MAST30026 Resources, Arun Ram, July 23, 2022

MAST30026 Metric and Hilbert Spaces

Assignment 1

Due: 4pm Thursday August 11, 2022

Question 1. (Existence of eigenvectors)

cos(f) sin(6)

(a) Let 0 € Rio,2r). Find the eigenvectors of (_ sin(9) cos(6)

> as a linear operator on C2.

(b) Show that cos(7)  sin(})
T o 2 -1 1

—sin(Z) cos(%)

> =2 ( 1 1) does not have an eigenvector as a linear operator
on R2.

(c) Let n € Z~o and let A € M, (C). Prove carefully that A has an eigenvector as an operator on
cn.

Question 2. (Radius of convergence) Let C = R + iR be the R-algebra with i = —1 and : C — C
and | |: C — Rx>¢ given by

T+iy =x — 1y and |z +iy| = Va2 + y2.

Let € € Rog. Let (aj,as,...) be a sequence in C and

o
assume that g ane’  exists in C.
n=1

Let B.(0) ={z € C| |z| < €}. Prove carefully that

[e.9]
if z € B(0) then Z apz" exists in C.
n=1

Question 3. (the dual of R? in the || ||, norm) If V is a normed R-vector space with norm || ||y and
¢: V — R is a linear transformation then the operator norm of ¢ is

ol = sup { LI | ey,

[llv

Let ¢: R? — R be a linear functional. Let a,b € R such that ¢(x1,x2) = axy + bxa. Prove carefully
and directly that

(a) If R? has norm given by |[(z1,22)||1 = |z1| + |z2| then
[6]] = max{[al, |b]}.
(b) If R? has norm given by ||(21,22)||cc = max{|z1|,|z2|} then
o[l = lal + [o].
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(c) If p € Ry and R? has norm given by ||(z1,22)||, = (|21|P + |22/?)'/? then

1 1
ol = (Ja|? + |b|q)1/q, where . + p =1,

Question 4. Let R* = {(z1,x2,...) | i € R}. For z = (x1,22,...) € R* define
[zlly = [z1] + fwo| +--- and  [Jzfloo = sup{laal, [z2],. . .}-
Define subspaces of R by

ce = {x = (21, 22, € R* | all but a finite number of x; are 0},

(
CO:{J:‘:(x , L2, ‘Z‘ZGRandhmn_)ooxn:O}’
(

(

1,22, ...)
0" ={z = (21,22,...) | 7; € R and ||z|; exists in R},

0 = {x = (21, 2, | z; € R and ||z||« exists in R},

and for p € Rs; define

P ={x = (z1,22,...) | x; € R and ||z||, exists in R}, where x|, = Z | |P

The purpose of this question is to establish and study the sequence
C L c w C 2 C 7 C C > .
Ce = lh = lh = lh ¢ ! G & ¢ for p,q € Ruy with p <2< ygq
and 14 1=1,
(co)* 2 (L 2 () 2 () 2 (h b
Part A. (containment of vector spaces)
Show that c. C ¢g and ¢, # ¢g.

Show that c. C ¢! and ¢, # ('

)
)
(c) Show that ¢! C ¢2 and ¢! # (2.
(d) Show that if p € R~ then £} C ¢ and ¢! # (7.
) Show that if p,q € R>; and p < ¢ then ¢ C ¢7 and P # (4.
) Show that if ¢ € R<q then ¢4 C ¢ and 7 # ¢y.
(g) Show that ¢y C £*° and ¢ # £°°.

Part B. (the standard orthonormal sequence) Let W be a subspace of a normed vector space V. The
closure of W is

W:{ lim w,

n—oo

(w1, ws,...) is a sequence in W and lim w, exists in V}.
n—oo

Let
e1 = (1,0,0,0,0,...), ey =1(0,1,0,0,0,...), e3=(0,0,1,0,0,...), ...,

(a) (the span) Show that span{ej,es,...} = c..
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(b) (the closure of the span in /?) Let p € R~;. Show that, in ¢P, span{ey,eg,...} = (P.

(c) (the closure of the span in ¢!) Show that, in ¢!, span{ey, es,...} = £%.

(d) (the closure of the span in £>°) Show that, in £, span{e;, e, ...} = co.

Part D. (Duals) If V' is a normed R-vector space then
V*={¢: V = R | ¢ is a linear transformation and ||¢|| exists in R}.

(a) (Dual of cg) Show that /! = (co)*.
(b) (Dual of an ¢P-space) Let p € Rs;. Show that ¢? = (¢P)*, where % + % =1

(c) (Dual of £2) Show that 2 = (¢£%)*.
(d) (Dual of £!) Show that £>° = (¢1)*.
)

e) (Dual of the dual of ¢g) Show that ¢y C ((co)*)* and co # ((co)*)*.

(
(
(e) (
(f) (Dual of the dual of £') Show that £! C ((£1)*)* and £! # ((¢1)*)*.

Part E. (Completeness) Let V' be a normed vector space with norm | [|yy. The tolerance set is
E = {1071,1072,...}. For ¢ € E, the e-diagonal is

Be={(v,w) e VXV | |v—wl|v <€}
A Cauchy sequence in V is a sequence (v1,vo, ...) such that
if € € E then there exists N € Z~( such that

if m,n € Z>y then (vy,,v,) € B

(eventually the sequence is all inside the e-diagonal). The normed vector space V' is complete if it
satisfies
if (v, v2,...) is a Cauchy sequence in V' then lim v, existsin V.
n—oo

(a) (¢! is complete) Show that ¢! is a complete normed vector space.
(b) (¢P is complete) Let p € R5. Show that ¢P is a complete normed vector space.
(c) (£ is complete) Show that ¢ is a complete normed vector space.

Part F. (Completions) Let W be a subspace of a complete normed vector space V. The completion
of Win V is .
W = { lim w,

n—00

(w1, ws,...) is a Cauchy sequence in W}

(a) (The completion of ¢, with respect to || ||ooc) Show that, in £*°, the completion of ¢, is co.

(b) (The completion of c. with respect to || ||,) Let p € Rsq. Show that, in ¢7, the completion of ¢,
is /P,

25



