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Let f: V→ V be a linear transf
.

ft: V→ V the adjoint linear
transformation
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H fis self-adjoint if f,ft .
lb) t
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is unitary if ff *s I=f*f
.

H f is worry if ff*=f*f
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Let A be the matrix off
with respect to the standard
basis
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So
f: an→an
v1-Av .

then the matrix of ft'sQueen
is A*= It. (WH. for , . . ,en 3)
Then

111 A is self-adjoint, or Hermitian
if Asat (symmetry,ifeng.nl
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A is unitary if AA *s1=17*14
( orthogonal if AEMn HR))
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(3) A is morandi ifAAt'sA*A
.

The "reason " for unitary matrices
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The reason for normalmatrices

Proposition Let A c-Man IQ)
such that AD- * s A*A

.

Let yea and V
,
sKarlX -A)

(theX -eigenspace ofA-all
eigenvectors ofeigenvalue d).
Vy is A- invariant
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V
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Vat is A - invariant , and

Xp is A *- oinvasicent.
-
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@Let A c- Mulch such that

AA *=A*A
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Then there exist X,, . . . , dntQ
and a unitary matrix '

UEllen Le)
such that,pus
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(b) Let f: V→ Vbeatcheat '
transformation which is normal

.

Then there exist an orthonormal
basis of V consisting of
eigenvectors of ¥1.

Proofs Proof by induction on n .

B÷e: ne l . There
A =LX ) and U = ll)
and A is diagonal . since it
is lX l .

Inductionslemo.AEMule) .

Let qplxlsdetcx-A) be the



characteristic polynomial .
Let x a a root of calx)
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So date -A) = 0 Teas
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so Ker Ik -A) to
.
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Using Gram-Schmidt produce
an orthonormal basis lui ,. . .,keel
of V, sKar (t -A) . (drinksK).
Note that u
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Sirne IA is normal then
V
,
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Uf is A - shut and D-± Mvt.
Then



g : v → tht
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satisfy ggtsgtg (since
AA*,A*A)

.

din l tht) L n Smee Vy #O
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So
, byihduution these exists
an orthonormal basis (Uk+1 , . . . yn)
of Vat consisting ofeigenvectors
ofg. (whigh,game eigenvectors)

.

Also
Curt,. . . . , un) are orthogonal
to lui . . -mid Yui!÷::÷%

Then Lu, , . . ., um, then, . . . , un) is
an orthonormal basis of V

.



consisting ofeigenvectors ofAg
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Corollary Assume AtMn 16)
is unitary . Then all eigenvalues
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n
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