Math 521 Lecture 3: Homework 8
Fall 2004, Professor Ram
Due December 1, 2004

1 Exercises

10.

. Let X be a metric space and let £ C X. Define the diameter of £ and show that

diam(F) = diam(E).

. Let X be a metric space. Let K, be a sequence of compact sets in X such that K O K.

Show that -
if  lim diam(K,)=0 then ﬂ K,
n=1

n—oo

consists of exactly one point.

. Let X be a compact metric space. Show that X is complete.
. Show that R* is complete.
. Give an example of a metric space that is not complete.

. Give an example of

Let Xbe a complete metric space. Let E be a closed subset of X. Show that F is complete.

. Do Chapter 3, problem 20 of Baby Rudin.

. Do Chapter 3, problem 21 of Baby Rudin.

Do Chapter 3, problem 22 of Baby Rudin.
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Do Chapter 3, problem 23 of Baby Rudin.

Do Chapter 3, problem 24 of Baby Rudin.

Do Chapter 3, problem 25 of Baby Rudin.

Define uniformity, uniform space and entourage.

Define the topology on a uniform space. Prove that it exists and is unique.
Define Cauchy filter and convergent filter and complete space.

Prove that every convergent filter is Cauchy.

Give an example of a Cauchy filter that is not convergent.

Define uniformly continuous function.

Carefully state and prove that every uniformly continuous function is continuous.

Give an example which shows that two different uniformities on a set X can give rise to
the same topology on X.

Carefully state and prove that that if f: X — Y is a uniformly continuous function then
f sends Cauchy sequences to Cauchy sequences.

If f: X — Y sends Cauchy sequences to Cauchy sequences then is f uniformly continuous?

Let X be a metric space. Carefully define the metric space uniformity on X and explain
how a Cauchy sequence corresponds to a Cauchy filter.

Let X and Y be metric spaces. Explain how the definition of a uniformly continuous
function f: X — Y and the definition of a uniformly continuous function between uniform
spaces match up.

Carefully define completion.

Let X be a metric space. Show that the completion of X exists.

Let X be a metric space. Show that the completion of X is unique.
Let X be a uniform space. Show that the completion of X exists.
Let X be a uniform space. Show that the completion of X is unique.

Let X be a metric space and let X be the completion of X. Show that X is a dense subset
of X.

Let X be a uniform space and let X be the completion of X. Show that X is a dense
subset of X.

Let R be an abelian topological group. Explain how R is a uniform space.

Let R be an abelian topological group. Explain how the completion of R can be made into
a topological group.

Explain how R is a completion of Q.
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Explain what the p-adic numbers are.
Explain how F[[z]] is a completion of F[z].

Define carefully lim f(x) following Baby Rudin. Pay special attention to the domain and
T—p
range of f and the location of the point p.

In the definition of the derivative of f at a, where is a located? Define the derivative
carefully.

Define the functions f(z) = ¢, f(z) = =, f(z) = 22, f(z) = 2", f(x) = ¢* and f(x) = sinx
carefully, in proof machine language.

State and prove the sum rule for derivatives.
State and prove the product rule for derivatives.
State and prove the quotient rule.

State and prove the chain rule.

State and prove a precise theorem to the effect that if a function is differentiable at a then
it is continuous at a.

Give two examples of functions f: R — R which are continuous at 0 but not differentiable
at 0.

Graph carefully the functions f(x) = sinz, f(x) = sin’z, f(z) = sin(1/x2), f(z) =
(1/z)sinx, f(x) = xsinz, f(r) = 2?sinx, #?sinl/z, and f(r) = (1/x)sin(1/x) and
explain how you get these graphs.

Carefully state and prove Rolle’s theorem.

Carefully state and prove the mean value theorem.

Carefully state and prove the generalized mean value theorem.

Give a counterexample to the mean value theorem.

Carefully state and prove Taylor’s theorem.

Carefully state and prove three different theorems that could be called L’Hopital’s rule.
Give a counter example to L’Hopital’s rule.

Carefully graph the function f(z) = €™ and explain how you get this graph.

Let X be a metric space. Carefully define tlim f(t).
—a
Let X be a metric space. Show that if %im f(t) exists then it is unique.
—a
Let X be a topological space. Carefully define 1%im f(t).
—a

Let X be a topological space. Show that if f takes values in a Hausdorff space and 2%im f(t)
—a

exists then it is unique.
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Let X be a set. Carefully define li}_n f.

Let X be a set. Show that if f takes values in a Hausdorff topological space and li}n f

exists then it is unique.

Define topological group, topological ring, topological division ring, and topological field.

Carefully define f + g, fg, —f, (1/f) and f/g and fog.

Let X be a metric space. Carefully state and prove that

lim( + g)(t) = lim f(t) + lim g(t)

t—a
for real valued functions f and g.

Let X be a metric space. Carefully state and prove that
tim(fg)(t) = (Jim (1)) (Jim g(1)).
for real valued functions f and g.

Let X be a metric space. Carefully state and prove that

lim(— £)(t) = — lim f(¢).

for real valued functions f.

Let X be a metric space. Carefully state and prove that

1

lim(1/F)(t) = Ty o F(0)

for real valued functions f.

Let X be a topological space. Carefully state and prove that

lim(fg)(t) = (lim f(£)) (lim g(t)),

t—a t—a t—a

for functions f and g with values in a Hausdorff topological group G.

Let X be a topological space. Carefully state and prove that

lim(1/)(t) !

i—a " limyg f(2)
for functions f and g with values in a Hausdorff topological group G.

Let X be a topological space. Carefully state and prove that
lim(f + ¢)(¢) = lim f(¢) + lim g(t),
t—a t—a t—a

for functions f and g with values in a Hausdorff topological ring R.
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Let X be a set. Carefully state and prove that
li = (i li
im fg = (lim f) (lim ),
for functions f and g with values in a Hausdorff topological group G.

Let X be a set. Carefully state and prove that

1
lim]: f

lim(1/f) =
im(1/)
for a function f with values in a Hausdorff topological group G.
Let X be a set. Carefully state and prove that

li =1 li

im(f +g) =lm f +limg,

for functions f and g with values in a Hausdorff topological ring R.



