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Let IF be afield with
- '

.
IF→IF such that

E- c
, Etc ItEr, Tcu Eu

and Tsl
.

Let U be an F- vector space .

Let c
,
s : Ux V- IF be a

Sesquilinear form .

Let WE V a subspaxe .
Let

KEEL> o be dm (W)=K
.

Let 9W
, ,

. . ., we } be a basis ofW
.

The deal basis to {w
, .

. . . ,wa
-

is {w ', . . . , wks such that

(wi
, wj > = Sij .

Proposition the following are
equivalent :
(i) Ew! . . . , wk I exists



⑦ The Gram matrix G
"s invertible .

(GLi.jlsLwi.wj7l.l3lWAWt-O.Proofl2lE@1.lsketch )
.

Let WE WA wt
. Leta, . . ., IF

suchtwhstc
, wit - - - tckwk

. Since WE wt their

OSL w
, we > =!&lg:wj,Wis.
K

= [ cjlwjiwi)
j=L

= [ g- G (j, i)
j=,

= ithentrycc, . . . ..ca) ( G )of



Sfo
,

. . . .ol -- la . . - - ad

ofGi l- dye-The rows are linearly independentforall choices of we WAwt
.

⇐ c
,
so
, .

- .

, Chs O
.

For allchoices ofw e WAwt⇒ w sO
- (w'4W, t ' - 'tckwk)

.

So 6 is invertible
⇐ wnwt,O

-y
.

Ortliouomalbases
Assume L

,
> is Hermitian

,

it if u
,

V their way,>stuff
An orthonormal's ofW=↳ ,
or selfdualb-asis.is

*Wjeue(u, .ua , . . . , uh such that Wx

< vuui.us > = sign Eg↳07h



Construct orthonormal bases
with Gramschmidt process-.

Let Ew, . . - - s wk } bae a basis ofW
.

9=4bi, we .ws, . . -He } with b, s w,
G-Sb, .ba, Ws, Wy, . . ., Wu } with

bas wa - swab, >

so that
d÷§

bi

Cbn
,
b
,
> '*WHY;÷g}b, , be >I ""

↳ ' {bi.br, big, Wy, Ws, - - -Mk ) with
the wig - CVs, b,>

s

t.br be
.

(so that Cbs , be > 'O andlbs ,bio)
.



I

:

Ck 'Sb, too, . - - , bk }
.

This has Lbj, bi> so if itj .
and(bi

, bj> sCbjbi> so .

S
Ck is orthogonal:

Assume that IFhas good
square roots .

(
in most co uses one assures(v. vs EIR> o and Lviv? 8*0 )

Let
us{u . . .

. . , u. } given by
"

s
' "

' Uk

Then
Lui
,
miss l

and Lui
, uj > so
} Whom,

.



Gravestones
start with Ew

, .
. . . , Wal.

Recursively construct
bi, . . . , Bk to 10pct
{ b, . . . . , bet orthogonal

basis .

Make the vectors unit vectors
to get {u, . . . ..ua ) orthonormal

basis
.

Examples will) and we '(Z)
.{w

, ,w4 is basis (not orthonormal)

Leth
, will,
" m - s*%bite.tt:9#lll--tEtlIlsfEl.f.:bi-ol



So {be
,
but are orthogonal.

let
usisn't
(bi bus 41-4 so THs 12.2)
un. )

Then
{u

,yul is an orthonormal
basis of W

.

-

E: (21€ (3) where

LH G is invertible
131 WA wtso

.

⇒ : Assume G is invertible
.

So the rows ofEl are linearly
independent .

To shave. IfWE WAWt then



W SO
.

Assume WE WA Wt
.

Let g, . . . , 46 IF be suchthat
W54W, t - - -tCk wk

.

Since WE wt then
O -Lw, .WS, . . . ,

O =Lwk, w>
So

co
, .

. . ,
o) s (4 , . - . ,Ck ) ( g )

s
10
, .

. . ,0µg" ) s (q , . . . . Ce )
£
(o
,
.
. . ,
o ) s lG , - - .

, Ck )
S w = Ow

,
t . - n to wks O .

S WA wt so
.

⇐ Assume WAWHO .

To show: G is invertible
.

to show i. The rows ofG' are
linearly independentant

.



To show : If 4, . . . Kk Elfand
lo, . . - o) La, - - -Kid ( G )
then 450, n - -

, Cas O
.

Assume 9 , . -- , Ck Eff. and
10
, .

. .

,o) s 14 - -
- Gal ( G . )

Let w s 4,1N, t .
- - tea Wk

.

Then
we W and

Lw
,,W 7=0 , . . . , L wk , W ) so

(because cwi.ws is the ith( entry of La - - -44( G ) )
& WE WA Wt

.

Since WA wtso than wso
and 4=0, .

. .

, Gas 0 .


