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F.3. Exercises: Vector spaces

Exercise F.3.1. — Let [F be a field.

(a) Show that the intersection of two subspaces of an F-vector space V' is a subspace
of V.

(b) Give an example to show that the union of two subspaces of an F-vector space V'
is not necessarily a subspace of V.

(c) Let W and U be subspaces of an F-vector space V. Show that W + U = {w + u |
w e W and u € U} is a subspace of V.

(d) Let W and U be subspaces of an F-vector space V. Show that V ~ W @ U if and
only if WNU = (0) and V =W + U.

Exercise F.3.2. — Let V be an F-vector space and let S be a subset of V. Let W be
the set of subspaces W of V' such that S C W. Define

WS:ﬂW.

wew

(a) Show that Wy is a subspace of V.
(b) Show that S C Wy since S C W for every W € W.
(c) Show that if W is a subspace of V and S C W then W D W.

Conclude that Ws = spany(S). So spang(S) is the smallest subspace of V' containing S.

FEzxercise F.3.3. — Let V be an F-vector space and let S be a subset of V. A linear
combination of elements of S is an element of V' of the form

E CsS

seS

where ¢; € F and all but a finite number of the values ¢, are equal to 0 (the set S may
be infinite but we do not want to take infinite sums).

(a) Let W be a subspace of V. Show that a linear combination of elements of W is an
element of W.

(b) Give an example of a vector space V', a subset S C W, and a linear combination v
of elements of S such that v ¢ S.

(c) Let S be a subset of V' and let Lg be the set of all linear combinations of elements
of S.
(ca) Show that Lg is a subspace of V.
(cb) Show that Lg = spang(S).

Ezxercise F.3.4. — Let F be a field. A column vector of length n is an n x 1 array
C1
&)
of elements ¢; € .

Cn
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Define an addition operation on column vectors by

¢ ch ¢+

o c Cco + ¢
+1 .| =

Cn c cn + ¢,

Define an action of F on column vectors by

C1 cCy

(6)) CCo
C =

Cp, CCp,

The action of F is scalar multiplication.
Show that the set F” of column vectors of length n is an F-vector space.

FExercise F.3.5. — Let T: V — U be a linear transformation.

(a) Let W C V be a subspace of V' and define
TW)={T(w) |we W}.

(aa) Show that T'(W) CimT = T(V).
(ab) Show that T'(W) is a subspace of U.
T
vV — U

W — T(W)

N N
Vo — T(V) =imT.

(b) Let Y be a subspace of U and define
T7'V)={veV|T(w) eY}

(ba) Show that T7*(Y) D ker T'=T"'((0)).
(bb) Show that T-!(Y) is a subspace of V.

v U

TUY) s Y
Ul Ul
kerT'= T7((0)) ~—— (0).

(¢) (ca) Let W be a subspace of V and show that W C T~ (T(W)).
(cb) Give an example of a linear transformation 7': V' — U and a subspace W of

V such that W # T (T(W)).
(cc) Show that if I is a subspace of V' that contains ker T’ then W = T~ (T'(W)).

) Let Y be a subspace of U and show that T'(T~'(Y)) C Y.
) Give an example of a linear transformation 7': V' — U and a subspace Y such

(da
(db
that T(T1(Y)) # Y.
(dc) Show that if Y is a subspace of U and Y C imT then Y = T'(T7}(Y)).
(e) Conclude from (c) and (d) that there is a one-to-one correspondence between sub-

spaces of V' that contain ker T" and subspaces of U that are contained in im 7.

{subspaces of V' containing kerT'} <—  {subspaces of U contained in im 7'}

(d)
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Ezercise F.3.6. — Let [ be a field.
(a) Let W be a subspace of an F-vector space V. The inclusion is the function

v W —= VvV

w = w.

Show that ¢: W — V is a well defined injective linear transformation.
(b) Let W be a subspace of a F-vector space V. The quotient map is the function

T V. = V/W
v o= v+ Wl

Show that 7: V' — V/W is a well defined surjective linear transformation and that
imm = V/W and kerm = W.
(c) Let U be a subspace of V. Show that
(ca) U/W ={u+W |u e U} is a subspace of V/W.
(cb) U/W =7(U) and if U contains W then 7~*(x(U)) = U.
(cc) Conclude that there is a one-to-one correspondence

{subspaces of V' containing W} <—  {subspaces of V/W}.

Exercise F.3.7. — Let I be a field and let V be an F-vector space. Let W be a
subspace of V' and let U be a subspace of V' containing W. Then, by Ex. F.3.6(ca), U/W
is a subspace of V/W.

Let % be the quotient space and let

mo: V/W — Z;—I/VI‘? be the quotient map.
Let m: V' — V/W be the quotient map so that
(miom): V5 V/W 2 %
(a) Show that im(m; o my) = %
(b) Show that ker(m o my) = U.
V/W

(¢) Using Theorem F.2.6(c), conclude that V/U ~

as vector spaces.
U/w P

FEzxercise F.3.8. — Let F be a field and let V' be an F-vector space. Let W be a subspace
of V and let U be any subspace of V. Let
m U — V/W
u = u+W
be the restriction of the quotient map 7: V' — V/W to U.
(a) Show that kerm =UNW.

U+w
(b) Show that imm = i ={u+WlueU}.
U U+w
ing Th F.2. 1 h ~ .
(¢) Using Theorem 6(c), conclude that AW W

Ezxercise F.3.9. — Let [ be a field. Let WW; be a subspace of an F-vector space V; and
let W5 be a subspace of an F-vector space V5.

(a) Show that W @ W, is a subspace of the F-vector space V; @ V5.
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(b) Let m: Vi — Vi /W) and my: Vo — Vo /W, be the quotient maps. Define a map
(mam): Vieal, —  Vi/WaVy/W,
(vi,v2) = (v1 + Wi, v+ Wha).

Show that 7 @ 79 is a well defined surjective linear transformation.
(¢) Show that ker(m @ mp) = Wi & Wh.
(d) Using Theorem F.2.6(c), conclude that
VeV, Vi W
Wie Wy Wy~ Wy



