
Eigenvectors and A- invariant#
subspecies
Let Itbe afield and
A t Mu LIF) .

Let pt IF
" with

p 40 .
Show that p is an

eigenvector ofA ifand only
if Ifp is A - invariant .
Pret⇒ Assume p is an
eigenvector.
To show: Hp is A- invariant .
Since p is an eigenvector
than there exists XtIFsuch
that Aps Xp .

To show : If ut Ep then Autftp.
Assume UEIfp .

Then there exists see Ifsuch
that u -- op .

To show : Au EIfp .



D-us ALap) -- cap
= a Xp -- lawpt Ifp.

So Ifp is A-invariant.
⇐ Assume Ep is D--invariant
To show: p is an eigenvector
ofA

.

Since Ifp is A -invariant and
p eIfp than Ap tEp
so there exists X c-IFsuch
that ApsXp .

So p is an eigenvector ofFfg
.



Engeuvectorsanduullspaces-l.atIFbe afield and let
AEMuLIF) . Let itIF andpEIF

"

with p $0 .
Show that

p is an eigenvector of
eigenvalue X
if and only if p tKerH-A).

Prost⇒ Assume p is an
eigenvector ofA of eigenvalue
X

. Then ApsXp .

So Xp -Aps O . So LX-A)p so.
So p eKerr LX-A) .

⇐ Assume p EKerLX -A) .
Then H -A) so .

So Xp -ApsO andApsXp .

So p is an eigenvector of
eigenvalue k . D .



Distineteigenvalu-sgivel.veearlyihdependenteigenvectors
-

Let It be a field and let
A E M

. n
LIF)

.
Assume pi, . . . ,p,f-IF

"

ane eigenvectors ofA with
eigenvalue X, , - . . , X* .

Show that
if X

,, . . .

.h. are all distinct
then p, , . . . ,pie are linearly
independent .
Proof Assumep, , . . .,Pie are

eigenvectors ofA with
eigenvalues X,, . . .. Xx and
X. , . . . , Xu are all dis t.net .
To show : pi , . . .

,Pk are linearly
independent .

To show : If4 , . . .,qdIF and
c
,pit - - - t CkPk IO and



if job .
. . ,k3 then Cjso .

Assume 4, .
. . , cut# and

c.Pit .
- -tLkPk so andjob . . .,

k}
.

To show '. ↳
'IO

.

We know '. 0=4p, t - - -tLk Px
If M is asnatnix

,
MEMulk)

0=1414p, t -
- - the Pk )

Let
M--H

,

-A)HiA) - - - ltjs, -A)
' Itg't,-A) - -Hk-A)

.

Note that Hr-Alas-A) 'Hs-AHA)
.

So
Mp, -. HEA) - - - Id

,

-Alp,
=LtoAl - - - It

,
-tip, =D(since Ap, ship, and X, -X, -O) .

Mp.us HEAL - - - It
,
-A)HeA)pie

= HEAL - -
-Lt
,
-A)HotelPEO.



S Mp, so , MpEO, - - - , Mgs, Pjs,,
Mj+,Pj.# sO, '

'
-

,Mp, 0
.

O --MLap, t - - - t 440k )
= a
, Mp, t - - tLj., Mpj. ,
+CjMpj

+
g't, Mpj, t - - - t CkMpa .

S O t - -
-to

+cjMpj
t O t . - - to

947g. . It.-Al . - -Hj.int/tj+iA) - - -Hsia)
apj

and Apj -tjpj then
Mpjsct,-hilltotj ) .

- - Itjiljl
' ldjxidj ) - - - Ibetj ) pjThen

S#e X
,
-Xj to , hi Xj to, . . .



- -
- HEH #0

because X
, ,

. . ., da aredistinct .
O = cjMpj
=cjlxiljl . - -ltjsitj )

- lxjxikj) - -
-HiiXj )Pj .

Since kixjso, - - - sheet; to their
Cg 's 0 .

So pi, . . .,Pk are Linearly
independent .¢

.



Ifk-isalgetoraica-y.csedthenAL.MN/lFlhasar-eigenve
Let IFbe a field and assume
IF is algebraically closed .

Let AEMn LIF) . Show that
A has an eigenvector lover IF).
ProofsAssume IFis algebraically
dossed and AEMn HF)

.

Since IF is algebraically
closed then the characteristic

polynomial det Lx-A)
has a root

.

So there exists XEIFsuch
that de t Lk-A) =D

.

Since datLt-A1=0 then
Ker lX-A) to

.



So there exist p tKarlX-A)
with p 40 .

Then p is an eigenvector
of A lH -A)p --O gives

ApsXp ) . H
.


