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2.1.4 The normed vector space ({%)*

Use the notations e¢; = (0,...,0,1,0,0,...) where the 1 is in the ith spot, and
(o]
0z (y) = (z,y) = Z:c,-yi, for == (x1,29,...) and y = (y1,92,...).
i=1

Let p,q € Ry with % + % = 1. The Holder-Minkowski inequality (REFERENCE) says that
if z €’ and y € (?then  [(z,y)| < |[lzpllyllq-

If p € (#7)* and y € ¢ then

() = ‘w(iyiei) = ‘iyw(ei)
=1 =1

which gives

= [y, (ele1), plea), - N < Nyl - leler), elez), - )llp,

el = sup{lp(y)| | y € €7 and [[yllq = 1} < |[(p(e1), p(€2),---)p-
Let
ya
q

s=(81,82,...), where s; = sgn(p(e;)) - |¢(e)|a.
Then

(o) = (2 i)
1

8

= | sivle)

:‘ pleolleeols| = ‘Z’Sﬁ(ei)\lw(ei)lp(l*%)
=1 i=1

= =1 i=
= (S letel?) " = lplen)s plea)s - o (3 (el D)) = plen), elea), -y - sl
1=1 =

which gives that ||¢| > ||(¢(e1), ¢(e2),...)||p- Hence, if ¢ € (£9)* then

lell = 11(e(e1), le2), - - llp-

If x € /P then

lpall = [lzllp,  because x = (z1,22,...) = (pz(e1), pale2),- . .)-
These computations show that there are well defined isometries (of normed vector spaces)

o,: P — (L) U,: (9" — 7

and

T P o = (ple1) plea),-..).
If p € (¢7)* then ¢ is determined by the values z; = ¢(e;) because ¢ is continuous and ¢, = ¢4. Thus
@ = @, = Py(x) and P, is surjective. Since (pz(e1),pz(e2),...) = (z1,22,...) = x the functions

U, and ®, are inverse functions. Since ®, and V¥, are isometries then || ®,| = 1 and [|¥,|| = 1. In
summary, we might abuse notation and write

(09)* = er.
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2.1.5 The normed vector space (cp)*

Let x € ¢! and y € ¢*°. Then

% k k k
[z, y)| = H Ziﬂzyz = H k1LH;OZ$zyz = kli)H;o H Zﬂfzyz < kli)ﬂoloz |ziyil
i=1 i=1 i=1 =1
k
< l. S = .
< Jm e Dl = ol -,

which is an analogue of the Holder-Minkoswki inequality. If ¢ € (¢p)* and y € ¢y then

lo(y)| = Hw(iyzez)

which gives

= > wivlen)| = [{y, (wler) plea), . NI < llylloo - I (pler), lez), -l
i=1

lell = supfle(y)] [y € co and [lylleo = 1} < [[(p(e1), p(e2), - - )1
Let s = (s1,s2,...) where s; = sgn(¢(e;)). Then

o(s)] = ‘s@(iswi) =1iw<ei> =S (e
=1 =1 =1

= [l(¢(er), plea), - -l = [[(p(er), plea), - )lx - ls]loos

which gives that |¢|| > ||(¢(e1), ¢(e2),...)||p. Hence, if ¢ € (cp)* then

lell = ll(eler), plea), - -

If x € ¢! then

lozll = llz||1, because x = (z1,x2,...) = (pz(€1), pz(e2),...).
These computations show that there are well defined isometries (of normed vector spaces)

d1: 1 — (c)* Vit (co)" — &
and
T o P e = (pler), ple2),...).
If ¢ € (co)* then ¢ is determined by the values z; = ¢(e;) because ¢ is continuous and ¢, = ¢y. Thus
© = gy = ®1(x) and P, is surjective. Since (pz(e1),pz(€2),...) = (x1,z2,...) = x the functions

U, and ®; are inverse functions. Since ®; and W are isometries then ||[®;| = 1 and ||¥4]| = 1. In
summary, we might abuse notation and write

(co)* = L1,
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2.1.6 The normed vector space ({1)*

If o € (#1)* and y € £*° then

lo(y)| = H«p(iyzez)

which gives

=Y wieled)] = {y: (pler), plez), - NI < Nyl - l(eler), plez), - - )lloos
i=1

lell = sup{le()] | y € €8 and [lylli =1} < [[((er), @le2), - - -)lloo-
If i € Z>o then [lo]| > |p(e:)], and so [lo]l > [|(¢(e1), ¢(e2), .- )[loo- Hence, if ¢ € (£1)* then

lell = ll(pler), ple2), - )lloo-
If x € ¢! then
lozll = l|2|loos because © = (z1,x2,...) = (pz(e1), pz(€2),...).
These computations show that there are well defined isometries (of normed vector spaces)

Doo: £ — (LY Ueo:  (IH* — £
and
T o ¢ e = (pler), ple2),...).

If o € (£1)* then ¢ is determined by the values x; = ¢(e;) because ¢ is continuous and ¢, = ¢!. Thus
© = g = Poo(x) and P is surjective. Since (¢z(e1), pz(e2),...) = (x1,x2,...) = x the functions VU,
and @, are inverse functions. Since @, and W, are isometries then [|[@| = 1 and [|[Uoo| = 1. In
summary, we might abuse notation and write

(eH* = ¢,
2.1.7 Completeness
Let p,q € R5q with % + é = 1. Since
¢t = (co)* = B(co, R), P = ()" = B({1,R), (>® = (Y* = B({4R),
then the theorem that tells us that if W is complete then B(V, W) is complete tells us that
¢', ¢P and £ are all complete.

Since /', ¢P and (> are all complete and Cauchy sequences converge in a complete metric space
then é. = ¢ in ', P and ¢>°. Thus

~ _

Go=c;=0" in Ce=Co=4/t infP, and c.=c.=cy in {>®.
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