Chapter 3. FIELDS AND VECTOR SPACES
§1P. Fields

(3.1.3) Proposition. If f: K — F is a field homomorphism then f is injective.

Proof.
To show: f: K — F is injective.
Assume f: K — F' is a field homomorphism.
To show: If 21,22 € K and f(x1) = f(z2) then 21 = z,.
Assume z1,22 € K and f(z1) = f(x2).
To show: 1 = x5.
Proof by contradiction: Assume x; # 2.
Let Ok and Of be the additive identities in K and F' respectively.
Let 1xand 1r be the multiplicative identities in K and F' respectively.
Then f(z1) — f(m2) =0p and z; — 23 # Ok-
Let y = (z; — x2)~ ! , which exists by property h) in the definition of a field.
Then, since f: K — F is a homomorphism and f(z1) — f(z2) = OF,
y)

lr = f(1x) = f((z1 — z2)
= flzr — 22) f(y)
= (f(xl) - f(fﬂz))f(y)
=0r- f(y)
=0f.
This is a contradiction to property g) in the definition of a field.

So 1 = x9.
So f: K — Fis injective. O



§2P. Vector Spaces

(3.2.4) Proposition. Let V be a vector space over a field F' and let W be a subgroup of V. Then the cosets
of W in V partition V.

Proof.
To show: a) If v € V then v € v' + W for some v' € V.
b) If (v + W)N(va + W) #Dthen vy + W =uvy + W.
a) Let ve V.
Then, since0 e W,v=v+0€v+W.
Sovev+W.
b) Assume (v; + W) N (v2 + W) # 0.
To show: ba) v1 + W Cwvs + W.
bb) vo+W Cuy +W.
Let a € (v1 + W) N (v2 + W).
Suppose a = v; + w1 and a = vs + we where wy, wy € W.
Then

v =V t+w —w =a—w; =y +wy —w; and

Vg = Vg + Wy — Wy = a— Wy =V1 + W — Ws.

ba) Let v € vy + W.
Then v = v; + w for some w € W.
Then

v=uv1+w=vy+wr—w; +w € vy + W,

since wy —wy +w € W.
Sovi +W Cuw, +W.

bb) Let v € vo + W.
Then v = vs + w for some w € W.
Then

v=vetw=vi+w —wy+we€v +W,

since w1 —wo +w € W.
SOU2+WQU1+W.

Sovi + W =wvy, + W.
So the cosets of W in V partition V. O

(3.2.5) Theorem. Let W be a subgroup of a vector space V over a field F. Then W is a subspace of V if
and only if V/W with operations given by

(V1 +W)+ (e +W)=(v1 +v2) + W, and
cv+W)=co+ W,

is a vector space over F'.

Proof.
—>: Assume W is a subspace of V.
To show: a) (vy + W)+ (vo + W) = (v1 +v2) + W is a well defined operation on V/W.
b) The operation given by c¢(v + W) = cv + W is well defined.
o) (1 + W)+ (va +W)) + (v3+ W) = (v1 + W) + ((va + W) + (v3 + W))
for all v; + W,va + W,us + W € V/W.
d) (i +W)+(v2+W)=(va+W)+ (v + W) for all v + Wyua + W € V/W.
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) 0+ W =W is the zero in V/W.
) —v + W is the additive inverse of v + W.
) Ifci,c2 € Fand v+ W € V/W, then ¢; (c2(v + W)) = (c1c2)(v + W).
) It v+ W € V/W then L(v+ W) = v + W.
i) Ifce Fand vy + Wy + W € V/W,
then ¢((vy + W) + (va + W)) = c(vy + W) + c(vs + W).
j) fei,co€ Fandv+ W € V/W,
then (c1 + e2)(v+ W) =c1(v+ W) + c2(v + W).

e
f
8
h

a) We want the operation on V/W given by

VIW x VW — VW
(’Ul +W,1}2 +W) — (1)1 +’l)2) + W
to be well defined.
Let (v1 + W,va + W), (vs + W,vs + W) € V/W x V/W such that
(v + Wyug + W) = (vs + W,vy + W).
Then vy + W =v3+ W and vo + W =vgs + W.
To show: (v; +v2) + W = (v +vg) + W.
So we must show: aa) (v +v2) + W C (v3 +v4) + W.
ab) (vs+vg) + W C (v +v2) + W.
aa) We know v; =wv; + 0 € v3 + W since vy + W = vz + W.
So v; = v3 + w; for some wy € W.
Similarly vy = v4 + wo for some wy € W.
Let t € (v1 +v2) + W.
Then t = v1 + v9 + w for some w € W.
So

t=v14+v2+w
=v3+w; +v4+w2+w
=v3 +v4 +w +wr +w,
since addition is commutative.

Sot=(v3s+v4) + (w1 +wz +w) €vs+uvg+W.
So (v1 +wa) + W C (v3 +v4) + W.

ab) Since v + W = v3 + W, we know v; + w1 = v for some w; € W.
Since vo + W = vq + W, we know vy + wo = vy for some wy € W.
Let t € (v3 +vg) + W.
Then t = vs + v4 + w for some w € W.
So

t=v3+vs+w
=v1 +wy +v3 +we +w
=v +v2 +w; +wr +w,
since addition is commutative.

Sot=(v1+v2) + (w1 +ws+w) € (v1 +v2) + W.

So (vs +v4) + W C (v1 +v2) + W.
So (v1 +v2) + W = (vs +v4) + W.
So the operation given by (vy + W) + (vs + W) = (v1 + v3) + W is a well defined
operation on V/W.

b) We want the operation given by

FxVI/IW - V/W
(Gv+W) » cw+W



to be well defined.
Let (¢1,v1 + W), (co,v2 + W) € (F x V/W) such that (c1,v1 + W) = (ca,v2 + W).
Then ¢; =c; and vy + W = v, + W.
To show: civy + W = covs + W.
To show: ba) c1v1 + w g CoUs + w.
bb) cove + W Cciu; + W.

ba) Since v1 + W = v + W, we know v1 = vs + wq for some w; € W.
Lett € covi + W.
Then ¢t = c;v1 +w for some w € W. So

t=cv +w
= 02(1)2 +w1) +w

= CoU2 + cow1 + W,

since ¢; = ¢y.

Since W is a subspace, cow; € W, and cow; +w € W.
So t = covy + cowr +w € cavy + W.

Socivy + W Cesvg + W.

bb) Since v; + W = vy + W, we know vy = v + wy for some ws € W.
Let t € covg + W.
Then ¢t = cyvs + w for some w € W. So

t=covs +w
=ci (v +ws) +w
=cv +aw +w,
since ¢; = ¢;.
Since W is a subspace, cywy € W, and cywy +w € W.
Sot=cv; +cqws +w € ¢cyv; + W.
So covg + W C cyv; + W.

Socivi + W = covg + W.
So the operation is well defined.

c) By the associativity of addition in V' and the definition of the operation in V/W,

(1 + W)+ (V2 + W) + (3 + W) = ((v1 +v2) + W) + (v3 + W)

= ((v1 +v2) +v3) + W

(vl+ (V2 +v3)) + W

= (v1 + W) + ((v2 +vs3) + W)
(v1+W) ((va + W) + (v3 + W))
for all v; + W,vy + W,us + W € V/W.

d) By the commutativity of addition in V' and the definition of the operation in V/W,
(Vi +W)+ (v2+W) = (1 +v2) + W

=Wws+v)+W
= (va + W) + (v1 + W).

for all v; + W,ua + W € V/W.
e) The coset W = 0+ W is the zero in V/W since
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W+@w+W)=0+v)+W
=v+W
=Ww+0)+W
=w+W)+W

forallv+ W e V/W.

f) Given any coset v + W, its additive inverse is (—v) + W since

Ww+W)+(—v+W)=v+(—v)+ W
=0+W
=W
=(—v+v)+W
=(~v+W)+ov+W
forallv+W e V/W.

g) Assume ¢i,cp € Fand v+ W € V/W.
Then, by definition of the operation,

ci(c2(v+W)) = ci(cv + W)
=ci(cv) + W
= (c1e)v+ W
= (c1e)(v + W).

h) Assume v+ W € V/W.
Then, by definition of the operation,

v+ W)=1Qv)+ W
=v+W.

i) Assume c € F and vy + W,va + W € V/W.
Then

c((vr + W) + (v2 + W)) = c((v1 +v2) + W)

(v +v2) + W

= (cv1 +cva) + W

= (cv1 + W) + (cva + W)
=c(vy + W) + c(va + W).

j) Assume ¢j,c3 € Fand v+ W € V/W.
Then

(a1t +e)v+W)= (C1+C2 )+W
= (v +cv) + W
=(crv+ W)+ (cov+ W)
=c(v+W)+c(v+W).

So V/W is a vector space over F'.
<=: Assume W is a subgroup of V' and V/W is a vector space over F' with action given by
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cv+W)=cv+W.
To show: W is a subspace of V.
To show: If c€ F and w € W then cw € W.
First we show: If w € W then w + W = W.
To show: a) w+W CW.
b) WCw+W.
a) Let ke w+W.
So k = w + w; for some w; € W.
Since W is a subgroup, w + wy € W.
Sow+W CW.
b) Let k € W.
Sincek—weW, k=w+ (k—w) ew+W.
SoWCw+W.
Now assume c € F' and w € W.
Then, by definition of the operation on V/W,

cw~+W =clw+ W)
=c(0+ W)
=c-04+W
=0+W
=W.

Socw=cw+0eW.
So W is a subspace of V. O

(3.2.8) Proposition. Let T:V — W be a linear transformation. Let Oy and Ow be the zeros for V. and W
respectively. Then

a) T(Oy) = Ow.
b) For anyv €V, T(—v) = =T (v).
Proof.
a) Add —T'(0y) to both sides of the following equation.

T(0v) =T(Ov +0v) =T(0v) + T(Ov).

b) Since T'(v) + T(—v) =T (v + (-v)) = T(0v) = Ow and
T(—v) +T(v) = T((—=v) +v) + T(0y) = Ow, then

—T(w)=T(-v). O

(3.2.10) Proposition. Let T:V — W be a linear transformation. Then
a) ker T is a subspace of V.
b) imT is a subspace of W.

Proof.
a) By condition a) in the definition of linear transformation, T is a group homomorphism.
By Proposition 1.1.13 a), ker T is a subgroup of V.
To show: If c € F and k € ker T then ck € kerT'.
Assume c € F and k € ker T
Then, by the definition of linear transformation,

T(ck)=cT(k)=¢c-0=0.
So ck € kerT.



So ker T is a subspace of V.

b) By condition a) in the definition of linear transformation, T" is a group homomorphism.
By Proposition 1.1.13 b), im T is a subgroup of W.
To show: If c € F and a € im T then ca € imT'.
Assume c € F and c € imT.
Then a = T'(v) for some v € V.
By the definition of linear transformation,

ca = cT'(v) = T(cv).

Soca€eimT.
So im T is a subspace of W. 0O

(8.2.11) Proposition. Let T:V — W be a linear transformation. Let Oy be the zero in V. Then
a) kerT = (Ov) if and only if T is injective.
b) imT =W if and only if T is surjective.

Proof.
Let Oy and Ow be the zeros in V and W respectively.
a) =>: Assume kerT' = (Oy).
To show: If T'(v1) = T'(vs) then vy = vy.
Assume T'(vy) = T'(v9).
Then, by the fact that T is a homomorphism,

OW = T(’Ul) - T(’Uz) = T(Ul - 1}2).

Sowv; —wvy €kerT.
But ker T = (Oy).
So v1 — vy = 0y.
So v = vs.
So T is injective.
<: Assume T is injective.
To show: aa) (Oy) CkerT.
ab) kerT C (Oy).
aa) Since T'(0y) = Ow, Oy € kerT'.
So (Oy) C kerT.
ab) Let k € ker T
Then T'(k) = Ow.
So T'(k) = T'(0y).
Thus, since T is injective, k = Oy .
So ker T C (Oy).
So ker T = (Oy).

b) =: Assume imT = W.
To show: If w € W then there exists v € V such that T'(v) = w.
Assume w € W.
Then w € imT.
So there is some v € V' such that T'(v) = w.
So T is surjective.

<—: Assume T is surjective.
To show: ba) im7T C W.
bb) W CimT.
ba) Let z € imT.
Then z = T'(v) for some v € V.
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By the definition of T', T'(v) € W.
SoxeW.
SoimT C W.
bb) Assume x € W.
Since T is surjective there is a v such that T'(v) = z.
Soz €imT.
SoW CimT.

SoimT=W. 0O

(3.2.12) Theorem.
a) Let T:V — W be a linear transformation and let K = ker T. Define

T: V/keeT — W
v+ K — T(v).

Then T is a well defined injective linear transformation.

b) Let T:V — W be a linear transformation and define

T V. - imT
v = T(v).

Then T' is a well defined surjective linear transformation.

c) If T:V — W is a linear transformation, then

V/kerT ~imT
where the isomorphism is a vector space isomorphism.

Proof. R
a) To show: aa) T is well defined.
ab) T is injective.
ac) T is a linear transformation.
aa) To show: aaa) If v € V then T(v + K) € W. A R
aab) Ifv; + K =vy + K € V/K then T(v; + K) = T(v2 + K).

aaa) Assume v € V. R
Then T'(v + K) = T(v) and T'(v) € W, by the definition of T and T'.

aab) Assume v + K = vy + K.
Then v; =v2+ K, for some ke K.
To show: T'(v1 + K) =T (v2 + K), i.e.,
To show: T'(v1) = T'(v2).

Since K € ker T, we have T'(k) = 0 and so

T(v1) =T (va + k) =T (ve) + T(k) =T (va).

~ SoT(v1 + K) =T(vs + K).
So T is well defined.
ab) To show: If T'(v; + K) = T(v2 + K) then v + K = v, + K.
Assume T'(vy + K) = T'(va + K). Then T'(v1) = T'(v2).
So T(Ul) — T(’Uz) =0.
So T(Ul — 1}2) =0.
So vy —wy € kerT.
So v; —v9 = k, for some k € kerT'.
So v; = vy + k, for some k € kerT'.
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To show: aba) v1 + K C vs + K.
abb) va+ K Cv; + K.
aba) Let v € v1 + K. Then v = vy + ky, for some k; € K.
Sov=v2+k+k1€v2+K,sincek+k1€K.
Sov1+K§v2+K.
abb) Let v € vy + K. Then v = vy + ko, for some ks € K.
Sov=wvy —k+ky €v; + K since —k+k; € K.
Sovs + K Cv; + K.
Sovi +K =vy,+ K.
So 7' is injective.
ac) To show: aca) If v + K, vy + K € V/K then
T(U1 +K)+T(1)2+K) T((’U1 +K)+ (’1)2+K)).
acb) If c € F and v+ K € V/K then T(c(v + K)) = ¢T'(v + K).
aca) Let v; + K,vs + K € V/K.
Since T is a homomorphism,

T + K) +T(vy + K) =T(v1) + T(v2)

(v1 + v2)

= (’111+U2 + K)
(1)1—|—K (v2 + K)).

I
S

acb) Let ce Fandv+ K € V/K.
Since T is a homomorphism,
T(c(v+ K)) = T(cv + K)
T(cv)
= cT'(v)
T'(v+ K).

So T is a linear transformation.
So T is a well defined injective linear transformation.

b) To show: ba) T" is well defined.
bb) T' is surjective.
bc) T' is a linear transformation.

ba) and bb) are proved in Ex. 2.2.3 b), Part I.
bc) To show: bea) If vi,ve € V then T'(v1 + v2) = T"(v1) + T (v2).
beb) If ¢ € F and v € V then T'(cv) = ¢TI (v).

bca) Let vy,v2 € V.
Then, since T is a linear transformation,

T'(vy +v2) =T (vy +v2) = T(vy) +T(va) =T (v1) + T (v2).

beb)  Let vy,ve € V.
Then, since T is a linear transformation,

T'(cv) = T(ev) = cT'(v) = T (v).

So T' is a linear transformation.
So T' is a well defined surjective linear transformation.

c) Let K =kerT.



By a), the function

T: VIK = W
v+ K — T(v)
is a well defined injective linear transformation.
By b), the function

T V/IK — im 7T
v+K — Tw+K) =T@)
is a well defined surjective linear transformation.
To show: ca) i{nT =imT.
cb) T is injective.
ca) To show: caa) im7 C im T.
cab) im7T Cim7.
caa) Let w € im 7. X
Then there is some v + K € V/K such that T'(v + K) = w.
Let o' € v+ K.

Then v' = v + k for some k € K.
Then, since T is a linear transformation and T'(k) = 0,

T(v')

T(v+k)
(v) +T(k)
(

(

I
i

v)

v+ k)

1
g =

Sow e€imT.
Soim7 Cim7T.
cab) Let w € imT.
Then there is some v € V such that T'(v) = w.
So T'(v + K) =T(v) = w.
Sow € imT.
Soim7 Cim7T.
Soim7T =im7.
cb) To show: If T’(vl +K)= T’(Ug + K) then v; + K = v + K.
Assume T"(v; + K) = T" (v + K).
Then T(’Ul + K) T(’U2 + K)
Then, since T is injective, v1 + K = vy + K.
So T" is injective.
Thus we have

T V/K — imT
v+ K — T(v)

is a well defined bijective linear transformation. [
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