...) satisfies: There exists o € (0, 1) such that

ifi €Zso  then d(yiyit1) < ad(yi-1,i).
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8.6 Some proofs

Theorem 8.7. Let (a1, az,as,...) be a sequence in R.

[e.9]

(a) If lim 1] =aq exists and a <1 then Z |an| converges.

n—00 ‘an‘

n=1
o

(b) If lim [@n+1] =a exists and a > 1 then Z |ay| diverges.

n—oo |an|

n=1
oo
(c) If li_>m lan|Y™ = a exists and a <1 then Z lan| converges.
n—oo
n=1
[e.@]
(d) If lim |a,|"" = a exists and a > 1 then Z lan| diverges.
n—oo
n=1

Proof.

(a) Assume lim 1]
n—oo |ay,|

Let € € Ry be such that a +¢ < 1.
Since lim 011
n—oo |ay|

Then

=g exists and a < 1.

= a there exists N € Z~ such that if n € Z>y then % <a+e.

o0
> lan| =laol + la1| + -+ + lan| + lan41| + langa| + -+
n=0

aN+2 aAN+2 aN+3
:|a0‘+"'+‘aN+’CLN+1|+‘GN+1’<| +’>+‘QN+1’<| +’> (’ +|>+”'
lan+1] lan+1] lan 2

<lao| + -+ + lan| + lant1] + lans1](a +€) + ansi(a+e)* + -
=|ag|+ - +]an + lay 1|1+ (a+ &)+ (a+e)* +---)

1
= lao| +- -+ lan| +|an-+1| (1_@%)) -

o0
Then, since a + ¢ < 1, Z |ay| converges.
n=0
(b) Assume lim 1]
n—oo |ay|

Let € € Ry be such that a +¢ > 1.

= q exists and a > 1.

. . a . .
Since lim 11| = a there exists NV € Z~¢ such that if n € Z>py then lan+1] <a-—E¢.
n—00 |an‘ = lan|
Then
o0

> lan| =laol + lar| + -+ + lan| + lan41| + lang2| + -

n=0
a a a
— laol + - + lan] + lans1] + lan1] (' N“’) T ayl (' N“’) (’ N”') e
lan+1] lan+1]/) \|an+2|

= lag| + -+ + |an| + lan+1] + lan+1l(a — &) + ans1(a —€)* + -+
> Jaol + -+ + |an| + lan11|(1+ (a —€) + (a —€)* +--+)
> lag| + -+ lan| + [ang1|(T+1+14---).
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o
So Z |a,| diverges.
n=0
(c) Assume lim |a,|'/™ = a exists and a < 1.
n—oo
Let € € Ry be such that a +¢ < 1.

Since lim |a,|'/™ = a there exists N € Zsq such that if n € Zsy then |a,|/" < a +¢.

n—oo

Then
o
> lan| =laol + lar| + - - + lan| + lan 41| + lan 2| + -+
n=0

= lao| +--- +an| + (’aN+1‘l/(N+l))N+1 n (‘GN+2’1/(N+2))N+2 L
<lao| + -+ lan| + (a+ )"+ (a+ )V 4.
—Jao| £+ Jan| + (@ + N1+ (a+2) + (at ) +---)

1
_ N4t f o+
=lag|+ -+ lan|+ (a+¢€) (1_(a+8)).

o0
Then, since a +¢ < 1, E |an| converges.
n=0

1/n

(d) Assume lim |a,|"/" = a exists and a > 1.
n—oo

Let € € Ry be such that a +¢ > 1.

Since lim |a,|'/™ = a there exists N € Zsg such that if n € Z>x then |a,|
n—oo -

Then

n «q—¢.

o0
> lan| =laol + lar| + - + lan| + lan 1] + |anya| + -+
n=0

= |ag| + - - - + |an]| + (|GN+1\1/(N+1))N+1 n (\aN+2|1/(N+2))N+2 b
> lag| + -+ + |an| + (@ — )V T+ (a — )N T2 4.

=lag|4+ - +]an| +(a—e)NTTA+(a—e)+ (a—e)2+--)

> lao|+ -+ lan| + (a— )AL +14+14---).

o
So an| diverges.
g

n=0

Proposition 8.8. Let (a1, a2,as,...) be a sequence in R or C.

oo oo
If g lan| converges then E an converges.
n=1

= n=1

Proof.

oo
Assume that E lan| converges.
n=0
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o
To show: E a, converges.
n=0

Let A, = |ag| + |a1] + -+ ]an| and s, =apg+ a1+ -+ an.
o

Since Z lan| = (Ao, A1, ...) converges, the sequence (Ag, A1, ...) is Cauchy.
n=0

Let m,n € Z>o with m < n.
Since
80 = Sm| = lamy1 + -+ an| < |ampr| + -+ |an] = [An — Al

the sequence (sg, $1,...) is Cauchy.

Since Cauchy sequences converge in R and C (in any complete metric space),

o
the sequence (sg, $1,...) = E a, converges.

n=1

Proposition 8.9. Let (ag,ai,az,as,...) be a sequence in R or C. Let r,s € C and

o0 [e.e]
assume Zans” converges.  If [r| <|s| then Zanh‘]" converges.
n=0

n=0
Proof.
[o¢]
Since Z anps” converges, limy, o |ans™| = 0.
n=0
Let € € R>0.
Then there exists N € Zsg such that if n € Z>y then |a,s"| < €.
Then
o0
> lanr™ = laol + laxr| + -+ + lanr™| + JanarV 4 -
n=0
N N+1 N N+2 rV+2
= lag| + -+ lan7" | + lant18" | N + |ant28 7 e
N N+1 FN+2
<lag| + - +lanr™| +¢€ N | T Nm |t

N
r
= lag| + -+ |anr™| + ¢ s

r 7’2
(14 51+ )

,,,.N—i—l ( 1 >
-y

= |ag| + |arr| + - + |anrN| + €

GN+1

o0
Thus, since |r| < |s], Z |anr™| converges.

n=0
[o.¢]
So, by the previous Proposition, E an|r|" converges.
n=0
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Proposition 8.10. (Leibniz’s theorem) If (a1, a2, as,...) is a decreasing sequence in R>

oo
such that nh_}rrgo anp =0 then Z(—l)”an converges.
n=1

Proof.

Assume (ag, ay,...) is a sequence in R>g, lim a, =0 and if n € Z>( then a, > ap41.
- n—0o0 -
o
To show: E (—1)"*1% =a; —as + a3 — aq + as — - - - converges.

n=0

Let
Som = (a1 — a2) + (a3 — ag) + - -+ + (a2m—1 — azm).

Then s21 < So(41)-
Since som, = a1 — (a2 —a3) — (a4 —as) — -+ — (A2m—2 — A2m—1) — G2m, then s9, < ay.
So the sequence (s2, $2, Sg, . . .) is increasing and bounded above.

So lim s9,, exists.
m—00

Let £ = lim s9,.
m—00

Let sopmi1 = S2m + a2m41-
Then
lim sopmy1 = lim sop + lim agmy1 =€+ 0=14.
m—00 m—0o0 m—00

So lim s, =/¢.
m—0o0

o0

So Z(—l)"_lan =/.

n=0
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