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Define the exponential function as
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=1tz gttt g
where k-factorial is

El=k(k—1)(k—2)---3-2-1, fork=1,2,3,....
Why would anyone be so crazy as to write down such a horrible mess??

Example: Is there a function
f(z) =co + c12 + cox? + sz + ey + cxa® + -+
that changes addition into multiplication??,

f@)f(y) = f(z+y).
If so

fet+y)=cota(@+y)+e(z+y)?+ea(z+y)® +elz+y)* +es(z+y)° +--

= o
+cr+ cy+
+ cox? + 2coxy + 02y2—l—
+ 2 + 303x2y + 303a:y2 + 03y3+
+ gt + 4C4m3y + 6C4x2y2 + 4C4xy3 + C4y4+

must be equal to

f@)f(y) = (co+ 1z + o + csad 4 eqxt + - Ve + a1y + coy? + c3y® + cayt + - -

2 2 3 4
= ¢y + coC1T + cpcax” + cpc3x” + cocux + - - -
2 4
+ coc1y + cizy + clch3y +cieqxy + - -
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Comparing terms in these two expressions gives

2 _ _ _ _ _
Cp = Co, CpC1 = C1, CpC2 = C2, CpC3 = C3, CoCq4 = Cy4, cee
2
coc1 =c1, ¢ =2cy, cica =3c3, cic3 =4cy, c1c4 = ey,

SO 2 2 3 4
C C C C
— 1 — -1 -1 — 3 1 — 4 1 = 5
Co , C2 5 012 cs3, 013‘2 Cq, 014'3.2 Cs,
SO 2 3 4 5
1 C1 C1 C1
= 1 = — = = =
T h 2T 5 8T YT 301 9T 54321
SO 2 3 4 5
f(z) = 1+clx+%az2+%x3+%x4+%x5+'~
(az)?  (az)® | (az)* | ()’
—1
tart Tty T T
= 17T,
So,

it fr+y) = f@)f(y) then f(z)= e,

Example: Is there a function
f(ZE) = Co + C1T + CQ.’EQ + 03273 —+ C4;I,’4 + C5I5 + ..

whose derivative is itself,

df
- 277
=1

If so,
f(2) =co+ 1z + c2a” + c32® + ezt + c5a” + - -

must be equal to

4

1y = C1 T 2c0 g + degr® + Besazt + 6egr® + - -
X

Comparing terms in these two expressions gives

Cc1 = Cp, 202 = (1, 303 = C2, 464 = C3, 505 = C4, 666 = Cs,

So ¢ ¢ C c
0 0 0 0
= — = — 4 = — ==
2 =5 3c3 5 =375, dcs 132
So )
_ €0 2,%.3,¢% 4, %5,
f(z) =co + cox + 5 % +3!:1: +4!CL‘ +5!x +

2 1.3 1,4 $5

_ 1 x
—Co( +$+?+§+ﬂ+a+'”)

= cpe”.
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So, if ﬁ =f then [ =cpe”.
dx

So f(x) = e* is the ONLY function such that

"tV = e%e¥  and di:ew.
dx
Example: Find €.
2 3
e°:1+0+§+§+-~-:1+0+0+0+--~:1.
. _ 1

Example: Explain why e™* = —.

el‘

Divide both sides by e”.

Define
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The exponential function is the function e* such that

de _
dv

e and €’ =1.

Figure out what e” is:

Suppose e* = ag + a1 + ax? + azx® + - - -

Then e® =ag+04+0+---=1. So ap = 1.
de” 9 3
— = a1 + 2ax + 3azx” + dasx” + - - -
dx
=" =ag + a7 + asx® +azx’® + - -
So a1 =0, 2as = aq, 4az = aq, 4a4 = az, .... So
1 1 1 1 1
ap = ar = Ay = —, A3 = ——, Q4 = as =
0 ; 1 ; 2 27 3 237 4 2347 5 23457
So 1 1 1 1
T _ -2 3 4 5 ..
e R T R O S R 0o D -
Factorials
N=7-6-5-4-3-2-1=5040
5!=5-4-3-2-1=120
31=3-2-1.
So
i 2 23 g4 45
e = +$+§+§+E+a+'“
So
. 1 1 1 1
e =1+1+-+4+-+—+-—+..-=2.781828...

2 6 24 120

-3

=14 (—
e +(=3)+ 5 + 6 + Y +

32 33 3t
=1- — =+ — 4 =777
3+2 6+24+
input P output
x e’

Note: By the chain rule

d 242 _ 24z d(2+ ) 24
daje € dx €

24x

and
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So
e?x? %3
+

24x _ 2
e =e“x + 9] 3]

since, in this case
2
ap =e°, a1 = ag, 202 =ai, 3as = as,...

if
e = ag + a1z + asx® + -+
So
€2+1‘ _ 626z
Similarly,
6IOJrav — elOex and 6642+ac — 6542€x
and

eYte = e¥e® |

Since e %e® = ¢ ¥t =0 = 1

Since
10x __ ew+m+z+w+w+m+z+w+a)+m

— emex+x+x+x+x+x+w+x+x

— ewew€z+w+w+m+z+w+a)+m

emeavex ex+x+x+m+w+:c

ewewem emea:+m+1:+w+a:

— emeavex exemea?—i—m—l—x—‘r:c

— ewezemexewezemexewez — (ez)lo

Summary: e* is the function such that

de*
— =¢® and =1
dx
Then
Ty = e
1
et =—
el’



