Chapter 2. RINGS AND MODULES

§1P. Rings

(2.0.4) Proposition. Let R be a ring and let I be an additive subgroup of R. Then the cosets of I in R
partition R.

Proof.
To show: a) If r € R then r € r' + I for some ' € R.
b) E(ri+D)N(ra+I)#Dthenri +I=ry+ 1.
a) Let r € R.
Then r=r+0€r+1,since 0 € 1.
Sorer+1.
b) Assume (r1 +I)N (ro + 1) # 0.
To show: ba) r1 +1 Cry + I.
bb) ro +1Cr + 1.
Let s€ (ri + )N (ra + I).
Suppose s = r; + i1 and s = ro + 92 where i1,i2 € I.
Then

ri=r1+10 —9 =8—14 =ry+iy—i; and

To =79 +1y —1g =8 — 1y =71+ 11 — 2.

ba) Let r € r; + I.
Then r = r{ + ¢ for some i € I.
Then

r=ri+i=rot+is—i1+i€rog+1,
since 49 — i1 +1 € I.
Sori +ICry+1.
bb) Let r € o + I.

Then r = ry + ¢ for some i € 1.
So

T:T'2+i:T1+7:1—7:2+i€T'1+I,

since 41 — i +14 € I.
Sors+I1Cry+1.

Sori +I=ry+ 1.
So the cosets of I in R partition R. O

(2.0.6) Proposition. Let I be an additive subgroup of a ring R. I is an ideal of R if and only if R/I with
operations given by
(ri+D+(@r2+I)=(r1+r2)+I and
('I‘l + I)(’I‘z + I) =Trire —|— I
18 @ Ting.

Proof.
—>: Assume [ is an ideal of R.
To show: a) (ry + 1)+ (re+1I) = (r1 +r2) + I is a well defined operation on R/I.
b) (r1 + I)(ro +I) = (r172) + I is a well defined operation on R/I.
o) (m+D+(r2+D)+(rs+1)=(ri + 1) + ((r2 + 1) + (r3 + 1))
forallry + I,ro +I,r3+ 1 € R/I
d) (m+D+@e+D)=e+I)+(ri+I)forallry +1I,ro+1€R/I
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e) 0+ I =1 is the zeroin R/I.

f) —r + I is the additive inverse of r + I.

g) (i +Dra+D)(rs+1I)= (1 +I)((r2+I)(rs + 1))
forallry + I,ro +I,r3 + 1 € R/I.

h) 1+ I is the identity in R/I.

iy fry+I,ra+I, 73+ 1€ R/I then

(ri+D(r2+D+(r3+ )= +Dr2+ D)+ (r+I)(rs+1) and
(re+ D)+ (rs+ D) (re+1) = (r2 + I)(ry + I) + (r3 + I)(ry + I).

a) We want the operation on R/I given by

R/IxR/I —  RJI
(r+Ls+I 1 (r+s)+1

to be well defined.
Let (r1 +I,81+1I),(ra+ 1,52+ 1) € R/I x R/I such that
(T1+I,81+I)=(T2+I,$2+I).
Thenry +1I=rs+1and sy +1=s9+ 1.
To show: (r1 +s1)+ 1 = (ra +s2) + 1.
So we must show: aa) (r1 +s1) +1 C (ro + s2) + 1.
ab) (ro +s2)+IC (r1 +s1)+1.
aa) Weknowr; =r; +0€ry +Isincer; + I =7y + I.
Sor; =ry + ky for some k; € I.
Similarly s; = so + ko for some ks € I.
LettE(r1+31)+I.
Then t =71 + s1 + k for some k € I.
So

t=r1+s1+k
=ro+ki+sa+ka+k
=ro+ s+ ki + ko + K,

since addition is commutative.

Sot=(ra+s2)+ (k1 +ka+k)€Eras+sa+1.
So (ri+81)+I1C (ro+s9)+1.

ab) Since r1 + I =7y + I, we know r; + k; = ro for some k; € I.
Since s + I = s + I, we know s; + ko = so for some ko € 1.
Let t € (ro + s2) + I.

Then t = r9 + s2 + k for some k € I.
So

t= T2 =+ S9o =+ k
=r1+k+s1+k+k
=ry+s +k +k+Ek,

since addition is commutative.

Sot=(ri+s1)+(kr +ka+k)€(r1+s1)+1.
So (ro+s2) +1C(ry+s1)+1.

So (r1 +ss) +1=(ry+s2)+ 1.

)
So the operation given by (ry +I) + (ro +I) = (r1 +r2) + I is a well defined
operation on R/I.

b) We want the operation on R/I given by
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R/IxR/I — R/I
(r+I,s+Iy 1 (rs)+1
to be well defined.
Let (r1 +I,s1+1I),(ro+ 1,82+ 1) € R/I x R/I such that
(T1+I,81+I):(7‘2+I,$2+I).
Thenri +I=rys+1and s +1 =359+ 1.
To show: ri1s1 +1 =r9sy + 1.
So we must show: ba) r1s1 + I C rass + I.
bb) ras0 + 1 Crysy + 1.

ba) Since r1 + I =ry + I, we know ry = r2 + ky for some k; € I.
Since s1 + I = s5 + I, we know s; = s3 + ko for some ks € I.
Let t € r1s1 + 1.
Then ¢t = r1s; + k for some k € 1.
So

t=ris1+k
= (Tz + k‘l)(SQ + k2) + k
=182 + k152 + rake + kiks + K,
by using the distributive law.
k182 + moks + k1ko + k € I by the definition of ideal.

Sot € resy + 1.
Sorisi +1 Cress + 1.

bb) Since r1 + I =ry + I, we know ry + k; = ro for some k; € I.
Since s1 + I = s2 + I, we know s + ko = so for some ks € 1.
Let t € ros0 + 1.
Then t = r989 + k for some k € I.
So

t =17989 + k
= (7‘1 + kl)(81 + kz) + k
=r181+rike + kis1 + kika + K,
by using the distributive law.
r1k2 + k151 + k1k2 + k € I by the definition of ideal.

Soteris,+1.
So T289 + I g r181 +I.
Sorisi+1 =mrys9 +1.
So the operation given by (r + I)(s +I) = rs + I is a well defined operation on R/I.

c¢) By the associativity of addition in R and the definition of the operation in R/I,

(rm+I)+(re+D) +(rs+I)=((re +r2) + 1)+ (rs + 1)
(r1+r2 +r3)—|—I
=(ri+(ra+r3) +1

=+ 1)+ ((ra+r3) +1)

(
:(Tl +I)+ ((TQ +I)+(7'3+I))
for all T1+I,T2+I,T3+IER/I.

d) By the commutativity of addition in R and the definition of the operation in R/I,

3



(rm+D+ o+ =(1+r)+1
=(ro+mr)+1
=(re+1I)+(r1 +1)

forall 1y + I,ro + 1 € R/I.
e) The coset I =0+ I is the zero in R/I since
I+(r+D)=0+7)+1

=r+1
=r+0)+I=(0r+I)+1

forallr+ 1€ R/I.

f) Given any coset 7 + I, its additive inverse is (—r) + I since

(r+D+(-r+D)=r+(-r)+1I

forallr+ 1€ R/I.

g) By the associativity of multiplication in R and the definition of the operation in R/I,

(re+D)(re+D))(rs +I) = (rira + I)(r3 + 1)
= (riro)rs + 1
:T'l(TQT'g)-l-I
=(r1 +I)(roar3s + 1)
= (Tl —f—I)((’I‘Z +I)(T3 + I))
forall vy + 1,79 + 1,73+ I € R/I.
h) The coset 1 + I is the identity in R/I since

A+D(r+D)=1-r+1
=r+1
=r-1+1
=@r+DH1+1)

forallr +1€ R/I.

i) Assume r,s,t € R. Then by definition of the operations

r+D(s+D+¢+D)=C+D)((s+1t)+1)
=r(s+t)+1
=(rs+rt)+1
=(rs+I)+(rt+1)
=(r+D)(s+I)+@r+D(t+1I),

and



(s+D+@E+D)r+D)=((s+t)+I)(r+1)
=(s+t)yr+1
=(sr+tr)+1
=(sr+ 1)+ ({r+1)
= (

s+Dr+D+ @+ D)(r+1).

So R/I is a ring.
<=: Assume R/I is a ring with operations given by

r+D+(s+I)=(r+s)+I and
(r+D(s+I)=rs+1

forallr+I,s+ 1 € R/I.
To show: If k € I and r € R then kr € I and rk € 1.
First we show: If k € I then k+ 1 = 1.
To show: a) k+IC 1.
b) ICk+1.

a) Leti e k+ 1.
Then i = k + k; for some k; € I.
Then, since I is a subgroup, i = k+ k1 € 1.
Sok+ICI.

b) Assume k; € I.
Sincekl—kel, k1=k+(k‘1—k)€k+l
SoI Ck+1.

Now assume r € R and k € I.
Then by definition of the operation

rk+I=(r+I1)(k+1I)

=(r+I)I

=(r+I1)(0+1)
=0+1

and

kr+I=(k+D(r+1)
=0+ D(r+1I)
=0+1
=1

Sokrel andrk e 1.
SoIisanideal of R. O

(2.0.9) Proposition. Let f: R — S be a ring homomorphism. Let Og and Og be the zeros for R and S
respectively. Then

a) f(Or) = 0s.

b) For anyr € R, f(—r) = —f(r).



Proof.
a) Add —f(0g) to each side of the following equation.

f(0r) = f(Or + Or) = f(Or) + f(OR)-
b) Since

f(OR) =0s and
f(OR) =0g,

fr)+ f(=r) = f(r+ (-r))
F(=r)+ f(r) =F((=r) +7)

then f(—r) =—f(r). O

(2.0.11) Proposition. Let f: R — S be a ring homomorphism. Then
a) ker f is an ideal of R.
b) im f is a subring of S.

Proof.
Let Og and Og be the zeros of R and S respectively.
a) To show: ker f is an ideal of R.
To show: aa) If kq, ko € ker f then ky + ks € ker f.
ab) Og € ker f.
ac) If k € ker f then —k € ker f.
ad) If k € ker f and r € R then kr € ker f and rk € ker f.

aa) Assume ki, ky € ker f.
Then f(k;) = 0s and f(k2) = 0.
So f(ki + k2) = f(k1) + f(k2) = Os.
So k1 + ks € kerf.

ab) Since f(Ogr) = 0s, Or € ker f.

ac) Assume k € ker f.

So f(k) = 0s.
Then
f(=k) =—f(k) =0s
So —k € ker f.
ad) Assume k € ker f and r € R.
Then

f(kr) = f(k)f(r) =0s- f(r) =0s and
frk) = f(r)f(k) = f(r) - 0s = Os.
So kr € ker f and rk € ker f.
So ker f is an ideal of R.
b) To show: ba) If s1,s2 € im f then s1 + s € im f.

bb) 0s € im f.

be) If s € im f then —s € im f.

bd) If 51,52 € im f then s;s5 € im f.

be) 1g € im f.

ba) Assume s1,8 € im f. Then s; = f(r1) and sy = f(r2) for some 71,75 € R.
Then

s1+s2 = f(r1) + f(r2) = f(r1 +1r2),

since f is a homomorphism.



So 51 + s2 € im f.
bb) By Proposition 2.1.9 a), f(0g) = 0s, so 0g € im f.

bc) Assume s € im f. Then s = f(r) for some r € R.
Then, by Proposition 2.1.9 b),

~s=f(r) = f(-7)
So —s €im f.

bd) Assume s1,89 € im f. Then s; = f(r1) and s2 = f(rs) for some ry,r2 € R.
Then

s1s2 = f(r1)f(rz2) = f(rira),

since f is a homomorphism.
So s182 € im f.

be) By the definition of ring homomorphism, f(1g) = 1g, so 15 € im f.

So im f is a subring of S. O

(2.0.12) Proposition. Let f: R — S be a ring homomorphism. Let O be the zero in R. Then
a) ker f = (0g) if and only if f is injective.
b) im f = S if and only if f is surjective.

Proof.
a) Let Og and Og be the zeros in R and S respectively.
=: Assume ker f = (Og).
To show: If f(ry) = f(r2) then r; = ra.
Assume f(r1) = f(re2).
Then, by the fact that f is a homomorphism,

0s = f(r1) — f(r2) = f(r1 —ra).

Sor; —ry € ker f.
But ker f = (0g).
So ry —rog = OR.
Sor; =ry.
So f is injective.
<=: Assume f is injective.
To show: aa) (Or) C ker f.
ab) ker f C (Og).
aa) Since f(0g) = 0s, Og € ker f.
So (0g) C ker f.
ab) Let k € ker f.
Then f(k) = 0s.
So f(k) = f(Or).
Thus, since f is injective, k = Og.
So ker f C (0g).
So ker f = (Og).-

b) =: Assume im f = S.
To show: If s € S then there exists 7 € R such that f(r) = s.
Assume s € S.
Then s € im f.
So there is some r € R such that f(r) =s.
So f is surjective.



<=: Assume f is surjective.
To show: a) imf CS.
b) S Cim f.
a) Let z € im f.
Then z = f(r) for some r € R.
By the definition of f, f(r) € S.
SozeS.
Soim f C S.
b) Assume z € S.
Since f is surjective there is an r such that f(r) = z.
So xz € im f.
So S Cim f.
Soimf=S. 0O

(2.0.13) Theorem.
a) Let f:R — S be a ring homomorphism and let K = ker f. Define

f: R/kerf — S
r+K —  f(r).

Then f is a well defined injective ring homomorphism.
b) Let f: R — S be a ring homomorphism and define
ff R — imf
r = f(r).
Then f' is a well defined surjective ring homomorphism.

¢) If f:R — S is a ring homomorphism, then

R/ker f ~im f
where the isomorphism is a ring isomorphism.

Proof.
Let 1g and 1g be the identities in R and S respectively.
a) To show: aa) f is well defined.
ab) f is injective.

ac) f is a ring homomorphism.

aa) To show: aaa) If r € R then f(r + K) € S.
aab) If r; + K =73+ K € R/K then f(ri + K) = f(r2 + K).

aaa) Assume r € R.

Then f(r + K) = f(r), and f(r) € S, by the definition of f and f.
aab) Assume r; + K =71y + K.

Then m; =ro+ k for some ke K.

To show: f(r1 + K) = f(r2 + K), i.e.,

To show: f(r1) = f(rs).

Since k € ker f, we have f(k) =0 and so

f(r1) = f(ra+k) = f(ra) + f(k) = f(r2) + 0 = f(r2).

S0 f(r + K) = f(r2 + K).
So f is well defined.

ab) To show: If f(r, + K) = f(ry + K) then ry + K =1, + K.
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Assume f(r1 + K) = f(ry + K).

Then f(r1) = f(r )
So f(r1) = f(r )
So f(r1 —r2) =

SOT’l—T’2€keI‘f
So r; —ry = k, for some k € ker f.
So r; = ry + k, for some k € ker f.
To show: aba) 71 + K Cre + K.
abb) ro + K Cr + K.
aba) Let r € ri + K.
Then r = r; + k1, for some k; € K.
Sor=ro+k+ki€rs+ Ksincek+k; € K.
Sor1+KCry+ K.
abb) Let r € ry + K.
Then r = r2 + ko, for some ks € K.
Sor=ro+kyo=ri —k+kyer  +K since -k +ky € K.
Sors +K Cr; + K.
Sorm+K=r+K.
So f is injective.
ac) To show: aca) If r + K,7 + K € R/K
then f((r1 + k) + (ra + K)) = f(r1 + K) + f(r2 + K).
acb) f y + K,ro+ K € R/K
then f((ri + K)(r2 + K)) = f(r1 + K)f(r2 + K).
acc) f(1gr+ K) = 15.
aca) Let 1 + K,ro + K € R/K.
Since f is a homomorphism,

fr1 + K) + f(ra + K) = f(r1) + f(r2)
T1+7‘2)
1+12) + K)

((r
(T‘1+K 'I‘2+K)).

(
(

f
f
£
= ((

acb) Let ry + K,7a + K € R/K.
Since f is a homomorphism,

f(rl +K)f(r2 +K)=

acc) Since f is a homomorphism,

f(r +K) = f(1r)

So f is a ring homomorphism.

So f is a well defined injective ring homomorphism.

b) Let 1g and 1g be the identities in R and S respectively.
To show: ba) f'is well defined.



bb) f' is surjective.
bc) f' is a ring homomorphism.

ba) and bb) are proved in Ex. 2.2.4 a) and b), Part I.

be) To show: bea) If r1,79 € R then f'(r1 +1r2) = f'(r1) + f'(r2).
beb) If r1,79 € R then f'(rire) = f'(r1) f'(r2).
bee) f'(1r) = Ls.

bca) Let r1,72 € R.
Then, since f is a homomorphism,

flri+7r2) = fri+r2) = f(r) + f(r2) = f'(r1) + f'(r2)-

beb) Let r1,72 € R.
Then, since f is a homomorphism,

fi(rira) = f(rira) = f(r1)f(r2) = f'(r1)f'(r2)-

bee) Since f is a homomorphism,

f'(Ar) = f(1r) = 1s.
So f'is a homomorphism.

So f' is a well defined surjective ring homomorphism.

Let K = Kker f.
By a), the function

f: RIK — S
r+K — f(r)

is a well defined injective ring homomorphism.
By b), the function

f: R/K - im f
r+K = for+K)=f(r)
is a well defined surjective ring homomorphism.
To show: ca) im f =im f.
cb) f'is injective.
ca) To show: caa) im f C im f.
cab) im f Cim f.
caa) Let s € im f.
Then there is some r + K € R/K such that f(r + K) = s.
Let ' er+ K.

Then ' =r + k for some k € K.
Then, since f is a homomorphism and f(k) =0,

So s €im f.
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So im f C im f.
cab) Let s € im f.
Then there is some r € R such that f(r) = s.
So f(r+K) = f(r) =s.
Sos€imf.
So im f Cim f.
So im f =im f
¢b) To show: If f'(ry + K) = f'(r + K) then ry + K =1y + K.
Assume f'(ry + K) = f'(rs + K).
Then f(r1 + K) = f(r2 + K).
Then, since f is injective, 11 + K =13 + K.
So f' is injective.
Thus we have

f* R/K — imf
r+K — f(r)
is a well defined bijective ring homomorphism. 0O

(2.0.17) Proposition. Let R be a ring. Let Or and 1g be the zero and the identity in R respectivelly.
a) There is a unique ring homomorphism ¢:L— R given by

90(0) = Or,
p(m)=1g+---+1g, and
—_—

m times

p(=m) = —p(m),
for every m €X, m > 0.
b) ker o =n I= {nk | k €L} where n = char(R) is the characteristic of the ring R.
Proof.

Let 1z and Og be the identity and zero of the ring R.
a) Define ¢: I— R by defining, for each m > 0, m €X,

p(m) =1g+---+ 1,
—_—
m times
p(=m) = —p(m),
¢(0) = 0.
To show: aa) ¢ is unique.
ab) ¢ is well defined.
ac) ¢ is a homomorphism.
aa) To show: If ¢': T— R is a homomorphism then ¢’ = ¢.
Assume ¢': T— R is a homomorphism.
To show: If m €Z then ¢'(m) = p(m).
If m =1 then /(1) = 1 = p(1).
If m > 0 then

em)=¢'(1+---+1)=¢(1)+---+¢'(1) =1r +---+ 1g = p(m).

~~ ~~

m times m times m times

If m = 0 then ¢'(0) = 0g = ¢(0).

11



ab) This is clear from the definitions.
ac) To show: aca) ¢(1) = 1g.
acb) p(mn) = p(m)p(n).
acc) p(m+n) = (m) + ¢(n).
aca) This follows from the definition of ¢.

acb) Let m,n > 0. Then, by the distributive law,

p(m)p(n) = L+ -+ DL+

~~

+1)=1+---+1=p(mn).

n times

m times mn times

p(=m)p(=n) = (=1r)p(m)(=1)rp(n) = p(m)p(n)

acc) Let m,n > 0.
Then

om) + () =1+ ---+1+1+---+1=1+---4+ 1 =gp(m+n).

m times

~~ ~~

n times m+n times

@(—m) + p(—n) = —p(m) — (n) = —(p(m) + ¢(n)) = —p(m +n)
=¢(—(m+n)) = p((-m) + (—n)).

If m>n, o(m) +¢(-n) =p(m) —pn) =1+---+1) = (1+---+1)

v ~
~~

v
~~

n times
=14--+1= —n).
+--+1=¢(m-n)

m—n times

m times

= —(p(n) — p(m))

= —p(n—m) = p(m —n).

If m <n, o(m) + ¢(—n) = p(m) — p(n)

So ¢ is a homomorphism.

b) Let n =char(R).
To show: ba) n ZC ker .
bb) kerp C n Z.
First we show n € ker .
By the definition of char(R),

pn)=1g+---+1g =0g.
-

n times

So n € ker .
ba) Let m € n L.
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Then m = nk for some k €X.
Since ¢ is a homomorphism,

p(m) = p(nk) = p(n)p(k) =0- (k) = 0.
So p(m) € ker .
So n ZC ker .

bb) Let m € ker ¢.
Write m = nr + s where 0 < s <n and r €%.
Then, since ¢ is a homomorphism,

Or = @(m) = p(nr +5) = p(n)o(r) + ¢(s) =0r + ¢(s) =1r+---+ 1g.
|
s times
By definition of char(R), n is the smallest positive integer such that 1g +---1g = Og.
——

n times

So s =0.

So m = nr.
Som en k.
So kerp C n I.

Sokerop=nZ. O

(2.0.21) Proposition. Every proper ideal I of a ring R is contained in a mazimal ideal of R.

Proof.
The idea is to use Zorn’s lemma on the set of proper ideals of R containing I, ordered by inclusion. We
will not prove Zorn’s lemma, we will assume it. Zorn’s lemma, is equivalent to the axiom of choice. For
a proof see Isaacs book [I].

Zorn’s Lemma. If S is a poset such that every chain in S has an upper bound then S has a mazximal
element.

Let S be the set of proper ideals of R containing I, ordered by inclustion.
To show: Given any chain of ideals in S

< CLisy €Iy CIpa C -

there is a proper ideal J of R containing I that contains all the Ij.
Let

J:UIk.
k

To show: a) J is an ideal.
b) J is a proper ideal.
a) To show: aa) Ifi,5 € J then i+ j € J.
ab) If 4 € J and r € R then ir € J and ri € J.

aa) Assume i,j € J.
Then i € I}, and j € I for some k and &'
So either 4,5 € I}, or i,j € I since either I, C I}/ or Iy C I.
So either ¢ + j € I or i + j € I} since I}, and I are ideals.
So

i+jeJIn=1
k

ab) Assume i € J and r € R.
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Then i € I, for some k.
Since I}, is an ideal, i € I and ir € I.
So

rie|Jle=J and ire|JL=J
k k

So J is an ideal.

b) To show: 1¢ J.
Since the I, are all proper ideals, 1 ¢ I}, for any k.
So

1¢UQ:J
k

So J is a proper ideal of R.

So every chain of proper ideals in R that contain I has an upper bound.
Thus, by Zorn’s lemma, the set S of proper ideals containing I has a maximal element.
So I is contained in a maximal ideal. O
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§2P. Modules

(2.2.4) Proposition. Let M be a left R-module and let N be a subgroup of M. Then the cosets of N in

M partition M.
Proof.

To show: a) If m € M then m € m' + N for some m' € M.
b) If (m; + N)N (mz + N) # 0 then m; + N =ms + N.
a) Let me M.
Then, since0 e N,m=m+0€m+ N.
Som em+ N.
b) Assume (my + N)N (me + N) # 0.
To show: ba) mi; + N Cmas + N.

bb) m2+ N Cmy + N.

Let a € (m1 + N) N (m2 + N).
Suppose a = m1 + n; and a = my + ns where ny,ny € N.

Then
mi=mi+n,—nNi=a—n; =My +ns—n; and
My =My + Ny —Ng =a — Ny =M1 + N1 — No.

ba) Let m € m; + N.

bb)

Then m = my + n for some n € N.
Then

m=mi+n=ms+mns—ni+n€my+N,
since ng —ny +n € N.
Som; +N Cms+ N.

Let m € mo + N.
Then m = ms + n for some n € N.
Then

m=ms+n=my+ny—na+néemg+N,

since n; —ny +n € N.
Som2—|—N§m1+N.

Somi +N =mo + N.
So the cosets of N in M partition M. O

(2.2.5) Theorem.

Let N be a subgroup of a left R-module M. Then N is a submodule of M if and only if

M/N with the operations given by

s a left R-module.
Proof.

(m1+ N)+ (m2+N)=(m; +ms)+ N, and
r(mi + N) =rmy + N,

—>: Assume N is a submodule of M.

To show:

a) (my 4+ N)+ (m2+ N) = (m1 +m2) + N is a well defined operation on M/N.
b) The operation given by r(m + N) = rm + N is well defined.
¢) ((m1+ N)+ (ma + N)) + (m3 + N) = (my + N) + ((m2 + N) + (m3 + N))
for allmy + N,mo + N,m3 + N € M/N
d) (mi+N)+ (ma+ N)=(m2+N)+ (my +N) for all m; + Nyma + N € M/N.
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e) 0+ N = N is the zero in M/N.
f) —m + N is the additive inverse of m + N.
g) If 11,72 € Rand m+ N € M/N, then 7 (ro(m + N)) = (rir2)(m + N).
h) f m+ N € M/N then 1(m+ N)=m+ N.
i) If r € R and my + N,m2 + N € M/N,
then 7((my + N) + (my + N)) = r(my + N) 4+ r(mz + N).
j) fry,ro € Rand m+ N € M/N,
then (r1 +m2)(m+ N) =ri(m + N) + ra(m + N).

a) We want the operation on M /N given by

M/N x M/N - M/N
(mi+N,my+N) = (mi+m)+N
to be well defined.
Let (m1 + N,ma + N),(m3 + N,ms + N) € M/N x M/N such that
(m1 +N,m2+N):(m3+N,m4+N).
Then m1 + N =m3+ N and mos + N =my4 + N.
To show: (m3 +ms) + N = (mg +ma4) + N.
So we must show: aa) (mi +ms) + N C (m3 +my4) + N.
ab) (m3z +my) + N C (my +my) + N.
aa) We know m; =m; + 0 € mz + N since m; + N = m3z + N.
So my = mg3 + k; for some k; € N.
Similarly ms = my + ko for some ky € N.
Let t € (m1 +m9) + N.
Then t = mq + ms + k for some k € N.
So

t=mi+ma+k
=m3+ki+mg+ks+Ek
=m3g+my+ k1 + ks + K,

since addition is commutative.

Sot=(ms+m4)+ (k1 + k2 + k) €Emg+my + N.
So (my +ma2) + N C (m3 +m4) + N.

ab) Since my + N = m3 + N, we know m; + k1 = mg for some k; € N.
Since ms + N = my4 + N, we know my + ko = my for some ks € N.
Let t € (m3 +m4) + N.

Then t = m3 + my4 + k for some k € N.
So

t=mg+my+k
=m;+ki +mo+ky+k
=mq+ma+ki+ke+Ek,

since addition is commutative.

So t = (my +ma) + (k1 + ko + k) € (my +ma) + N.
So (m3 +my4) + N C (my +msy) + N.

So (my1 +m2) + N = (m3 +my) + N.

So the operation given by (m; + N) + (ms + N) = (m; +ms) + N is a well defined
operation on M/N.

b) We want the operation given by

RxM/N = MJN
(rrm+ NP v rm+ N
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to be well defined.
Let (ri,m1 + N), (ra,ma2 + N) € (R x M/N) such that (r1,m; + N) = (ra,ma + N).
Then ry =r5 and m; + N = ma + N.
To show: rym; + N =romy + N.
To show: ba) rymy + N g romo + N.
bb) ToMo —|—N g rim; +N

ba) Since my + N = my + N, we know m; = my + ns for some ny € N.
Letk€r1m1—|—N.
Then k = rymq +n for some n € N. So

k=rimi+n
=ro(ma +n2) +n

=Tromsg + Trono + N.

Since N is a submodule, rons € N, and rongy +n € N.
Sok=romo +1rans +n € rams + N.
Sorymi + N Croms + N.

bb) Since m; + N = ms + N, we know my = m; + n; for some n; € N.
Letk€r2m2—|—N.
Then k = rams +n for some n € N. So

k=romas+n
=ri(mi+n1)+n

=rimi+rini +n.

Since N is a submodule, r1ny € N, and riny +n € N.
Sok=rimi+rini+ne€rimy +N.
So roms + N Crymy + N.
Sorimi + N =1ryms + N.
So the operation is well defined.

¢) By the associativity of addition in M and the definition of the operation in M/N,

((m1 + N) + (m2 + N)) 4+ (m3 + N) = ((m1 + m2) + N) + (m3 + N)
(m1+m2 +m3)+N

(m1+ m2—|—m3))+N

= (my + N) + ((m2 + m3) + N)

= (m1 + N) + ((m2 + N) + (m3 + N))
for all m; + N,ma + N,m3 + N € M/N.

d) By the commutativity of addition in M and the definition of the operation in M /N,

(my+ N)+ (my+ N)=(m; +my) + N
:(m2+m1)+N
= (m2 + N) + (my + N).

for all m; + N,my + N € M/N.

e) The coset N = 0+ N is the zero in M/N since
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N+(m+N)=0+m)+N
=m+N
=(m+0)+N=(m+N)+N
for all m + N € M/N.

f) Given any coset m + N, its additive inverse is (—m) + N since

(m+N)+(—-m+N)=m+(-m)+N
=0+N
=N
=(-m+m)+ N
=(-m+N)+ (m+N)
for all m + N € M/N.

g) Assume 71,73 € R and m+ N € M/N.
Then, by definition of the operation,

o] (rg(m—}—N)) =ri(ram + N)
=ri(raom) + N
= (mr2)m+ N
= (ryrq)(m + N).

h) Assume m + N € M/N.
Then, by definition of the operation,

1(m+N)=(1m)+ N
=m+ N.

i) Assumer € R and my + N,ma + N € M/N.
Then

r((m1 4+ N)+ (my + N)) =r((m1 + m2) + N)

r(mi +m2)+ N

= (rmi +rmg) + N

= (rmy + N) + (rma + N)
=r(my + N)+r(mz2 + N).

j) Assume r;,75 € Rand m+ N € M/N.
Then

(ri +r2)(m+N) = ((ry +r2)m) + N
=(rim+ram)+ N
= (rim+ N) + (rem + N)
=ri(m+ N)+ro(m+ N).

So M/N is a left R-module.

<=: Assume N is a subgroup of M and (M/N) is a left R-module with action given by
r(m+N)=rm+ N.
To show: N is a submodule of M.
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To show: If r € R and n € N then rn € N.
First we show: If n € N thenn+ N = N.
To show: a) n+ N CN.
b) NCn+N.
a) Let ken+ N.
So k =n +nq for some n; € N.
Since N is a subgroup, k =n+mn; € N.
Son+ N CN.
b) Let k € N.
Sincek—neN,k=n+(k—n)€en+N.
So NCn+ N.
Now assume r € R and n € N.
Then, by definition of the R-action on M/N,

rm+ N =r(n+N)
=70+ N)
=r-0+N
=0+N
= N.

Sormn=rn+0¢€&N.
So N is a submodule of M. O

(2.2.9) Proposition. Let f: M — N be an R-module homomorphism. Then
a) ker f is a submodule of M.
b) im f is a submodule of N.

Proof.
a) By condition a) in the definition of R-module homomorphism, f is a group homomorphism.
By Proposition 1.1.13 a), ker f is a subgroup of M.
To show: If r € R and k € ker f then rk € ker f.
Assume r € R and k € ker f.
Then, by the definition of R-module homomorphism,

frk)=rf(k)y=r-0=0.

So rk € ker f.
So ker f is a submodule of M.

b) By condition a) in the definition of R-module homomorphism, f is a group homomorphism.
By Proposition 1.1.13 b), im f is a subgroup of N.
To show: If r € R and a € im f then ra € im f.
Assume r € R and a € im f.
Then a = f(m) for some m € M.
By the definition of R-module homomorphism,

ra =rf(m) = f(rm).
So ra € im f.

So im f is a submodule of N. O

(2.2.10) Proposition. Let f: M — N be an R-module homomorphism. Let Opr be the zero in M. Then
a) ker f = (0pr) if and only if f is injective.
b) im f = N if and only if [ is surjective.
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Proof.
Let Opr and On be the zeros in M and N respectively.
a) =>: Assume ker f = (0p).
To show: If f(m4) = f(mz) then my = mo.
Assume f(m1) = f(ma).
Then, by the fact that f is a homomorphism,

On = f(m1) — f(m2) = f(m1 — ma).

Somy —ms € kerf.
But ker f = (0ar).
So my; — My = OM
So mi; = ms.
So f is injective.
<=: Assume f is injective.
To show: aa) (0ar) C ker f.
ab) ker f C (0pr).
aa) Since f(0pr) = On, Opr € ker f.
So (0pr) C ker f.
ab) Let k € ker f.
Then f(k) = On.
So f(k) = f(Om).
Thus, since f is injective, k = 0.
So ker f C (0pr).
So ker f = (Oar)-

b) =: Assume im f = N.
To show: If n € N then there exists m € M such that f(m) = n.
Assume n € N.
Then n € im f.
So there is some m € M such that f(m) = n.
So f is surjective.
<=: Assume f is surjective.
To show: ba) im f C N.
bb) N Cim f.
ba) Let z € im f.
Then z = f(m) for some m € M.
By the definition of f, f(m) € N.
Soz € N.
Soim f C N.
bb) Assume xz € N.
Since f is surjective there is an m such that f(m) = z.
So x € im f.
SoN Cim f.
Soimf=N. O

(2.2.11) Theorem.
a) Let f: M — N be an R-module homomorphism and let K = ker f. Define

f: M/kerf —» N
m+K +—  f(m).

Then f s a well defined injective R-module homomorphism.
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b) Let f: M — N be an R-module homomorphism and define

fi" M - imf
m = f(m).
Then f' is a well defined surjective R-module homomorphism.

¢) If f: M — N is an R-module homomorphism, then

M/ker f ~im f
where the isomorphism is an R-module isomorphism.

Proof. R
a) To show: aa) f is well defined.
ab) f is injective.
ac) f is an R-module homomorphism.
aa) To show: aaa) If m € M then f(m+ K) € N.
aab) If m; + K =my + K € M/K then f(m; + K) = f(ma + K).

aaa) Assume m € M.
Then f(m + K) = f(m) and f(m) € N, by the definition of f and f.

aab) Assume m; + K = my + K.
Then m; =mz + k, for some keK.
To show: f(my + K) = f(ma + K), i.e
To show: f(my) = f(mo).

Since k € ker f, we have f(k) = 0 and so

f(m1) = f(ma + k) = f(m2) + f(k) = f(ma).

So f(my + K) = f(ma + K).
So f is well defined.
ab) To show: If f(my + K) =
Assume f(m; + K) =
Then f(m1) = f(ma).
So f(m1) — f(m2) = 0.
So f(my —ms2) =0.
Somi —mg € kerf.
So my — meo = k, for some k € ker f.
So my = mo + k, for some k € ker f.
To show: aba) m; + K C ms + K.
abb) m2+Kgm1—|—K
aba) Let m € my + K. Then m = my + ki, for some k; € K.
Som=mo+k+k €ms+ K, since k+ ki € K.
Somi+ K Cms+ K.
abb) Let m € mg + K. Then m = mgy + ks, for some k3 € K.
Som=m1 —k+ ks €mi + K since -k + ky € K.
SOm2+K(_:m1+K.
§0m1+K=m2+K.
So f is injective.
ac) To show: aca) f m; + K,my+ K € M/K
then f(m; + K) + f(m2 + K) = f((m1 + K) + (m2 + K)).
acb) If r € Rand m + K € M/K then f(r(m + K)) = rf(m + K).
aca) Let m; + K,ma + K € M/K.

~

(m2 + K) then m; + K =my + K.
(m2+K)

hs
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Since f is a homomorphism,

flmy + K) + f(ma + K) = f(m1) + f(my)

f(m1 +m2)

f( (my + mo) +K)
f((m1 + K) + (m2 + K)).

acb) Let r€e Rand m+ K € M/K.
Since f is a homomorphism,

f(r(m+K)) = f(rm + K)
f

_ So f is an R-module homomorphism.
So f is a well defined injective R-module homomorphism.

b) To show: ba) f’is well defined.
bb) f' is surjective.
be) f'is an R-module homomorphism.

ba) and bb) are proved in Ex. 2.2.3 a), Part L.
be) To show: bea) If mq,mo € M then f'(m1 + m2) = f'(m1) + f'(m2).
beb) If r € R and m € M then f'(rm) = rf'(m).

bca) Let my,mq € M.
Then, since f is a homomorphism,

fl(my +mg) = f(my +my) = f(my) + f(mz) = f'(my) + f'(m2).

be) Let my,my € M.
Then, since f is an R-module homomorphism,

f'(rm) = f(rm) = rf(m) =rf'(m).

So f'is an R-module homomorphism.
So f' is a well defined surjective R-module homomorphism.

c) Let K =ker f.
By a), the function

f: M/K — N
m+K — f(m)
is a well defined injective R-module homomorphism.
By b), the function
fi M/K - imf
m+K — fm+K) =f(m)
is a well defined surjective R-module homomorphism.
To show: ca) i{nf =im f.
cb) f'is injective.
ca) To show: caa) im f C im f
cab) im f Cim f.
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caa) Let n € im f.
Then there is some m + K € M/K such that f(m + K) = n.
Let m' e m+ K.
Then m' = m + k for some k € K.
Then, since f is a homomorphism and f(k) =0,

Son € im f.
So im f C im f.
cab) Let n € im f.
Then there is some m € M such that f(m) = n.
So f(m+ K) = f(m) =n.
So n € im f X
So im f C im f.
So im f = im f.
¢b) To show: If f'(my + K) = f'(my + K) then my + K =my + K.
Assume f'(my + K) = f'(ms + K).
Then f(m1 +K)= f(mg + K).
Then, since f is injective, my + K = mo + K.
So f' is injective.
Thus we have

f: M/K — imf
m+K — f(m)

is a well defined bijective R-module homomorphism. O
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