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1 Definitions

The positive integers are 1,2,3,4,5,6,.. ..
The nonnegative integers are 0,1,2,4,5,6,.. ..

The rational numbers are

a
7 a an integer, b an integer, b # 0.

The real numbers are all possible decimal expansions.

The complex numbers are a + bi, where a and b are real numbers and 7 is a number such that
2
1° = —1.

If n is a positive integer then n-factorial is

nl=1-2-3---(n—1)-n.

If n is a positive integer then
a=ga-a-a---qa.
—_—

n factors
This satisfies
a®Y = a%a? and a' =a,
which forces
a® = etne, where Ina is such that e = q.

A function is a creature that eats a number, chews on it, and spits out a new number. What
a function spits out depends only on what goes in.

The inverse function to a function f is backwards of f. The inverse function is not usually a
function because what it spits out depends on its mood. For example:

\/Z is the inverse function to x?



and

v/9 = 3 on good Mondays, and +/9 = —3 on bad Tuesdays.

)

1 $2 $3 334 375 556 xr
—+:c+2'+3+4'+ +6'+7'+
) 1‘3 $5 .’IJ7 1’9 $11 $13
e TR T TR TR T T
an .’13‘4 5(36 1,'8 10 12
cost =1— —i—————i—————k——

20 T4l 6 T8 10! 12!

and
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/T is the inverse function to z2.

In z is the inverse function to e*.

sin~! z is the inverse function to sin z.

cos~ ! x is the inverse function to cos x.

tan—1 z is the inverse function to tan z.

cot~! x is the inverse function to cot x.

sec” !z is the inverse function to sec x.

csc ! x is the inverse function to cscz.
sinh~! z is the inverse function to sinh z.
cosh™ z is the inverse function to cosh z.
tanh~! z is the inverse function to tanh z.
coth™ z is the inverse function to coth .

sech™ 1z is the inverse function to sechz.

csch™ !z is the inverse function to cschz.




2 Numbers

At some point humankind wanted to count things and discovered the positive integers,
1,2,3,4,5, ....

GREAT for counting something, BUT what if you don’t have anything? How do we talk about

nothing, nulla, zilch? ... and so we discovered the nonnegative integers,

0,1, 2 3,4,5, ....

GREAT for adding,
54+3=28, 0+10=10, 214 37 =48,

BUT not so great for subtraction,
5—-3=2, 2—-0=2, 12—-34=777.
... and so we discovered the integers
=3, =2, —1,0,1, 2,3, ....
GREAT for adding, subtracting and multiplying,
3-6=18, —-3:2=-6, 0-7=0,

BUT not so great if you only want part of the sausage ..., ... and so we discovered the rational

numbers,
a

g )
GREAT for addition, subtraction, multiplication, and division, BUT not so great for finding

a an integer, b an integer, b # 0.

V2 =777?, ... and so we discovered the real numbers,

all decimal expansions.

Examples:
7w =3.1415926... ,
e =271828... , % =.3333...,
V2 =1414... 3 =.125=.125000000... ,
10 = 10.0000... ,

GREAT for addition, subtraction, multiplication, and division, BUT not so great for finding

vV—9 =7777, ... and so we discovered the complex numbers,

a+ b, a a real number, b a real number, i = /—1}.

Examples: 3+ /24, 6 =6+ 01, 7+ /Ti, and



V=9 =/9(-1) = V9v/—1 = 3i.

GREAT.
Addition: (3+41)+(7T+91) =3+7+4i+9 =10+ 13i.
Subtraction: (B34+4i) —(7T+91) =3 -7+ 4i—9i = —4 — 5i.
Multiplication:
(3+41)(7493) = 3(7+ 9i) + 44(7 + 99)
= 21 + 27i + 28i + 364>
=214 55i — 36
= —15 + 5b51.
Diviston:

34+4i  (3+4i)(7T—9i) 21 —27i+ 28 + 36

T+9i  (7+9i)(7T—9) 49— 63i+ 63i + 81

C57+44i 57T 1

130 130 130"

Square Roots: We want /—3 + 4i to be some a + bi.
If vV=3+4i=a+bi
then

—3+4i = (a+ bi)* = a® + abi + abi + b*i>
= a? — b* 4 2abi.

So
a’®— b =-3 and 2ab = 4.

Solve for a and b.

2a a a
4

So a*— — =-3.
o a "

So a*—4=-3d%

So a*+3d®>—4=0.
So (a®+4)(a®>—1)=0.

So a? = —4 or a® = 1.

So a = =1, andb:%:2or—2.
Soa+bi=1+2iora+bi=—-1-—2i.
So v=3 4 4i = (1 + 2i).

Graphing:



Factoring:

22 +5 = (z+V5i)(z — V5i),

az2+m+1=(w—( %+73i>> (f”_(_ _él))

This is REALLY why we like the complex numbers. The fundamental theorem of algebra
says that ANY POLYNOMIAL (for example, 2'26™ 4+ 25632159 + w12l 4 /7 2% + 9621%) can
be factored completely as

[Nl

(x —ur)(z —ug) - (z —up)

where uy,...,u, are complex numbers.

3 The exponential function

mI;ut N . oug)ut
The exponential function is

2 $3 .1'4 .%'5 x6 ZL’7

X
e’ _1+$+7+§+Z+§+7+W+.”’

where k-factorial is
El=k(k—1)(k—-2)---3-2-1, fork=1,2,3,....
For example,
N=7-6-5-4-3-2-1=5040

5!=5-4-3-2-1=120
3=3-2-1

Why would anyone be so crazy as to write down such a horrible mess as e*?77?
Example: Is there a function

f(z)=co+ 1z + cox® + 333 + cqxt + o5z’ + -
that changes addition into multiplication??,

f(@)f(y) = f(z+y).
If so

flxt+y)=cot+eci(z+y) tealr+y)?+es(z+y)* +ealz+y)* +es(x+y)° + -
= o
+c1x + cy+
+ cox? + 2c0my + coy®+
+ g2 + 3033;23/ + 3C3xy2 + 03y3+
+ C4(L‘4 + 4C4x3y + 604:U2y2 + 404:Uy3 + C4y4+



must be equal to

f(x)f(y) = (co + a1z + cox? + 32 + ezt + - - )eo+ a1y + coy? + ey + cayt + -

2 2 3 4
= ¢y + coc1x + cpcox” + cpc3x” + cpca T + - -
2 3 4
+ cocry + cjxy + ey + creqxty + -
Comparing terms in these two expressions gives
2 _ _ _ _ _
¢y = €0, CoC1 = C1, CpC2 = C2, CpC3 =C3, CoC4 = (4, SR
2
cpc1 = c1, €] =2¢, ci1cg =3c3, cic3 =4cy, c1eq =5cs, ..

So 2 2 3 4
co =1, 02:%, 01%1:303, 61%:464, 614'031.2—565,
So 2 3 5
c c c c
1 _a _ 1 _ 1 _ 1
=L 2T ST AT 3010 9T 5.4.3.2.1
So
2 3 4 5
f(x):1—|—clx—|—%x2+%x3+%x4+%x5+---
_ (c1z)® | (az)®  (az)'  (az)®
=ltazrt— 3! 41 5!
— O
So,
it fz+y) = f@)f(y) then fla)= e,
Example: Find e'.
02 03
60:1+0+§+§+---=1+0+0+0+~-:1.
. _x 1
Example: Explain why e™ = —.
e

Divide both sides by e*.

1
So e ¥=—
62?
If k is a positive integer then
d=a-a---qa.
—_——
k factors
Thus, if  and y are positive integers then
a®a¥ = a*tY and al = a.



If f(x) is a function such that f(x)f(y) = f(x + y) then f(x) = e** for some numer a; and so

a® = ", for some number ¢;.
Since a' = a,
el = et =gl =g, and so c1 = Ina.
So
a® = 6wlna‘

Example: Verify (e*)V = e™.

Using the identity a® = e*n@

)

(e%)Y = e¥In(e") = v,

Example: Is there a function
f(x) =co+c1z+ cor® + 03:133 + cqzt + c5x” -

whose derivative is itself,
df
—-— = 777
dzx f
If so,
f(@) = co+ a1z + c2® + c3a® + gz’ + c52” + - -

must be equal to

d
dl = ¢1 + 2cow + 3c3x? + dega® + Sesat + 6egr® 4 - -
X

Comparing terms in these two expressions gives

c1=cy, 20 =c1, 3c3=cy, 4cyg=c3, bcs=-c4, 6b6cg=cs,

So ¢ ¢ ¢ ¢
0 0 0 0
C2 27 Cc3 27 Cq 327 C5 432)
So
2
_ 0o @5 04 €5
f(x) =co+ cox + 5 % +3!x +4!:c +5!a: +
ST A L A
— ¢ PO W T A R
0 2 3 "4 B
= cpe”.
d
So, if—f:f then f = ¢pe®.
dx

Example: Verify e¥% = e¥e®.

By the chain rule

i€2+I = 62—"_3c . 7d(2 + l') = 62+x -l=e

24-x
dx dz ’



So

e?T® = ¢pe®,  for some number co.
Since €210 = ¢2,
co = cpe’ = *10 = 2 and so 2T = 2.
Similarly,
P10+ _ 10,8 o0 J424e _ 6420
and
eyt = ele”,
4 The basic trig identities
Define
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and
sinx 1 1 1
tanx = , cotx = , cCxr = , CSCx = —
cosx tan x cos T sin x
Example: Explain why e = cosz + isinz, if 2 = —1.
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B I A R ((%)2x* 0. (i%)x (9)°z® i (i%)°x
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Example: Explain why cos(—z) = cosz and sin(—x) = —sinz.



(—2)?  (=2)'  (=2)° (=2 () (-o)¥

cos(—a) =l- "ot et T T o T
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and

(=2, (=2)°  (=2)7 (=2 (=)' (=o)¥

sin(=z) = (=2) =gty T T T T o
%3 1,5 $7 .CL’Q .%'11 .21313
T R TR ST T
1.3 x5 x? x9 xll £C13
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= —sinz.

2

Example: Explain why cos?z + sin?z = 1.

1=¢0 = eier(fi:E)

— T ezmez(—x)
N 2 .. .. 9 .9
=COS" T —1SINTCOST + 2SINT COST — 1° SIn” &

=cos’x — (—1)sin’z

cosx + isinz)(cos(—z) + isin(—x))

cosz +isinz)(cosx + i(—sinx))

= cos® z + sin® z.

Example: Explain why cos(x +y) =coszcosy — sinxsiny, and
sin(z +y) =sinxcosy + coszsiny.
cos(z + y) + isin(z +y) = /@)

— ezm—i—zy — W
= (cosz +isinz)(cosy + isiny)
= cosxcosy +icosxsiny +isinxcosy + i sinzsiny

= (coszcosy + (—1)sinzsiny) +i( coszsiny + sinz cos y).
Comparing terms on each side gives

cos(z + y) = cosx cosy — sinzsiny, and

sin(z + y) = sinz cosy + cos x sin y.



Define

2 73 4 0 78 7

X
T __ _ R
=ltrt gt p gt
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Example: Explain why e® = cosh z + sinh x.

2 3 4 5 6 7

-1 X Xz Xz xr xr Xz
=ltrt ottt
1‘2 $4 .1‘6 $3 .CL‘5 1‘7
<++4'+6'+ ) ($+3'++7'+"'>

= coshz + sinh z.

Example: Explain why cosh(—z) = coshz and sinh(—x) = —sinh z.
L =2 (et () () () ()
cosh(—a) =14 o+ =+t T o
I I
B 2! 6! 8 100 12!
= cosh z,
and
_ (—2)* (=) (=2)"  (=2)° (=)'  (=2)®
sinh(—z) = (=2) + 5=+ 5 e g e T
- B S S R | B T

':U3 'x5 ‘x7 $9 .%11 :'L,13
= ( +§+7+?+7 ﬁ+173|+ >

= —sinh z.

e” e~ T _ X
Example: Explain why cosh x = — and sinhz = >

10
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Example: Explain why cosh? z — sinh?z = 1.

=¢e"e

(cosh x + sinh z)(cosh(—
= (coshz + sinh x)(cosh  — sinh x))

6! T

20 27

6! 7

x) + sinh(—

x))

= cosh? x — sinh x cosh z + sinh x cosh z — sinh? z

= cosh? r — sinh® z

Example: Explain why cosh(z + y)
sinh(z + y)

11

= cosh x cosh y 4 sinh x sinh y,
= 2sinh x coshy.

and



z - Y -vy r _ ,—X Yy _ Y
cosh x cosh y + sinh z sinh y = <e ";e ><e 4‘26 )+<6 26 ><e 2@ >

etV +e eV +efe YV +e e Y

4
e¥e¥ —e %Y —e¥e Y f e Te Y
4
_ 2e%eY +2e eV
N 4
e(x+y) + e*(w+y)
N 2
= cosh(z + v),
and
et —e T e¥Y +e7Y e +e " eYy —e Y
inh h hzsinhy =
sinh x coshy + cosh x sinh y < 5 >< 5 >—|—< 5 >< 5 >
_ete¥ —e el tefeV —e e
N 4
efe¥ + e TeY —efe Y —e TV
4
27Ty — 2~ (@+Y)
4
= sinh(z + y).
5 Angles
PICTURE

7 is the distance half way around a circle of radius 1. Measure angles according to the distance

traveled on a circle of radius 1.
PICTURE

The angle 0 is measured by traveling a distance 6 on a circle of radius 1. Stretch both z and y

to get a circle of radius r.
PICTURE

The distance @ stretches to r. Hence, the
(arc length along an angle 6 on a circle of radius r) = r6.

The distance 27 around a circle of radius 1 stretches to 27r around a circle of radius r. So the

circumference of a circle is 27r is the circle is radius 7.

To find the area of a circle first approximate with a polygon inscribed in the circle.
PICTURE

the eight triangles form an octagon Pj in the circle. The area of the octagon is almost the same
as the area of the circle. Unwrap the octagon.

12



PICTURE

The area of the octagon is the area of the 8 triangles. The area of each triangle is %bh. So the
area of the octagon is %Bh.

Take the limit as the number of triangles in the interior polygon gets larger and larger (the
polygon gets closer and closer to being the circle). Then

Area of the circle = lim (area of an n-sided polygon Pn>

n—oo

— lim (%Bh)

n—oo

PICTUREtotal base height of triangle

= @)

PICTURFElength of an unwrapped circle radius of the circle

= 7TT‘2.

So the area of a circle is 772 if the circle is radius r, and the

(area of an arc of angle 6 for a circle of radius r) = ; - (area of the whole circle)

T
0 9 Or2
= — .t = —.
2T 2

5.1 Triangles
Example: Verify that

22yt =02 for the triangle PICTURE.

The picture
PICTURFE
gives that

(z 4+ y)* = (Area of the big square)
= (Area of the little square) 4+ (Area of the triangles)

1
=r? 4 4§xy =72 4 2y,

So 2% +y? =12
Define

sinf = y and cosf = xr.
T

Example: Verify sin? 0 + cos? 0 = 1.

2 2 2 2 2
sin29+00829:<y) +(£> =T —i;y :%:1_
T T T r

Measure angles according to distance along a circle of radius 1, starting from (1,0). Then

sin § = y-coordinate of the point at angle 6 on a circle of radius 1,

cos § = z-coordinate of the point at angle 6 on a circle of radius 1.

13



This way of looking at sin § and cos § has the advantage that it makes sense for all real numbers
6.

Example: Verify sin(—6) = —sin @ and cos(—6) = cos#.
This is pretty obvious from the picture

PICTURE

Example: Verify sin (%) = % and cos (%) = %
2

Since 12 + 12 = (v/2)? the hypotenuse of the triangle

PICTURE
is v/2. Tt has angle 7 /4 since
PICTURE.
s 1 T 1
sin (—) = — and cos (—) = —.
6= 5=
Example: Verify that
1 3 3 1
sin (g) =5 cos (g) = \2[, sin (%) = \Qf, cos (%) =35
Half of the equilateral triangle
PICTURE is PICTURE
which has angles 7/3 and 7/6 and hypotenuse § because
1
PICTURE — and  (5)"+(V32)* = 1.
Example: Verify cos(z + y) = cosz cosy — sinx sin y.
The picture
PICTURE
has
) cos(z + y) e . siny
= =sginux, ——2% =cosx, — =sinz, = cos,
d d
so that
d:cos(ac—i-y)7 _ siny’ e:gsinx:sinysinx, f:dsinx:cos(x—i-y)sinx.
cosx cosx cosx cos
Then
dte=cosy = cos(x + ) N S_inycos:c _ cos(xz +y) + Sinysin:z;’
cosx sinz cos
and so

cos(z +y) = cosy cosx — sinysin .

14



Then

cos(x + y)sinx N siny

sin(z+y)=f+g=

cos T cosx
(coszcosy —sinzsiny) sinz + siny
cos T

sin x cos & cos y — sin?

xsiny +siny  sinxzcosxcosy + siny(l — sin? x)
cos T cos T

sin z cos z cos y + sin y cos® =

= =sinx cosy + siny cos z.
cos T

5.2 Trig functions

sin @ is the y-coordinate of a point at distance 6 on a circle of radius 1,

cos 6 is the z-coordinate of a point at distance 6 on a circle of radius 1,

sin 0
tanf = ——,
cos 0
0
cotf = C,i,
sin 0
1
= ——
Sec cosf’
1
0= _——_
¢ sinf’

Since the equation of a circle of radius 1 is x? + y? = 1 this forces
sin?@ + cos? 0 = 1.

The pictures
PICTURE and PICTURFE

show that
sin(—f) = —sin @ and cos(—0) = cos¥.
Also
PICTURE and PICTURE
show that
sin0 =0 sing =1,
cos0 =1 and cosy =0.

Draw the graphs
PICTURE and PICTURE,

by seeing how the x and y coordinates change as you walk around the circle.
There are five trig identities to remember:

sin(x + y) = sinx cos y + cos T siny,
cos(z + y) = cosz cosy — sinx siny,
sin?z + cos? z = 1,
sin(—x) = —sinx and cos(—x) = cosz,

15



As well as the two triangles
PICTURFE and PICTURE.

From these triangles,

o 1 T _ V3

s1n6—%[ COS g = 5

in T — V3 T _ 1

sin 3 = 5 cos g =35 s

ST 1 s 1 2

sin & = —= CoS & = —(= = %=
V2 4 V2 2

Since the only trig identities I remember are identities for sines and cosines I usually verify trig
identities by first writing them completely in terms of sines and cosines.

secB  tanB ]

cosB  cotB

1 sin B
secB tanB _\cos B cos B

cosB cotB  cosB (cosB)

Example. Verify

sin B
1 sin2B_1—sinQB_cos23_1
cos2B  cos2B cos2B cos?B
Example. Verify cota —cot 3 = w
sin o sin 3

Left Hand Side = cot a — cot 8 = cosa cos p

sina  sinf

cosasin 3 — cos Bsin o

sin acsin 3

sin(8 — )  sin 3 cos(—a) + cos Bsin(—a)

sinasinf sin o sin 3

Right Hand Side =

sin #cosa + cos B(—sina)  sinfFcosa — cos Bsina

sin a:sin 3 sin o sin 3

So
Left Hand Side = Right Hand Side.

tanA —sin A B sin® A

Example. Verify

sec A " 14cosA’
tan A —sin A 7 sin® A
sec A  1+4cosA

So (1+cosA)(tan A —sin A) < sin® A sec A.

So tanA—i—cosAtanA—sinA—sinAcosA;sin3AsecA.

16



So SlnA—i—cosA(SmA)—sinA—sinAcosA;sin3A< 1 )
0 C cos A

cos A os A
in A 1
So e +sinA —sinA —sinAcosA L sin® A .
cos A cos A
6 sin A — sin A cos? A 7 sin® A
cos A " cos A
2 sin® A

So sin A — sin Acos? A = .
cos A

So 1—cos? A L sin? A.

YES, because sin? A + cos? A = 1.

and so
adam(t) = a-coordinate of the point on a circle of radius 1
which is distance d from the point (1,0), and
eve(t) = y-coordinate of the point on a circle of radius 1

which is distance d from the point (1,0).

)
(adam(d), eve(d))
(adam(0), eve(0))
x
The triangle in this picture is
1 eve(d) hypotenuse opposite

adam(d) adjacent
and so " g .

adam(d) = _Opposite | and eve(d) = _adjacent

hypotenuse hypotenuse

for a right triangle with angle d.

17



2 3 3

Example. Verify sin 3z = 3sinz cos? z — sin® z and cos 3z = cos® z — 3sin® z cos x
e = cos3x + isin3z
= (&) = (cosz + isinz)?

= (cos®z + 2isinx cosz + i? sin® x)(cos = + 4 sin )

= cos®x +isinxcos® x + 2isinx cos® x — 2sin® x cos x

—sin®xcosz —isin®z

= cosPx + 3isinzcos’x — 3sin?zcosx — isin®x

= cos’z — 3sin* xcosx +i(3sinx cos® x — sin® z).
So
cos3r +isin3r = cos®x — 3sin®zcosx
+i(3sinz cos? x — sin® ).
So
cos 3z = cos® x — 3sin® zcos
and
sin 3z = 3sinx cos® z — sin® z.

6 Inverse functions

V/Z is the function that undoes z2. This means that

Va2 =z and (Vz)? ==z.
Inz is the function that undoes e®. This means that

In(e®) =z and e"" =uz.

sin~! z is the function that undoes sin z. This means that

sin~!(sinz) = 2 and sin(sin™' ) = .
cos~! z is the function that undoes cosz. This means that
cos L(cosz) = and cos(cos 1 z) = z.
tan~! z is the function that undoes tanz. This means that
tan"!(tanz) = z and tan(tan~! z) = z.
cot~! z is the function that undoes cot . This means that
cot L(cotz) =z and cot(cot ™1 z) = .

18



-1

sec”* x is the function that undoes sec z. This means that

-1

sec H(secx) =z and sec(sec™

L) =a.

csc™ ' x is the function that undoes cscz. This means that

esc H(escx) = and csc(esc™

o) =a.

log, x is the function that undoes a®. This means that

loga(aﬁm sin32y — \/Trisin 32 an

d @08 (VTmisin3d2) _ /i gin 39,

WARNING: sin~!z is VERY DIFFERENT from (sinz)~!. For example,

sin~'0=sin"!(sin0) =0,  BUT

Example

Example

Example

Example

Thus

: Explain why In1 = 0.

1 1
(sin0)~! = — 5= 5 — UNDEFINED.

S1n

In1=1In(e’) =0.

: Explain why In(ab) =Ina + Inb.

In(ab) = In(e™® . et) = In(e™ 218y = Ing + Inb.

1
: Explain why In <> = —Ina.
a

: Explain why In (ab) =blna.

In (i) =In ((31}1(1> =1In <e*l“a) = —Ina.

In(a’) = In ((eln“)b) =1In (eblna) =blna.

el =1 turns into
ete¥ = ¥ 1Y turns into
2z 1 )
e = — turns into
e(E
(e®)Y = ev® turns into

19
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In(ab) =Ina + Inb,

In (1) = —Ina, and
a

In(a’) = blna.



7 Derivatives

A function eats a number, chews on it, and spits out another number.

PICTURE
A constant function always spits out the same number, no matter what the input is.
Example: f(z) =2.

PICTURE

We call this function 2. So, 2 sometimes means the number 2, and sometimes means the function
2.

A derivative eats a function, chews on it, and spits out another function.

PICTURE
The derivative % knows what to spit out by always following the rules:
dz
(1) i 1,
(2) dilcz) = c%, if ¢ does not change when = changes,
@yw+w_ﬁ+@

de  dr dx’
d(fg) dg —l—ﬁ

4 = f = .
(4) dx dx dxg
dy dy d(5z) _dx B
Example.Fmd%lfy—lim.%— . —5%—5&—5.
Cdy dy d(mz)  dx _
Example.Fmdﬁlfy—wx.%— . —W%—W-l—w.
Example: Find dy ify =1.
dx
dy dl d(1-1) _ dl dl _d1 dl
dr dr dr e de T dr e
dl dl
Subtract — from both sides. So — =0
dx dx

Example: Find dy if y =5.
dx

20



dy d5 d(5-1) d1

de dr  dz de

Example: Find Z—y if y = 6342.
x

dy d 6342 d(6342 - 1) dl
dx dx dx 03 dx 0342-0=0

dc
Example: Find e if ¢ is a constant.
x

de d(c-1) d1l
dzx de  dr

d
Example: Find d—y if y=3x+12.
T

dy d(3zx+12) d(3z)  d(12)  dx B B
pr . i e —3%4—0—3'1—%0—3.

Example: Find dy if y = 22.
dx

dy _do’ _d(e-w) _ do  ds
de  dr  dx _xd:v dmx

=z-1+1-2=2x.

d
Example: Find Y it y = 5.
dz

dy dr® d(2?-z) o dr  da? 9 9
dx dr dr v dzx + dzx rTer terew v

d
Example: Find &Y it y =2t
dz

dy dx*  d(23-2) 5 dx dx3 3 9 3
dx dx dzx . dx + dx e v v

... and we keep on going ...

d
Example: Find T y = 25342,
dzr
% _ d$;342 _ d($6241 - T) _ 6341 3j (Mij — 831 4 634145340 . 4 — 634226341,
xr XT Xz Xz T

21



... and we keep on going ...

n

d
Example: Find di forn=1,2,3,....
x

dy dz" d(a"'-z) no1 dz

dr ~ dr dz v dzx

d
and thus we have found % = npg" !

n

Example: Find @ for n = 0.
dx

9

dwn—l
dx

T

since we already found

for all positive integers n. (Amazing!)

dx™™

dy dx® dl 1 0-1
—=—=—=0=0 =0 .
dx dx dx v .
—6342
Example: Find
x
dr—6342 . 46342 2.0 41
 de dr dx
On the other hand,
dx_ﬁgj R _—6342 d$;342 dﬂf;6342 L0392 _ [ —6342 340, 6341 |
x T T
So
. daf‘6342
0= 26342 g340,6341 . 6342
dx
—6342
Solve for 22
x
daf‘6342
= 634201175312 = (—6342)2 70343,
x
. odxT"
Example: Find forn=1,2,3,....
dx
do " _da® _dl _
dx dx  dx
On the other hand,
de=" . ™ dx™ dr="

22
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So

—n

Solve for
x

d
and thus we have found % =na™ !, for all integers n. (AMAZING!)

d
Example: Let y = 323 4 522 4 22 4 7. Find d—y
x

dy _ d(3z° +52% + 22 4+ 7)
de dx
d(3z3)  d(5x® 42z +7)
+
dx dz
d(3z3) d(5x?) d(2z+7)
dx + dx + dx
d(3z3) d(5x%) d(2x) dT7
dx + dx + dx + dz

=3-322+5-20+2-1+7-0=922+ 10z + 2.

d
Example: Let y = —72 71 4+ 5277 + (6 + 2i)238. Find -y

dzr
dy d(=7x71 4+ 5277 + (6 + 2i)z%®)
dr dzx
d(=7z713) N d(5z~7) N d((6 + 2i)z38)
- dzx dzx dzx
dx~13 dx=" dx38
7 I +5 i +(6+ Z) e

= (=7)- (—13)z7 B 4 5(=7)z" "1 4 (6 + 2i) - 38 - 23871
=91z — 35078 4 (228 + 76i)2"".
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8 The chain rule

There are different kinds of derivatives:

Derivative with respect to =

,d 4
f dx dzx

This one satisfies

dx

-1

dx ’

d
(cf) = cﬁ, if ¢ is a constant,
dr dx

dy+2) _dy  dz
de  dxr dx’

dlyz)  dz  dy
dr Vdr T dr

What is the relation between

24

Derivative with respect to ¢

s 4 __ df
f dg dg

This one satisfies

d

g _

dg

d(cf) — cﬂ, if ¢ is a constant,
dg dg

dy+z) _dy  dz
dg  dg dg’

d(yz) dz dy

dg Vg Tdg”
af i



dg® _dl _
dg dg
@:1’
dg
dg® _dg-g
dg  dg
_,%  dg
~Ydg  dg
=g+g9=2g,
dg® _dg*-g
dg  dyg )
dg d
_ pde g
dg dg

=9*+29-9=23¢%

dg* _ dg’-g
dg  dg ,
dg d
—#Y LY,
dg dg

=g°+3g% g =44

d96342

— 634249311,

g _dl _
de dr
dg _dg
de  dz’
dg* _dg-g
de filx p
g g
d§+dx
g
_29@1
dg® _ dg®-g
de  dx )
dg dg
27 PR
N §x+d:vdg
=L 29"y
T dgg
20g 2
=22 194222
ar 7 g
5,20
d7
4t _ g g
de  dx
e L Lf’g
Eilx da:d
— ¢ 13425,
%x gzx
_ 3a9 33ﬁ
_gd + gd
ﬁ T
—43Y
dx’
dgt342




d(3¢2+29+7) d(3¢%) d(2 d7 d(3¢2+29+7) d(3¢%) d(2
(3g° +29+7) (g)+(g)+7 (3g° +29+7) (9)+(9)+7

dg ) dg dg dg dx ) dx dx
_ 3% 0% _3% 5%
dg dg d:r:d dwd
=3-2g+2-1 —3.2¢% 1 9%
da:d dx
g

Thus, we are seeing that

a _ df dg

gz dg dr’ which is the chain rule.

d
Example: Find d—y when y = (22 — 5)2.
x

If g =2z — 5 then y = ¢°.

@_dydﬁ_@d(Zm—5)g

=2 = =2¢9(2—-0)=2(2x—5)-2
dx dg dz dg dx g ) (2 )

= 4(2z — 5) = 8z — 20.

d
Example: Find d—y when y = (3z — 4)3.
x
If g =3x — 4 then y = ¢°.

dy _dy dg _ dg® d(3z — 4)g

= = =3¢*(3 —0) = 9(3z — 4)°
dx dg dz dg dx g ) (32 )

= 9(92% — 24z + 16) = 8122 — 72z + 144.

Example: Find Z—y when y = (22 — 5)2(3z — 4)3.
x

dy _ d(2z — 5)2(3z — 4)3

o d(3x —4)3 N d(2x — 5)?
dr dz

— (22 —
(22 -5) dx dx

(3z —4)3

= (20 —5)*-3(3z — 4)% - 3+ 2(2x — 5) - 2(3z — 4)®

= (20— 5)(3x — 4)*(9(2x — 5) + 4(3x — 4)) = (22 — 5)(3z — 4)*(30z — 61).

m/n

Example: Find when m and n are integers, n # 0.

X
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(xdx ) — ;Ux =ma™ L. On the other hand (xdx) _ n(:cm/n) 13;7
So ma™! = n(xm/n) 1 and we can solve for v
dx dx
da™/" . ma™! B ma™1
dx n(xm/n)nfl n(mm/n)n(xm/n)ﬂ

e gt () g,

nat T n n
Example: Find dy he x
: Find =< when y = ——.
’ da N
d—*
dy VT2 da(Vi—22)"  da((l-22)1?)""
—(1/2 —(1/2
_ dx(l—22) (/):xd(l—Qa:) (/)+d—x(1—2x)—<1/2>
dx dx dr

1-2 1

dx Vv1-—2zx
_ —z (—2)+ 1 r+l1-22z  1-x
2(1 —22)3/2 (1—2x)Y/2  (1—2z)3/2  (1-—2z)32
d V1 2
Example: Find ﬁ when y = \/%
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JVIES? Qe (1a?\
dy Vi—22  (1—az2)/2 1— a2
dr dx B dz N dx
1+ 22

RN L
T2 <1 — :132> dx
_ 1 1+ 1'2 (1/2) d (1 +$2)(1 _ ‘,L.Q)fl
2 \1-—2a? dx

1 (1—22\"? d(1—2?)"t d(1+2?
=_. 1 2

2 (1+x2> <( L e
_2<1+x2> <(1+x )= =) dr
1 1=\ (DA (20) | 2
2 \1+2a2 (1 — z2)2 1— a2
1 (1= 22\ /2 22(1+2%)  2x(1 —2?)
2 \1+22 (1—22)2 (1—22)2
_ 1 1—22\"? 22(1 + 2% + 1 — 2?)
2 \1+a2 (1 — 22)2
1 (=2 e 2z
9 (1+22)1/2 (1 —22)2 - (1+ 22)1/2(1 — 22)3/2

Example: Differentiate 7 a

This is the same problem as:
2

+x

2

Find d—; when z = ﬁ and p = z2.
_ dz dzdp dz  (dz/dzx)
Since — = — —, — = .
dx  dpdx dp (dp / d:c)

with respect to z2.
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So

+ ——(142*)7!

- 20 4 — 22
—_—— "L‘ S —
(1+ 22)? 1+ 22 —x?

1

—22 4+ 1422 1

(14 x2)2 (14 x2)%

d
Example: Find d—y when z# + y? = 4a%22y2.
x

d(z* +y*)  d(4a®2?y?) %o diglc‘1
dx N dz ' dz

pdy? | da®

dy
S 42 + 43 -2 = 4a° —_ 4+ — .
o) a:+yd$ a :de—l-dy

So 43 + 4y3% = 4a® (xQQy% + 21:y2>

= 4a2m22y% + 4a?2x1>.

d d
So 423 — 4a?2xy? = 4a2x22y—y — 4y3—y.
dx dx
3 20, 2 2,2 3\ Y
So 4x° — 4a"2xy :(4a952y74y )d—
T

S 4z3 — 4a*2xy? _dy
© 4a2x22y — 4y3  dx’
dy 2% — 2a%xy?

So W_T oy
© dr  2a2x2y — 93

3at 3at?
1+t3

Example: Find Z—y when z =
x

Since y =

1+t3 \1+41

What is ﬁ 77
dx

29

3at? < 3at > dy dt  dzx
= t = xt, + .

2x (1—|—l‘2)2+1—|—l‘2

dy* _
dx

d
All we did is take the derivative of both sides and then solve for dy

X

o dzy?

dx



dr dx dt dt (dz/dx) 1

Since — = — — = = :
W Tt de de  (dz/dt)  dx/dt
So
a1 1 B 1
de  dx/dt  d ( 3at \  d(3at)(1+t3)7?
dt \ 1+t dt
B 1
B d(1+t
3at(—1)(1 + t3)2(;) +3a(l + ¢3!
B 1 B 1
© —3at 52, 30 © —9at® + 3a(1 + %)
(1+13)2 1+13 (1+13)2
- (1+13)? 1+ t%)?
~ —9at3 +3a(l1+13)  3a—6at3’
So
dy dt 3at (1 +3)?
S =g—+t= t
dr T TP IF B el =28

_t(1+t3)+t(1—2t3)_t—l—t4+t—2t4_2t—t4
1 =23 1—213 1—2t3 1 —23

9 Derivatives of trig functions

Define
N D e . S
e :1+x+§+a+1+a+a+ﬁ+~',
' o R TS L R L
Sln:E:x—?—l-a—W"i‘g—ﬁ‘f‘T?)!—"',
O . S [\ B
cosle—a—i—ﬂ—a—i—g—lfo!—kﬁ—”',
and
tanx = , cotx = , secx = , cscx=—.
Cos I tan x Cos I sin

T

Example: Find e
dx
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de® d 22 23 ozt 2 b 2T
= —(l+o+ 5+t sttt +o)

dr  dz 2 " 31 T4 56l T
B 1 1., 1,4 1_, 1 . 1_,
—0+1+§2$+§3a} —|—J4x +§5x —I—aﬁx —I-ﬂh‘ +-
1 1 ., 1 4 1 _, 1 o 1 _4
—1+§2x+73‘2!3x +4'3!4:c +5'4!5x +76.5!6x +7_6!7ﬂ: + .
= B S S L B AL
=1+$+§+§+E+E+a+ﬁ+“'
=e”.
dsi
Example: Find S
T
dsinx B d 3 x5 2T g% gt 13
T I T T I T A
_ oo 1.y 1 6, 1,8 1 10, 1 12
—1—§3$ —1-55.% —ﬂ7x +§9x —ﬁllx —1—1—3!1336 —
1 1 1 1 1
4 t2, 4t 4 L, L s L 10, L 12
L= 0% — 5% e "1 "T®
= Ccosx
d
Example: Find o5 e
€T
dCOS%_i(l £2+£4 (Lj_i_lj Llo_i_Lm )
de  dz 2 41 6l 810! 12!

1 1 1 1 1 1
=0- ;22 + —4a® — —62° + =827 — —102° + 12211 — - --

4! 6! 8! 10! 12!
=—z+ ix3 — lzj + l167 — —2%+ —1zt1 -
3! 5! 7! 9! 11!
_ 1 3 1 5 1 7 1 9 1
= —ginz
dtanz

Example: Find
dx

de  dx

dtanx d <smm> _ :iix (sinm(cosfv)_l)

. d(cosx)™! dsinx 1
=sinz——r- + T (cosx)

COsS T

= sinz(—1)(cos z)

_ Sanl‘ (—Sinx)—f—l _ [S100 i 11
COS“ X

sin? 2 + cos? x 1 9

cos? z cos? z
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dsecx

Example: Find

dsecr d 1 _d 1y _odcosz

1 . sin x sin x 1
= (—sinz) = —— = : = tanx sec z.
cos?r  cosxT cCosw

d S
Example: Find e

T

descx B d 1 B d . 1y . _odsinz
e da:( ) = ((sinz)™) = (=1)(sinz) T

1 CcoS T cosS T 1
=—-—5—(cosr)=—-—5—=———+—— = —cotzcsca.
sin“ x sin“ x sinx sinx

dcotx
dx

Example: Find

dcotz d (cosx) d

= — (cosz(sin :p)_l)

de  dr \sinz/ dx
d(sinz)™! dcosz, . .,
= Ccosx + (sin HU)
dx dx
. _odsinz . 1
= cosx(—1)(sinz) *—— + —(sinz) - —
sin x
Ccos T —cos?
:—.2 'COS‘T—].:#—].
sin” z sin® x
—cos?z —sin? -1 9
= — = —5— =csc T
sin” x sin” x
. d sinhz
Example: Find ————.
dx
d sinh z d 3 x5 T g9 gt 13

e &ttty tatatm )

_ 1 2 1 4 1 6 1 8 1 10 1 12

_ 1 2 1 4 1 6 1 8 1 10 1 12
= cosh z.

d coshzx

Example: Find
dx
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de  dz 2 6' 8 10! 12'
1 1
= —2 4 —1 — 12211
=0+ :L‘—|-4‘l'+6|6$ +8'8x —1—10' 0z? +12| 1 +-
1 3 1
—$+§$ +§$ +ﬁ$ +§l‘ +ﬁ11‘1+
= sinh z.
d tanh
Example: Find @ Ay
dx
d tanhzx d sinh z d . B
0 d <coshx) = (sinh (coshz) 1)
d hz)~!  dsinh
= sinhz (Cozxx) + s;r; gv(cosh:r:)_1
dcosh x
= sinh 2(—1)(coshz) 2 ——— hz -
sinh z(—1)(cosh ) . + coshz p—-
sinh z sinh?
= ———— sinhzx+1=— 1
cosh? z cosh? z
—sinh? z + cosh? z 1 9
= 5 = 5— = sech”x.
cosh” x cosh” x

d sechx

Example: Find
x

d sechr d 1 _d L dcoshz
de  dx (COShgy> T dx ((COth) ) = (—1)(coshx) o

. sinh x sinh x 1
— —— .Slnhm = — 5 = — . = —tanh:L‘SGCh:E.
cosh” x cosh” x coshx coshzx

d cschx
dx

Example: Find

d cschx _ i ( 1 > _ ;Lx ((sinha:)_l) _ (—1)(Sinhaj)_2d81nh$

dx dz \ sinhz dx
1 cosh x cosh x 1
e x(cos x) R sinha  smhz coth x cschz
h
Example: Find m.
dx
d cothz d 1 d(tanh z)~! _odtanhx
dz dz <tanh:c> dz (-1)(tanhz) dz
1 dtanh 1
= — 5 annr _ 5 - sech?z
tanh“z dx tanh®
1 1 1 )
T sib’z cosh?z  sinhlz —eschz.
cosh? z
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10 Derivatives of inverse functions

dl 1
Example: Explain why nr_ 2
dz x
dem®  dx
Si Inz _ -
ince e x, T T
So e dlnz =1.
Jl dx
nz
S =1.
D ¥
nx
S =—.
° Tdx x
dsin~!
Example: Find asm T
dz
dsin(sin™1 d
Since sin(sin~!x) = , Sm(zxm = ﬁ
dsin~!z
S in~lg) ——= =1.
o cos(sin” " x) I
dsin~!z 1
So = — -
dx cos(sin™" x)
So we would like to “simplify” cos(sin~! ).
Since 1 — cos?(sin~! x) = sin?(sin~! z), 1 — (cos(sin™* m))2 = (sin(sin™? x))2
So 1 — (cos(sin™? x))2 = 22 So 1-—2? = (cos(sin™* :U))2 So  cos(sin~tz) =
V1— 22
5 dsin™'z 1 1
o = = .
dx cos(sin~lz) /1 — 22
d -1
Example: Find M.
dx
dcos(cos™tz) dx
Si ) = _— =
ince cos(cos™'x) =z, . 10
dcos™lx dcos™!x -1
So —si ) = =1. S = .
© sin(cos™ x) dx © dx sin(cos™! x)
So we would like to “simplify” sin(cos™! ).
Since 1 — sin?(cos™! ) = cos?(cos™! z), 1 — (sin(cos™ :L'))2 = (cos(cos™* ar:))2
So 11— (sin(cos™! x))2 =22 So 1-—a?= (sin(cos™? x))2
dcos™! -1 -1
So sin(cos™!x) = V1 — 22 So o8 T =

dr  sin(cos™lx) 1 _— a2

dtan—1 z

Example: Find
dx

dtan(tan™! d
Since tan(tan~!'z) = =, dtan(tan” z) -

dx dx’
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dtan~1 z dtan—1z 1

So sec’(tanlz) ——= =1. So = .
( ) dx dx sec2(tan—! x)

So we would like to “simplify” sec?(tan!z).

Since  sin?x + cos?x = 1,

sin2z  cos’x 1

cos?x  cos?x coslzx

So tan?z + 1 =sec?z.

So  sec?(tan"! z) = tan?(tan~! z) + 1 = (tan(tan™! ;v))2 +1=22+1.

dtan~ !z 1
So = .
dx x?+1
deot™ ! dcot(cot™ dx
Example: Find ———. Since cot(cot™ z) = =, deot(eot™ z) = —.
dx dx dx
dcot™ 'z dcot™lx -1
So —csc?(cot™ta) ——= =1, So = .
( ) dx dx csc2(cot™! )
So we would like to “simplify” csc?(cot™! z).
Since  sin?z 4 cos?z =1,
sinz  cos’z 1

sinfx  sin’x sin

So 1+cot?x=csc?zx.

So  esc?(cot™ ) =1+ cot*(cot™ ! x) =14 (cot(cot ™ x))2 =14 22

2z

dcot™!x -1
So = .
dx 1+ 22
d -1
Example: Find M.
dx
dsec(sec™lz) dw
Si “lr) =12, —_— =
ince sec(sec™'z) == T o
dsec™lx dsec™lx
So t -1 ) e So t ly)p ———— =1
o tan(sec” " x)sec(sec” " x) T o tan(sec  z)-x T
dsec™lx 1
So = .
dx x tan(sec™1 x)
So we would like to “simplify” tan(sec™! z).
Since  sin?z 4 cos?x =1,
sin?x  cos’w 1
cos2x  coslz cosiz
So tan?z + 1 =sec?x.
So tan?(sec™'z) 4+ 1 = sec?(sec™! z). So  (tan(sec™! $))2 +1 = (sec(sec™? a:))2
So (tan(sec™? .%'))2 +1 =22 So tan(sec™lz) = Va2 —1.
dsec™? 1
So se¢ & .
dx Va2 —1
1

desc ™ x

Example: Find
dx
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desc(esc™tz)  dw

Since csc(esc™lz) =z, —_— = —
( ) dx dx
desc™ desc™
So —csc(ese ) cot(escta) ——— = 1. So —zcot(ecsctz) ——= =1.
(ese™ ) cot(ese ! ) © (ese ) T
desc™ -1
So = .
dx x cot(csc™! x)
So we would like to “simplify” cot(csc™! z).
Since  sin?z + cos?x = 1,
sinz  cos’z 1
sinr  sin’z  sinfz’
So 1+ cot?zx = csc?uw.
So 1+ cot?(csc!x) = csc?(csc™! x). So 1+ (cot(esc™? x))2 = (esc(esc! x))2
So 1+ (cot(esc™ta))” =a? So cot(csc™tz) = Va2 - 1.
dese™! -1
So cscw ‘
dx Va2 —1

d
Example: Find d—y when y = log,, 10.
x

a¥ = g'o8= 10 = 10.

Take the derivative:

Y Inz\y ylnz 1
dav _d (") de :eylnx<y'+dylnm)
€T

dr dx dx dzx
d10
= — = O
dx
1 d
So evine <y-+yln:n> =0.
T dz

Solve for @ .
dzx

eylnxdiy]na; _ _eyln;ry @ B _eylnmy —y _ logx 10

dx x dr  zeymrlng zlnzx zlnx

Example: Find the third derivative of 2¥ with respect to x.

T

y = 2%,

d 4oz ) In2\x d:pln2
%y _ _ 2™ - :emln2(ln2):(eln2)xln2:2zln2.

de der  dz dx

d*y d (dy d2*In2

—2 =" () = =1n2-2°In2 = (In2)%2%.

dz?  dx (dw) dx " " (In2)

Py _d (dyy _ d—(ln 2)%2%) = (In2)?2*In2 = (In2)*2”
de3  dzx \ dz? dx '
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d? d
Example: If y = acos(lnx) + bsin(Inz) show that 229 4 Y y=0.

dz? dx
d 1 1
ﬁ = a(—sin(In m)); + bcos(In x);
= —asin(lnz)z ! + beos(Inz)z ™,
d*y I . -2 . 1 -2
g —acos(lnx);m + —asin(lnx)(—1)z"° + —bsm(lnx);x + beos(lnz)(—1)x
—acos(Inz) + asin(lnz) — bsin(Inz) — bcos(ln x)
1 .
=3 ((a = b)sin(Inz) — (a + b) cos(Inz)).
So
Lis =228 L W,
7 da? dz Y

= 22 %((a —b)sin(lnz) — (a + b) cos(Inz))

+z(—asin(lnz)z™! + beos(lnz)z )
+ acos(lnz) + bsin(In )
= (a —b)sin(lnz) — (a + b) cos(lnx)
—asin(Ilnz) + bcos(ln z)
+ bsin(Inz) + a cos(ln x)
=0.

d
Example: Find d—y when asin(zy) + bcos (%) = 0.
x

Take the derivative:

d d
0 = acos(zy) <£L’di +1- y) + —bsin <;U> (x(—l)y_de +1- y_1>
d
= acos(xy)xd—z + acos(zy)y + bsin <z> Fdr bsin (a:) y L.

Solve for @ .
dzx

acos(xy)m% + bsin <Zj> ;UQZZ = acos(zy)y — bsin <z> y L.
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So
. x 1
acos(x —bsin | —
dy (zy)y (y) y

a cos(zy)x + bsin <§>

dx

X
y2

acos(zy)y> — bsin <$> Yy
Y

a cos(zy)zy® + bsin <$) x
Y

d
Example: Find el when y = tan™! (g) ~cot™! (E)
dz x a

@: an~ ! ¢ -1 1 ! —1)az" 2 cot™? z
i) <1+(§)2>a+1+(x)2( Darteoi™ ()
—tan~! (E) x

= 7233 + —cot™! <7> az’® + a®

x a
a+ —
a
a T
—tan~! (—) a —cot™! (—) a
_ T + a
a? + x2 22+ a?

—a i [/a (T
() Gt (D) o ().
a? + x2 x a
If ¢ _ tanz then T cotz and z=tan"! (ﬂ) = cot™! (E)
T a T a
So

—2atan™ ! ( —
dy —a -1 (4 -1(4 ( >
dx <a2+$2> ( an ) e A a? + a2

11 Taylor’s theorem and the limit formula for the deriative

d d
The derivative of f with respect to x is d—f It is common to write f’(x) in place of —f
x

dx
_49

Py =

The second derivative of f with respect to x is

o B d (df
f(x)—dﬁ—dz(dx),
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2
the derivative of the derivative of f. Both T2 and f”(z) are notations for the same thing, the
x

second derivative of f.

The third derivative of f with respect to x is
af d [d*f
" _vJ_ e (s
Fow) dz®  dx (dm2> ’

3
the derivative of the second derivative of f. Use the notations s and f"”(z) interchangably

3
x
for the third derivative of f.
The fourth derivative of f with respect to x is

0w = -2 (2,

dot ~ dx \ da3

the derivative of the third derivative of f.

Let a be a number. Then f evaluated at a is
f(a) :‘ﬂ:c:a :CO+01(I+CQ(12—|—033;3_|_... ,

if f(x) = co+ c1z + coz? + c3z® + - --. Use both notations, f(a) and f‘x:a, interchangably, for
f evaluated at a.

Example: If f(z) = 723 + 322 4+ 52 4+ 12 and a = 3 then

f|2:3:7'33+3'32+5'3+12=8~33+27:9.33:35.

d
3—f = 2122 4 6x + 5, d—f ; =21-324+6-3+5=189+ 23 = 202,
X X lx=
f =212 4 6x + 5, 1'(3) =21-3246-3+5=189+ 23 = 202,
a2 f a2 f
i A—T} — =42-346=132
da? z+6, da? o3 + ’
7 =42z +6, f7(3)  =42-3+46=132,
d>f d>f
—= =42 — =42
dx3 ’ dx3 lz=3 ’
f/// — 42’ f///(3) — 427
af aif _
4 7 4 (=3 ’
fgg =0, fc(l‘g(g) = 0.

Taylor’s and Maclaurin’s theorems and the limit formula for the derivative

If fx)=co+ci(x—a)+ca(r—a)®+c3(x—a)® + el —a)* +c5(x —a)® +---
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then

f(a):007
df 2 3 4
e i = (c1 +2c2(x — a) + 3c3(z — a)® +dea(z — a)° + 5e5(x —a)* +--)| = i,
d* f 2 3
Tzl = (2c2+3-2c3(z —a) +4-3cs(z —a)* +5 - des(x —a)’ +---) = 20,
d* f 2 3
3| = (3-2c3+4-3-2ca(w —a) +5-4-3cs(x —a)’ +6-5-deg(x —a)’ +---)| = 32,
df 2
@x:a:(4-3-264+5~4-3~265($—a)—|—6-5~4-3C4(Jj—a) +-~)x:a = 4-3-2cy,
and we can continue this process to find
k
% = klcy., for k=1,2,3,....
Dividing both sides by k! gives
_ 1 (dy
Ck_k! d$k r=a '
So
B af 1 (d*f o 1 [(d3f 3
f@)—f(“)*(dma><$‘“)+zx<dx2” @=a) 4 g\ Gl ) E -

or, equivalently,
£(2) = f(@) + F(a)(x — ) + 5o /(@) — 0 + 3" (@) e~ ) + 3 D) a4
Now subtract f(a) from both sides:
£~ Fla) = F(@)(w — a) + g f (@) — a)? + 7" (@) — ) + 3 f D @) (w — ) + -+

Divide both sides by x — a.
f(@) — f(a)

r—a

— 1'@) + " (@@~ ) + 5 (@)~ @)+ 5/ Va)a -0 4o

Evaluate both sides at z = a.

f(z) — f(a)

r—a r=a

=f(a)+0+0+0+0+---.
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f(z) — f(a)

Tr—a

So  f'(a)=

Tr=a

fla+h) - f(a)

Let x =a+h. Then  f'(a) = Tt h—a L
— a+h=a

df | _ fla+h)— f(a)
So % r=a N h ’h:O.

Another way to write this is

a
dx

= lim
r=a h—0

fla+h) - f(a)
- :

Example: Suppose you want to know what f I'm thinking of and I refuse to tell you.

You ask me what f(0) is and I say “6”.
You ask me what f/(0) is and I say “10”.
You ask me what f”(0) is and I say “31”.
You ask me what f"”/(0) is and I say “5”.
You ask me what f*)(0) is and I say “7”.
You ask me what £®)(0) is and I say “0”.

©)(0)

(M) (

You ask me what £(9(0) is and I say “0”.

7

You ask me what f{")(0) is and I say “0, they are all coming out to 0 now.”.

At this point you win because you know that

F(x) = F0)+ FO)( = 0) + 5 f(0)(x — 0)* + 31" () — 0 + -+
:6+10(x—0)+%31@—0)2+$5($—0)3+%7(x—0)4
+$.0(x—0)5+é.0(9;—0)6+%-o(m—0)7+0+0+-~
5 3

and so you have found out what f is.

Example: Suppose you want to know what f I’'m thinking of and I refuse to tell you.

You ask me what f(0) is and I say “I won'’t tell you, but f(3) = 4”.

d
You ask me what f/(0) is and I say “I won’t tell you, but % .= 27,
r=
" : « ) d2f 2
You ask me what f”(0) is and I say “I won’t tell you, but ol 57,
r=
11 : « ) d3f
You ask me what f”/(0) is and I say “I won’t tell you, but e 0 and all the rest of the
T le=
dk
diac{ s are coming out to 0”.
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At this point you win because you know that

df 1 (df 1 (df

1 1
:2+5(:1:—3)+§5($—3)2+§-0($—3)3+0+0+~-

=3

>(x3)3+"-

5
:2—i—5x—15+§(m2—6$+9)+0+0+--~

5 45
= 13+52+4 —a? — 15z + —
2 2
5 19
- 5:1;2 — 102+ =,

and so you know what f is.

12 Limits

Write
lim f(z) = 10

r—2

if f(z) gets closer and closer to 10 as x gets closer and closer to 2.

3 48
Example: Evaluate lim $2 + .
T2 T4 — X
32 + 8
When z = 1.5, = 8 19.66....
x —_
2
When z =19, o2 % _ 1011
< —
2
When z =199, 225 _10,001...
$ —_
3% +8
When z = 1.999, o> —10.00901...
x —_—
3a* 48
When 2 = 1.9999, 2> —10.0009001....
r“ —
2
So lim 225 _ 19

Usually determining the limit is straightforward.
Example: lim1 62> — 4z +3 =5.
T—

But sometimes ...

V1t —1-2
Example: lim — =

z—0 T

g MAKES NO SENSE.

Example: lim — =
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17 0
Example: lim vz
z—0 2% 0

Let’s go back to

o V1I4+ax—1 20
Example: lm —— = —
z—0 X 0

. Vli+zxz—-1  J1i4+z—-1 (V1+zxz+1)
1m ———— = l1m .
z—0 x x—0 x (\/1+QZ+1)

I 1+2-1 I T
= 11m ——— = l[1In
—0x(vV1+az+1) 2=0z(y/1+z+1)

1 1 1
= lim = =—.
t—=0/14+2z+1 V14+0+1 2

So, whenever a limit looks like it is coming out to % it needs to be looked at in a different way

to see what it is really getting closer and closer to.

2 _
Example: Evaluate lim a 49.
=7 x—1T
2
—4 —
i &40 iy W O@ED ) =77 =14,
x—7 x—T z—T7 r—17 r—7

> — 3125
Example: Evaluate lim xi.
T—d r—>5

. a2 —3125 i =5 (z—5)(z* + 52> + 5222 + 5%z + 5%)
m ——— =11
z—5 x—5 z—5 T —H z—5 r—>5
:lir%x4+5x3+52$2+53x+54:54+54+54—|—54:55:3125.
xr—

25/2

Example: Evaluate lim
z—a T —a

_ 452

) $5/2 _ a5/2 ] (565/2 . a5/2) (x5/2 + a5/2) ] 1:5 . a5 1
lim lim = lim .
T—a L —a T—a (x - a) (x5/2 + a5/2) r—a x —a x5/2 _ gb/2
_ 1 (z — a)(z* + ax® + a*2? + a®x + a*) 1 _ 4+ az® + a?2? + adz + at
= I —a 2572 1 g2 o 2512 1 q5/2
at+a*+a* +a +at 5at

3/2

)
N 5% 1 ab/2 ~ 2052~ 2"

Particularly useful limits
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sin x

Example: Evaluate lim

z—0 T
3 5 7 9
hmsmx:hmx—fc—,—i-r,—%%-%,—
z—0 X z—0 X
2 4 6 8
x x x x
cosr — 1
Example: Evaluate lim ———.
z—0 X
2 4 6 8
| cosx—l_lim(l—%—ki—,—%—kx—!— )—1
—0 x —0 x
: : 1‘2 $4 1136 1'8
zlim_i'—{_ﬂ_a—i_ L
z—0 x
3 5 7
: x x x
:ilil(l] E‘FZ—*' 3l -=-0+0-04+0—---=0.
. et —1
Example: Evaluate lim .
z—0 X
2 3 4
hr%em—lzm%(uxwg,+"§!+1i!+---)—1
r— xT r— T
LS B
_:c—>0 T
r 22 23
=liml+ ok Sr r = 1404040404 =1
In(1
Example: Evaluate lim M
€Tr—
Let y = In(1 + «). Then
eY=1+z, z=¢€%-1, and y—0asx— 0.
So
In(1 1 1
T L) S R T I S Y
xz—0 x y—0e¥Y —1 y—»O% 1

Example: Evaluate lim (1 + z)'/*.

xr—

. . 1 . 1 . In(1+z)
lim (1 4+ m)l/x = lim (eln(1+x)) / — lim ex 042 _ Jime= 7 =l —e.
x—0 r—0 x—0 r—0

Note: n — oo means as n gets larger and larger.

1
Example: Evaluate lim (14 —)".

n— o0 n
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Letx:%. Then £ — 0 as n — 0o0. So

n—oo Tr—

1 n
lim <1—|—> = lim(1 +2)/* =e.
n

sinz
Example: Evaluate lim .
T—T L — T

Let y=2 — 7. Theny — 0 as x — 7. So

sin x . sin(y + ) siny cosm + cosysinm
= lim ——*

lim = lim
T—T L — T y—0 Yy y—0 Yy
) . ‘ o
~ lim siny(—1) 4 cosy Ozlim siny _
y—0 Yy y—0 Yy
. R N | |
Example: Evaluate xlingo 2110
o2 —Tr4+11 . 1-T41122 1-0+0 1
lim ———— = lim 5 = ==,
z—=oco  3x2 410 T—00 3—|—x—2 3+0 3
. sin3x
Example: Evaluate lim —
x—0 sin dx
. sin3x . sin3x 5z 1 . osin3x 1 3x
lim — = lim - 3x - — c—=lm —————
r—0sinbr -0 3z sinbx 5x z—0 3x sindz 5z
5%
. osindx 1 3 1 3 3
=lm—F———=1-- - = —.
z—0 3x sindr 5 1 5 5
5%
—x

Example: Evaluate lim

Let y =cos™'2. Theny — 0 as  — 1 and = = cosy. So
a—1 (cos~1 )2

) 1—x . 1—cosy . (1—cosy) (14 cosy)
lim ——— = lim ——— = lim .
a—1 (cos™tz)?2  y—0  y? y—0 y? (1 + cosy)
. (1 —cos?y) 1 . siny siny 1 1 1
= lim . = lim . . =1-1-—-=-.
y—0 Y2 l4+cosy y—0 y y 14-cosy 2 2

Example: Evaluate lim flz+ Az) — f(»)
Az—0 Ax

flx 4+ Azx) — f(z) sin(2(xz + Ax)) — sin 2z

when f(x) = sin 2.

sin(2z + 2Ax) — sin 2z

i — g —
A;QO Ax A:}:go Az Aalcgo Az
. sin 2z cos 2Ax + cos 2z sin 2Ax — sin 2%
= lim
Axz—0 Ax
2Ax — 1 in 2A
= lim sin2z - M + cos 2x S 2aT
Axz—0 Az Az
.. (cos2Ax — 1) sin 2Ax
=1 20— .2 2 -2
2 T ek

=sin2x-0-2+4+cos2x-1-2=2cos2x.
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flz+ Ax) — f(x)

Example: Evaluate lim when f(r) = cosz?.

Az—0 Ax
. cos(z + Ax)? — cos x? . cos(z? + 22Az + (Ax)?) — cos 22
lim = lim
Az—0 Ax Az—0 Azx
_ i % 22 cos(2xAx + (Az)?) — sinz? sin(2zAx + (Ax)?) — cos
= Armo Az
2y _ ~ 2
— lim cosz? - (cos(2zAz + (Ax)") —1) sina? . sin(2zAx + (Az)”)
Az—0 Ax Ax
2\ _ A A 2
— lim cos 22 (cos(2zAz + (Az)*) — 1) 2zAz + (Az)
Az—0 2cAx + (Al’)Q Ax
. osin(2zAz + (Ax)?) (2zAx + (Az)?)
—_— ln .
T AT 1 (Ax)? Ax
) 5 (cos(STUFF) — 1) . osin(STUFF)
— : (22 + Az) — M) 2z + A
A, COST STUFF (2@ + Aw) —sine” —qrmep— - Qo+ Ax)
=cos2®-0-2z —sinz? 1.2z = —2xsina?.
Azx) —
Example: Evaluate AlgiCrEO Jla+ Aaca)t /() when f(z) = z*.
z+Ax In(z+Az)\z+Az _ (Jnz\z
lim £+ A7) LA G ) (™)
Az—0 Az Az—0 Az
o e(:erAm) In(z+Az) _ etlnz
= Armo Az
T e (e(x—}—AJ}) In(z+Az)—xInz _ 1)
Az—0 Ax
o ina (e(:p—l-Aa:) In(z+Az)—zlnx _ 1) ((LU 4 AI‘) 111(1,‘ 4 ALL’) —zln .73)
= Aumo ((z + Az)In(z + Az) — zlnz) Az
eSTUFE 1\ /zIn(x + Az) —xlnz
- I zlnx 1 A
Armo© ( STUFF ) ( Az +In(z + x))
STUFF Az
. einz (€ -1 z1n (:r:(l—l——))—:nln:n
— z 1 A
A e < STUFF ) ( Az +in(z + Az)
STUFF Az
. wlna € -1 z(lnz+In(l+ 2%)) —zlhnw
= z 1 A
A e ( STUFF ) ( Az +In(z + Az)
STUFF _ 1\ (2In(1 + £%)
= 1 zlnz [ € x 1 A
Armo ( STUFF ) R Gl
STUFF Az
: zlnz [ € -1 ln(l + 7)
= Am e ( STUFF ) ( & In{z + Az)
% 11+ 1nx) =2 + 2% Inz.

13 Graphing and Existence of limits

Example: What is lim, . %?
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If x = .1 then i = 10.

If # = .01 then 2 = 100.

If 2 = .001 then 1 = 1000.

If 2 = .0001 then 1 = 10000.

So, it looks like lim,_.g % = 00.
If x = —.1 then % = —10.

If z = —.01 then 1 = —100.

If = —.001 then 1 = —1000.
So, it looks like limzHO% = —00.

Since lim,_,q+ % = o0 and lim,_,o- % = —00,

lin% = UNDEFINED PICTURE.
Tr—

Example: Evaluate lim, , 1 Inzx.

Look at the graph of In z.

GRAPH of e* GRAPH of Inzx
Notes: Notes:
V=1, el =2.718... y = Inz means e¥ = z.
e? ~88, e3~25 So this graph is the same as y = e*
el o~ %, e 2~ i but with x and y swtiched.

So, from the graph, y = Inx doesn’t even make sense for x close to 1. So

lim,_,_1 Inx is certainly undefined.

Note: If we allow x to get closer and closer to —1 and be a complex number then
In —1 = 4w and 37 and i, ...
since e'™ = cosm +isinm = —1 4+ 0i = —1 so that In —1 = 4. Still

lim Inz is undefined

r——1

since it can’t be getting closer and closer to im, i37, 57, ..., all at once.

Example: Evaluate lim, . sinz.

The graph of sin x is
GRAPH.

So, as x gets larger and larger, sin x keeps going back and forth between —1 and +1. So sinz
doesn’t get closer and closer to anything as = gets larger and larger. So

lim sinz is undefined.
r—0o0
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14 Graphing

14.1 Continuous functions

A function is continuous if it doesn’t jump as x changes. The function f(x) is not continuous
exactly at the places where is jumps.

A function f(z) is continuous at z = a if f(z) doesn’t jump at = = a.

PICTURE PICTURE
Continuous at z = a Not continuous at © = a

In other words, a function f(x) is continuous at x = a if
f(x) gets closer and closer to f(a) as = gets closer and closer to a.

In other words, a function f(x) is continuous at x = a if

lim f(x) = f(a).

r—a

Example: f(z)= |z, the round down function.
132] = 3 PICTURE
f(x) = |x] is continuous if x # 0,+1,+2,+3,....

Note: lim |z] =0 and lim |z] =1.

r—1— z—14
The round up function is f(x) = [z]. For example, [3.2] = 4.

1422, 0<z<1,
2—z, x>1.

Example: f(z) = {
PICTURE

f(x) jumps at z = 1.

lim f(z)= lim 1+2*>=2, and lim f(z)= lim 2—2 =1,

z—1— z—1- r—1t r—1t

So
lim f(x) is UNDEFINED.
Tr—

sin 3x

, if x #£0,
1, if x =0.

Example: f(z)=

sin 3z is continuous everywhere and z is continuous everywhere so

sin 3z

is continuous everywhere, EXCEPT
T
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it makes no sense when x = 0.
What is happening when z = 07
. sin3x . sin3x
lim .
z—0 X z—0 3z
So th f(x) # f(0) and f(z) is not continuous at x = 0.
xr—

PICTURE OF y = sinx.
PICTURE OF y = sin 3x.

PICTURE OF y =1 PICTURE OF y = 5137

xT

15 Introduction

Things we need to learn in the first couple of weeks of calculus class:
Why 20 = 1.
What 1/6432 really means.
What —6342 really means.
What 0 means.
What 2% means.
What sin x means
What e” means
What 161/4 means.
How to graph complex numbers.
That v/9 = 3 on Mondays and v/9 = —3 on Tuesdays.

How to derive the quadratic formula.

One of the most difficult things in teaching calculus is to settle on the appropriate space of
functions. Whatever this space is, it should include

22, 272, x, €%, Ilnz, sinz, ,cosz, tanz, ,cotz, ,secx, CSCIT

and

sin" "z, cos ", tan_lx, cot_lx, sec_lx, csclx

and

mCC

and be closed under composition of functions. Since many of these functions are multivalued
this is a tall order. Whether you admit it or not, this is one of the difficulties you will have to
deal with when teaching Calculus.

One of the most difficult things in teaching calculus is to decide on a definition of the real
numbers If the decision is to try to avoid defining the real numbers then many of the proofs in a
calculus class are incomplete and it is no wonder that our students come away with little desire
to "see why something is true”.

One must work with the admission that e” is more fundamental than sinx and cosz, and
that sinx and cosx are ”children” of e”.
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