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Inger products
The standard denierproduct on-
IR" is
-

RnxRn→ IR
tu
,
T) I- I . f given by

(Yun) . a) = unituit .
- - tanh

.

Theambigua
deuxen→¢
lie
,
Jl l→ Trap

. given by

film) . a) s unitunit - - -tuna
whose xtiy s x- iy for
xtiy ④①

Node: Ifx t IR then I'X



Let IFbe a field .
Let - :IF→It

satisfy : if44
,
cut them

atci-atez.IE?aIIg.,?dg
Favourite example :
IF=I and

-

sQ →Q is complex
conjugation .

Even morefavourite example :
IFis a field - i IF→ IF

c l-c
so that

I ⇐ c l - is the identity).
-

Let#be a field and -see if
as above Ian involution automorphism .

Let V be an IF- factorspace .
A sesquilinear farm on V i
I.

'
s a

function Vx V→ If
I u
, V) I→ LU

, .

such that



( 11 If u
,ya , u EV then

< v
, *Vu, shy

,
UP*Nyu>.

14 If u
,
U
,ya EV then

< v
,
u
,
tuD= Lv

,
u
, > + Lv, ud.

(3) If LEIF and u
,

VE V then

(LV
,
his s CLU

,
UP

141 If cells and u
,
vEV then

( v
,
cu > s IL V

,
hi >

A sesquilehearArm is Hermitianc -
if it satisfies :

If u
,
vEV then Lu, v> =$T,u>

(If - side then Hermitian^

is called Seymoretrio)
-

Let C
,
> : Vxv→ IF be a

Sesquilinear form .

Let

Bs {bi. . . . ,but be a basis of V.



The Graymatrix o

withrespect-to-B.is
GBEMn Clt) given by

God I = (Lbi, bj )) .
Examples Dotproduct on R

"

with base'sEfg, . . ., en 3 where

cis it then ei .

j .
So the Gram matrix of dot
product with respect to E is

E•
Let s

,
s s Vx VSIF be a

sesquilinear form .

Let WEV be a subspaceof V
.



The orthogonaltow is
W'T { v e vf if WE Wand

<v
,
w> so }

.

( this is "like a kernelof W ")
.

The subspace W is monistic
if

Wn wts O
.

Heading towards thefollowing:
theorem If Wis finitedebit
and WAwt=0 then

V = W④Wt .
(this is "like a block decomposition ")

.

Before we do this theorem
. . .

Proposition Let L, > : Vx V- IF be
asesquiline.at form . Then
L
,
> satisfies

if we Vand (v
,
v> so then vsO

(no isotropic vectors)



ifand only if L, > satisfies
it WSV is a subspace them

wn wt=D .

(no isotropic subspaces).
If l

,
s satisfied. these

conditions then k
,
> is

non isotropic .

-

Boot ⇒ Assume L
,
s satisfies

the red condition .

To show: If WE V is a subspace
then WA Wtso

.

Assume WE V is a subspace .

To show : Wn wtso .

To show! If WE WAWt then VvsO
.

Assume we wn wt
.
Then

Ds LW, WV) . So w sO
.

S wn wts O
.

⇐ Assume the orange condition



holds .
To show. If VEV and Lv

,
v> so

then v =D
.

Assure v EV and Lv, W > SO .

To show : V 50
.

Let ws IFu s spansv 3. 414.9/4
.

Since LV
,
CVS = I Lu

,
US s I.0=0

for any cells then
V EW
S v e wtr w

.

By the orange condition Wttwso
and so VEO .

. I,
Let C

,
S : Vx V→ IF be a segqvilinear.

form
. Let WE a subspace of V.

Assume W is finite dimensional

Let K-
-din (W) and Bsfw,. . . .,Wal

.

Thedual basis to B
-

is

{w ', w? .
. . , w'll suck that



<wings . is!!;
.

Proposition The following are
equivalent :
l l l {w '

,
w
'

,
. . .

,
wk's exists

(2) Gps is invertible, where

GBIi.j ) s twi, wj > . (The

(3) WA wtso
.

Gmnmnatnix)

Prostsketch d)⇒It
KDefine

wi ,[Gg'tillwe
.

Is l
lthis defines the dual basis
elements w ', . . . , wk from 6,5

'

,the inverse of Gps . )
(the expansion of wi interrante of
Wi, . . .,W← determines the oddtries of

GB
'

.
)



Usually an inner protest
is sesyui.int and
epi and
Pos. definite ( if V E V-

iv. us tk
>o
)
.


