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ABSTRACT

This paper develops the theory of Macdonald-Koornwinder polynomials in parallel analogy with the work
done by us in 2024 for the GL, case [c-functions and Macdonald polynomials, J. Algebra 655 (2024), 163~
222]. In the context of the type (Cy, C,) affine root system, the Macdonald polynomials of other root systems
of classical type are specializations of the Koornwinder polynomials. We derive c-function formulas for sym-
metrizers and use them to give E-expansions, principal specializations and norm formulas for bosonic, mesonic
and fermionic Koornwinder polynomials. Finally, we explain the proof of the norm conjectures and constant
term conjectures for the Koornwinder case.

1. INTRODUCTION

The Koornwinder polynomials are multivariate generalizations of the classical orthogonal polynomials
that appear in the Askey scheme [9]. At the top of this hierarchy, we find the Askey-Wilson polynomials,
and the other families of orthogonal polynomials in the Askey scheme are obtained from the Askey-
Wilson polynomials by specializing parameters.

Macdonald’s 1987 paper [12] provides a very general framework for associating orthogonal polyno-
mials P, to any affine root system. It turns out that the Koornwinder polynomials are the Macdonald
polynomials for the affine root system of type (C, C,), and the Askey-Wilson polynomials are the
Macdonald polynomials for the affine root system of type (C)’, C; ). One of the key features of Macdon-
ald’s picture is that the norms (Py, P, ) are generalizations of Macdonald’s ‘constant terms’ (Py, Py) .
In this way, Macdonald stated conjectures for the values of (P, P, ), which vastly expanded his earlier
constant-term conjectures.

Cherednik introduced the double affine Hecke algebra (DAHA) as a tool for extending Opdam’s ideas
to prove the norm conjectures [3]. This perspective pointed to a larger family of orthogonal polynomials
E,,, from which the P, are obtained by a process of symmetrization. All of these tools, including the proof
of the norm conjectures, were wonderfully exposited in the full generality of a possibly non-reduced
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affine root system in Macdonald’s book [13]. For a wonderful history of the exciting trajectory of these
amazing developments, see [6].

Particularly in the type GL, case, the Macdonald polynomials have been of interest to the combi-
natorial community because of the wealth of wonderful g, ¢-generalizations of classical combinatorial
formulas in symmetric function theory. It is also stimulating that there are many fascinating connec-
tions to adjacent fields (representations of p-adic groups and affine Lie algebras, geometry of Hilbert
schemes and affine Springer fibres, torus knot invariants, vertex models in statistical mechanics, parti-
cle processes in probability, etc.). For this reason, it is desirable to provide expositions of the tools that
bridge the language gaps between the generality of affine root systems and the standard conventions
in classical symmetric function theory. In [4], we explained how, in the type GL, case, many of the
combinatorial formulas can be understood from the theory of c-functions, which are the analogues of
the Harish-Chandra c-functions surveyed by Helgason [7] and that appear everywhere in Macdonald’s
monograph [13].

In the type GL, case, the Macdonald polynomials depend on two parameters, q and t. In the Koorn—

winder case (type (C', C,)), the polynomials depend on six parameters, g, t, {7 , “0 , t and un Be-
cause of this plethora of parameters, sometimes it is not so easy to see how the combinatorial formu-
las familiar in the type GL, case generalize to the Koornwinder case. This paper follows the same pat-
tern as our earlier paper [4], generalizing from the type GL, case to the Koornwinder (type (C, C,))
case.

There is a constantly increasing literature on Koornwinder polynomials. There are interesting techni-
cal advances and also fascinating connections to other fields (see, for example, [2, 5, 16, 17, 26, 27]).
The foundational work in [14, 15, 18, 20, 24, 25], among others, continues to be extremely useful for
clarifying the role and position of the DAHA as a tool for the Koornwinder case. There are also important
and very useful surveys of the theory of Koornwinder polynomials (see, for example, [21,23]). There is
a significant intersection between the content of this paper and the content presented in these surveys.
We hope that our combinatorial and c-function point of view can be useful in continuing research on
Koornwinder polynomials.

The plan of this paper is as follows:

At the end of this section, we include some remarks on the different sets of parameters used in
the literature and establish the ones we will use for the paper. Since there are six different param-
eters to keep track of and lots of literature to navigate, perhaps this dictionary will be useful to
readers (as it was for us). Following these remarks, we present a diagram of the affine root sys-
tems of classical types together with the specializations of the parameters for obtaining the Mac-
donald polynomials of the corresponding type from Koornwinder polynomials, which are the Mac-
donald polynomials for the affine root system of type (C), C,). A thorough study can be found
in [27].

Section 2 is dedicated to the affine Weyl group and root system for type (C), C,), and we in-
clude the affine coroots and affine roots. Our new contribution in section 1 is the diagram giving
the relative positions of the affine root systems of classical type and the specializations that give
the Macdonald polynomials of the other classical type from Koornwinder polynomials. Although
these relationships are, in principle, well known (from Macdonald [11] and Bruhat-Tits [1]), we
have not seen this way of presenting this information, which we find very useful, and not broadly
known.
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In section 3, we introduce the main tools for working with Koornwinder polynomials, including the
c-functions and the DAHA. Our contribution here is to provide a framework for the DAHA in terms of
c-functions, which makes the, sometimes daunting, formulas for the operators on the polynomial repre-
sentation seem obvious and natural.

In the second half of section 3, we introduce four families of symmetrizers together with the relations
between them, their c-function formulas and the case when the stabilizers are non-trivial. Our contribu-
tion here is to treat the four types of symmetrizers in tandem to clarify their role in the theory (and the
symmetry between them).

Sections 4 and 5 examine the main objects of study:

(a) electronic Macdonald-Koornwinder polynomials (section 4);
(b) bosonic Macdonald-Koornwinder polynomials;

(c) fermionic Macdonald-Koornwinder polynomials; and

(d) mesonic Macdonald-Koornwinder polynomials.

We introduce the electronic Macdonald-Koornwinder polynomials E, as eigenfunctions of
Cherednik-Dunkl operators and then give a recursive formula and a creation formula for the E,,. For
the other variants, our study includes

(a) definition of the Weyl denominators;

(b) study of the bosonic, fermionic and mesonic spaces;
(c) formulas for the Poincaré polynomial;

(d) expansions in terms of E,;; and

(e) principal specializations.

Our contribution here is to put the focus on the fermionic and mesonic Koornwinder polynomials so
that the 4-fold structure is clearly visible. This 4-fold structure eventually leads to powerful recursions
for computing norms.

Finally, section 6 is dedicated to studying the Macdonald-Koornwinder polynomials as a family of
orthogonal polynomials. In particular, we

(a) define the Macdonald-Koornwinder inner product via multiplication by a kernel and taking the
constant term and characterize the electronic and bosonic Macdonald-Koornwinder polynomi-
als in terms of the inner product;

(b) compute adjoints of the operators from the DAHA;

(c) prove the going up a level and Weyl character formulas to provide recursions for norms; and

(d) use the recursions for norms to compute the norms (P;, P, ) + and the Macdonald constant term

for type (CY, C,).

This section follows the same trajectory as that taken in [13, Ch. 5]. Our contribution here is to use
the fermionic and mesonic framework to organize the recursions for norms and make the proof of norm
conjectures easy and natural.
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1.1. The affine root systems forn = 2andn = 1
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Depending on the reference, the notation for the parameters varies. In this article, we follow [14] and
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REMARK 1.1. In an attempt to relate the parameter notations in [13, §4.7], [18, §3] and [3,
Def. 2.1], let

1
’ 3 ’
To =Yy, Ty

1 1 1 i
=u;, To=t;, T, =t/ and T=71 =t2 forie{l,...,n—1}.

The summary of (1.5.1), (4.4.1), (4.4.2), (4.4.3) and (5.1.4) in [13] is that, for an affine root

Ta = (tatZa)E = quﬂ = qg(k(a)+k(2ﬂ)),

K,

L (K(@)—k(20)).

1 1.
]‘Ji I 42 3K,
a 7"a ta q2 q

1 1 1

b=, = " =it = gt taken) o gl

u,% = g = fs%n = gike)-3kae) q%kl—%kz

fo% N q%,q, _ t%gl+15t—%281+5 _ q%k(781+%8)+%k(7281+6) _ q%k3+%k4,
2

ué — = q%K‘; _ til+§5 _ q%k(781+%5)—%k(7261+6) _ q%krglq and

tr = T = q%'( = ta%,—slﬂ = q%ks, forie{1,...,n—1},

and the formulas in [13, (1.5.1)] correspond to interchanging ko and /. The parameter
notations 7;, T/, ki, . . ., ks will not be used in the remainder of this paper. O

REMARK 1.2. Askey-Wilson parameters. In type (C’, C; ), the bosonic Macdonald
polynomials P, (g, t1, uy, to, o) are also known as the Askey-Wilson polynomials.
Following [ 14, §3], the correspondence to the original Askey-Wilson parameters is given by

1 1

1 1 1 1 1 1 1 _1
ug, b=—qtjuy’, c=tius, d=—tju,’. (1)

(=2

1
=9 a=qt
These conversions are equivalent to
_ -1 _ _ -1 _ -1
to=—q ab, t,=—cd, w=—ab™, wu,=—cd

and it is useful to note that

_1
2

a+b=q%tg(ug—u0) and c+d=t,f<u3—un_i>‘

Up to permutations of a, b, ¢, d, these parameters are used in [19, (1)],in [2, (17)],in [5,
Def. 2.2] and, with different notation, in [13, (5.1.14)]. O

2. THE AFFINE WEYL GROUP AND ROOT SYSTEM FOR TYPE (C), C,)

The affine root system of type (C', C,) is the structure that holds the combinatorics of Koornwinder
polynomials in place as they are the Macdonald polynomials for this affine root system. The affine Weyl
group W plays the role of the group of symmetries of the affine root system. In this section, we introduce
the definitions and notations for working with the affine Weyl group W and the affine root system of type
(C/.C.).

The coroots S and the roots S for the affine root system of type (C,’, C,) play just slightly different
roles in the theory, especially in the computations involving Koornwinder polynomials. One of the chal-
lenges in this work is to keep these two mirror worlds in proper focus. For this purpose, in section 2.2,
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we carefully lay out two versions of the affine Weyl group W, one denoted Wy, which acts on the coroots
(with five orbits), and one denoted Wy, which acts on the roots (with five orbits). While the groups
Wy, Wy and W are all isomorphic, being pedantic about the notation at this early stage prevents future
headaches.

To conclude this section, we present a brief explanation of the reasoning for how the Macdonald poly-
nomials of other classical types (such as B,,, C,,, BC,, Agi)_ U ij_)l
polynomials by specialization. This specialization process is summarized in the diagram included in sec-
tion 1.0.1.

, etc.) are derived from the Koornwinder

2.1. The affine Weyl group W and the finite Weyl group Wy,

Use a graphical notation for relations so that

o g means gig = g gi
&i & means gig 8 = g &g, and
§ -3 means giggig - gag e
The affine Weyl group is the group W presented by generators sg, s, . . ., s, and relations
si=1 and P ) ,,,,,,,S,"O*z S”O:O” Sn

The finite Weyl group is the subgroup Wi, generated by sy, .. ., s,.
Letw € W. The length of w, £(w), is the minimal £ € Z such that

w=s;...s, with i,...,ip€{0,1,...,n—1,n}L
The expressionw = s;, . . . s;, is a reduced word for w, and any other expression of the formw = s;, .. .5,
with ji, ..., jr €{0,1,...,n— 1,n}, hask > £(w).

2.1.1. Translation presentation of W
Define hg,, ..., h,, € W by

he, = s0s182+ * * Su—1SnSn—1 - - - $251, and hgl = s}-hgj_ls,-, for je{2,...,n}.
For = (i1, ..., Uy) € Z", define the translation h,, by
hy = (he, )" -+ (he, ) (2)
and define u, € W and v,, € Wj, by the equation
h, = u,v,, wherev, € W, and u,, is minimal length in the coset h, Wy,. (3)
Define an action of Wy, on Z" by

Si(l‘lflv ey /J/n) = (Ml? ceey i1y Mig1s Mis ity ey I‘Ln)s fori € {13 ey — 1}7
Su(iay oo ) = (I1s ooy Mne1, —Hn)- (4)

Then

W =7" x Wgy.
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8 ¢ L.COLMENAREJO AND A.RAM

In other words, if 4, v € Z" and v € Wy, then

vhy, = hyv,  hyhy =h,y, and W ={hwlp e 2", ve Wl

REMARK 2.1. In [4], we use t,, to denote the translations in the type A case. We use the notation
hy, for type (CY, C,) to avoid conflict with the set of parameters for Koornwinder
polynomials (specified in Section 3.1).

2.2. Affine coroots, affine roots and the groups Wy and Wy

In this section, we set up the notation for the affine Weyl groups Wy and Wy. Both groups Wy and Wy
are isomorphic to W, but they serve slightly different roles and it is necessary to set up the notation to
distinguish them.

2.2.1. The dual lattices a7 and o’
Letéey, ..., e,ande), ..., & be symbols and define dual lattices (that is, dual free Z-modules)

oy ={nert Vet l Vi Ve €2 and az ={wie) + o wag, [l e € Z)
with Z-bilinear pairing

(,):a5 xaz —> Z givenby (s, el.v) = jj.
Both az and a are isomorphic to Z".

2.2.2. The affine coroots for type (C\, C,)
Let

QY= Z-span{slv, R SZ, K}

1
2

be the Z-vector space spanned by symbols &)/, ..., & and %K The affine Weyl group Wy is the group
of Z-linear transformations of Q" generated by the transformations sg Sy e 5;/ given as follows: If
A = Mgy + oo+ ey + 5K then

k
soh' = —hig) + A+ hae) + <£ +A1) K,
n—1

k
SZAV = )”glv 4+ A8 — )»ﬂs:l/ + EK, and

k
S,»v)\v = )nglv + -+ )\-i—lgi\/_l + )‘-i+18i\/ + )Lig,-YH + )‘-i+281'\_/;,_2 +--- 4+ )\ngnv + EK, (s)

fori e {1,...,n— 1}. Let
\/_\/.'.\/.'.\/ _\/V_\/\/'.'V'.'\/ Vv Vv
Se, = S s, sy, hg =505, = 58] s, sy and  hg,, =s'hgs/,

forie {1,...,n— 1} . Thenhe A" = sy'sy Y = &) + -+ A.e,) + (lz‘ —Xl)Kand

k
B 1Y :)nglv+...+)»,,8: + <E —)»,-)K, fori € {1,...,n}.
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¢-FUNCTIONS AND KOORNWINDER POLYNOMIALS o 9

Iy = yie1 + - vugnand A = dig) + -+ + he) + 5K, then
\% \ \ k \V k V2
hy, A Zhgl‘-“hg:)» =A"+ E_()"lyl‘i‘"""}‘nyn) K=1"+ E‘(V’)L> K,

and special cases of this last formula are
hye/ =¢' —yK and h,K=K. (6)
The set of coroots S for type (C\, C,) is the union of the five Wx-orbits given by
O =Wx-a) =Wx-¢g) ={xe +rK|i€{l,...,n},reZ}
20) = Wx - 2o, = Wy - 2¢) = {£2¢ +2/K |i € {1,...,n},r € Z},
1 1
0y =Wy -« =WX‘<_S1V+EK> = {:I:(eiv—I—E(Zr—l—l)KIie {1,...,n},r€Z},

20 =Wy - 20y = Wx - (—2¢) +K) ={£2¢/ + 2r+ 1)K |i€ {1,...,n},r € Z},

+(g' + sjv) + 1K,

0 =wi-af =wy- (e} — o) = { 0 Tl
(e —¢]) +7K

i,je{l,...,n},i<j,r€Z},

where
V_ V1 VoV v
ap = —€f + 5K @ =& —&n ay =&y
Cc—=<—0—"0-------- O—C——0
200 = —2¢Y + K 205 = 2, (7)

REMARK 2.2. Throughout this paper, we present several diagrams imitating the Dynkin
diagram with the labelling related to the coroots (like the one above), roots, or parameters.
These are merely intended for conceptual association rather than to specify relations
between the objects.

REMARK 2.3. In (7) and (9), we deviate from a common identification of the coroot space and
the coroot space via a formula o = (2a)/ (e, ). We avoid this formula in this paper as it
conflicts with an ‘XY-symmetry’ that is special to the type (C,/, C,) case. Hopefully, the
discomfort of deviating from the ‘standard’ check notation in root system literature will be
alleviated by the advantages of avoiding some of the complications for the type (C), C,)
case, which are dealt with in a case-by-case analysis in, for example, [13, (1.4.3), (1.5.1),
(5.1.14), (5.1.16)] and other proofs in Chapter S of [13].

2.2.3. The affine roots for type (C)/, C,)
Let

1
Q = Z-span {81, ey Eny 55}

be the Z-vector space spanned by symbols €1, . . ., €, and %8. The affine Weyl group Wy is the group of
Z-linear transformations of Q generated by the transformations so, si, . . ., s, given as follows: If u =
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10 e L.COLMENAREJO AND A.RAM
M1€1 +- 4+ Mn€n + %8; then
k
Sob = —WU181 + Ua&r + -+ WuEn T+ 2 + A1 )6,
k
Snlb = W11+ -+ Up—18n—1 — UnEn + 58, and
k
sik = per + -+ Lim18im1 + Rit1E + Wi€iv1 + Uita€ipa + o0+ UnEn + 557 (8)
forie {1,...,n— 1}.Let
Se

L =S See oSty hey =s08e, = o100 spcccst and gy = sitevs;,

fori € {1,...,n—1}. Thenhyypt = sose, b = p1€1 + -+ + Uns + (5 — p1) $ and
k .
heyit = 1€ + -+ + p€y + 3 M s, foriefl,...,n}.
IfvY =vie) + -6 and o = &1 + -+ + oy + ’5‘8,then

y k k
hoop =h b= p— <5+(M1v1 +-~-+ann))8 =u+ (5 - <u,vv>>8,
and special cases of this last formula are
hvvgi =& — v,—8 and I’lvv8 =4.
The set of roots S for type (C)', C,) is the union of the five Wy -orbits given by

01=Wy'an=WY'€n={:|:€i+r8|i€{1,...,71},7’62},
201=OZ=WY-Zan:Wy-Ze,,:{:I:28i+275|ie{l,...,n},reZ},

1 1
O3:WY.an:WY.(—81+ES>:{:I:(e,-+£(2r+1)8|i€{1,...,n},r€Z},

203 =04 =Wy - 20, =Wy - (=26, +68) = {F25;+ 2r+1)8 i€ {1,...,n},r€Z},

ZI:(Si + 8}) + ré

OSZWY'(XIZWY'(SI—Sz):{ ‘i,je{l,...,n},i<j,r€Z},

+(ei— &) +rd
where
ayg = —€1 + %5 Q; = €; — €41 Qn = En
c—=X—0O—-0O--------
200 = —261 46 2an = 2en )

2.3. Other classical types

With the notations as in section 2.2.3, each affine root system of classical type is a subset of S. The irre-
ducible affine root systems of classical type (and the appropriate specializations for obtaining the Mac-
donald polynomials of each type from the Macdonald polynomials of type (CY, C,)) are given by the
diagram in section 1.0.1. The middle notation for each root system is the notation in Macdonald [13,
§1.3], the right notation is that of Bruhat-Tits [1] and the left notation is that of Kac [8, Ch. 6].
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To determine the specializations, we look at the kernel for the inner product (see section 6.1). Fol-
lowing [13, (5.1.3)], the orthogonal polynomials are determined by the inner product, which, in turn,
is determined by factors of the form in (10) corresponding to orbits of roots.

For instance, when both O; and 20 are present, then the factor corresponding to the root &, is

11 1 _1
1 _ (l_tnzur%xn)(l_i_tnzun an)

. 10
AgnAzsn 1— xﬁ ( )

IAZ for this factor is as in [13, (5.1.3)]; the notation that we use for this factor in

(The notation

section 6.1 is Kgi .) If only the orbit O is present, then the factor is

1 1 —tx, 1 1
= ———, which s obtained by specializing ¢! = u? in (10).
Ag 1—ux,

n

If only the orbit 20 is present, then the factor is

1 1-— tnxﬁ . . . v 1. . 1 .
A T e which is obtained by specializing u? = 1in (10).
2¢e, — X

n

In this way, the parameter specializations in the diagram in section 1.0.1 are determined by which orbits
of roots are present in the root system. Using the parameters , defined in (13), the specialization is given
by setting t, = 1 when a is not in the Wy -orbit of the smaller root system.

3. c-FUNCTIONS AND DAHA RELATIONS

This section collects the tools for working with Koornwinder polynomials as polynomials in
xf', ..., x! that depend on six parameters. The root system of type (C, C, ) provides the structure for
organizing the many symmetries between the variables and the various parameters, and this section spec-
ifies carefully the links to the root system. The c-functions, introduced in section 3.3, are a core structure
to providing explicit formulas for Koornwinder expansions, specializations and norm formulas. With the
notation for the c-functions in hand, section 3.4 briefly describes the relations of the DAHA. These rela-
tions provide a convenient summary of the calculus of the operators on polynomials, which are used in

the rest of the paper.

3.1. Parameters
Let

be independent parameters,
and let
L1 R 1
K=C(q,t2,t;,ul,t7, ul) bethefield of fractions of C[q, tz,t2, ul, t., u; ).

The field K will be the base field for most algebras in this paper.

Recalling the simple coroots and simple roots from (7) and (9), set

tag = Up ta;/ = Uqy = t tay = tn

ua(\)/ =Up Uqy = to (11)

Gz0oz 1snbny go uo 1senb Aq 6999z28/zZ0seRu/Uiewb/c60 "0 L/10p/a[oie-soueApe/yiewb/woo dno-oiwspese//:sdpy wody pepeojumod



12 o L.COLMENAREJO AND A.RAM

and

n = Un (12)

Let S¥ be the set of affine coroots, and let S be the set of affine roots. Define t,v, uyv and t,, u, for
arbitrary coroots o and arbitrary roots « by requiring

tow =ty and ftuov =tyv, for weW, o« €S’ and «o€S. (13)

The difference between the parameters for the coroots in (11) and the parameters for the roots in (12)
corresponds exactly to introduction of the ‘dual labels’ in [13, (1.5.1)].

3.2. The polynomial rings K[X ] and K[Y']
Let K[X] = [K[Xlil, .., X*1] be the Laurent polynomial ring in the variables Xi, . . ., X,. Identify
K[X] with the group algebra of Q = Z-span{ey, ..., &, %8} via the notations

L 1 k k
* =X and X;=X% and X" ... XM = XOTmET ey

forie{l,...,ntand u = 161 + -+ + @,&, + ’5‘8 € Q. The image of the simple roots in K[X] is
given by

1. o _
X0 = gz X! X% = X; X, Xon = X,
oO——0—0-------- oO——0—>0 (14)

Let K[Y] = [K[Ylil, el Ynil] be the Laurent polynomial ring in the variables Y1, . . ., Y,. Identify
K[Y] with the group algebra of Q¥ = Z-span{e}, ..., &, &

»» 3K} via the notations

\

1 _1 v _k__x k V... v
q -y ;K and Y, — Y& , and q ZYI""YM =Y2K+)»1£l+ +Ane, =Y)\. ,

n

fori € {1,...,n}andAY = 187 + -+ A8 + ’fK € Q. Theimage of the simple corootsin K[Y ]
is given by

vl — gty vl = Vi YR )
77777777 O——CO0—20

3.3. c-functions

Let K(Y) be the field of fractions of the Laurent polynomial ring K[Y]. For a coroot «", let (see [13,
(4.2.2) and (4.3.9)])

L1 v 1 v
Jo— t_% (1 — tpoug Y )1 +tu, V") and kY, = t% X
o (1—v=) o T e
_1 1 v v
1 1 tJ —t.Y® 1 —t,vY?
2 2 Y _ oV [ Y __ o
Ift), =ul,, then ¢, = TTye and K, = Ty (16)

(More accurately, the function ¢/, should be considered as a local factor of a c-function, see [22].) The
expression k. is a slightly renormalized version of the c-function c’,, which, although not technically
necessary, is immensely helpful for making the formulas more palatable.
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c-FUNCTIONS AND KOORNWINDER POLYNOMIALS e 13

1
In general, for arbltraryt vandug,,

11 v 1 1 v 11
(=t Y ) g ¥) (=t Y YA+t 7 )

cgv +CY_av = T
t;v(l —Y%) t2,(1—Yy-2")
LU o1 —1
(=t ul YO ) (L4t u, 2 Y )+ tov (11—t u, ZY"‘ Y1+t vzu Y
= T
2, (1 —=Y2") t;v(l—Yla )
1 _1 v
1—tzvu ye —i—tzvu B oty — t2u 2YY —i—tzvu YOy
t{fv(l —Y2”)
14t ) (1 — Y2 O
_ la)( )=t;v+tav2. (17)
t2, (1 —Y2")
Letw € W and let w =, - - - 5;, be a reduced word for w. The coroot sequence of the reduced word
W=sj...5,Iis
the sequence (B, |k € {1, ..., €} andi; # m}) givenby B =5, ...5,,,0; . (18)
Then define
k= 1_[ ng, where Inv(w) = {8/, ..., 8/} (19)

BY elnv(w)

is the set of elements in a coroot sequence for a reduced word for w. If w = wvwith £(u) + £(v) = £(w),
then the coroot sequence of wis v™! times the coroot sequence of u followed by the coroot sequence of
vso that

Inv(uw) = v 'Inv(x) U Inv(v).

The inversions of elements of Wy, come in two types: ‘droite” and ‘standard’. The ‘droite” inversions
are inversions for which the coroot is in the W,-orbit of @, [which is on the right end of the dia-
gram in (15)], and the ‘standard’ inversions are inversions for which the coroot is in the W,-orbit of

~_, [the middle part of the diagram in (15)]. Using the indicators d for ‘droite’ and s for ‘standard,
let

e’ —¢gY,
(So)" ={e/,....&/} and (S({S)+={8fv+8{v i,je{l,...,n}withi<j},
! J

and for v € Wy, define

Invg(v) = Inv(v) N (Sy )" and Inv(v) = Inv(v) N (Sy)7.
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14 e L.COLMENAREJO AND A.RAM

Forv € Wy, define

kF = 1_[ ng 1_[ ng L kE = l_[ /c;;v l_[ Kﬂvl ,

<

BY elnv,(v) BYelnvy(v) BY €lnv,(v) BYelnvy(v)
— -1 -1 -1 Y
K, = 1_[ Kpo l_[ kg | wF = l_[ Kpv 1_[ Kgy
BY elnv,(v) BYelnvy(v) BY €lnv,(w) BYelnvy(w)

(20)

Finally, define also

11 1 1
n n 3.5 3,73
(1 —t2t7Y) (1 + t2t, *Y;)
KC{_ZHK;; =1_[ n o ti n 4o i
i=1

i=1 (1- le)
and
o (1—Y ) (1 — ey,
l_[ K vK VgV = 1_[ }—l ( ]) (21)
1<i<j<n v 1<i<j<n (1 - Y!Y] ) (1 - Yle)
so that

Y Y Y
Kw = KK - (22)
The product kg, is the product of the kg over all ‘droite’ coroots (coroots that are in the Wj,-orbit of
oy ), and & is the product of the kgv over all ‘standard’ coroots (coroots that are in the Wy,-orbit of

o) ).

This section has presented the c-functions and related functions K};v in terms of the {Y1,...,Y,}
variables. We will also consider these notions in other sets of variables, such as {Y; ',..., Y, '},
{Xi,...,X,}and {Xfl, ..., X'}, and use notations such as Icg;l, Kg and Kgil, respectively. For ex-
ample,

(1—t; uzX D1+t X (l—tXle-)(l—tXfIXfl)
(1 (.1

-2 -1 -1 1
X7 S S (I b OIS b o)

(23)

3.4. Thealgebras FIh,C and FIM

The Koornwinder polynomials are elements of the polynomial ring K[x!, ..., x
acterized, up to normalization, by the fact that they are eigenvectors for the Cherednik—-Dunkl operators

£17 which are char-
Y1, ..., Y, [see (46)]. However, the c-functions, which form the core calculus for working with Koorn-
winder polynomials, are elements of K(X ), the field of fractions of the polynomial ring. Thus extending
from K[X] to K(X) is necessary for handling the tools.

The Cherednik-Dunkl operators are elements of the DAHA ﬁint, which is formed by pasting the two
polynomial rings K[X ] and K[Y] together with a finite Hecke algebra Hy,. However, the right home for
the c-functions and the operators for creating Koornwinder polynomials is a larger algebra ﬁloc, which
extends the algebra Hiy by extending K[X] and K[Y] to the fraction fields K(X) and K(Y). In this
section, we introduce the algebras ﬁloc and FIM by generators and relations.
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c-FUNCTIONS AND KOORNWINDER POLYNOMIALS e 15

Let K(X) and K(Y) be the fraction fields of K[ X ] and K[Y ], respectively. Recall that K[ X ] is the group
algebra of Q and K[Y] is the group algebra of Q ¥, that

X%B =q and Y_%K = q%
and that Wy acts on Q¥ and Wy acts on Q by the formulas given in (5) and (8) so that
wX* =X"" and ¥t =Y, (24)

forw € Wy,z € Wy, .V € Q¥ and u € Q.
Let Hioc be the K-algebra generated by Nsys - sty Er oo n &y Tny ooy Ty T, Ty - -+, Toy, and

Toy, Tays - -, Toy and Ty, and K(X) and K(Y) with relations
sy Tsy sy Msy_y Msy_y Msy 2 _ A _ yrsiaY
oO—O0— O -------- > > " ns, =1, ns, Y =Y
Eso s Eso o ?fn,—Q s Esn 5521 =1, Eo, XM = XSihg, (25)

forie {0,1,...,n},AY € Q¥ and u € Q, and

_1 _
T, 4+t =1+ nsy)CZy and T, +1t,> = (1 +‘§s,)C§[ ' forie {0,1,...,n},

(SIE

(26)

Tj =Ty = Toy forje{l,....,n} and T, =T - T, T,T,y--- Ty, (27)
V=TT, X = (T) T (28)

yen = T(;/lY‘?iV Tozj.lv and X" = Ta/ng Ty, forje{l,...,n—1}, (29)
N (T e S e (30)

This presentation of Hio. is not minimal as there are many redundant generators and many redundant
relations. It is designed to specify notations and list the relations that we will need, and to motivate the
operators on polynomials, which are the main tools for working with Macdonald polynomials in general.
To be precise, since

- _1 1 11 1 - -
(L+E)E =Ty +te = (Ty, —td) +1a” +te = (To, —ta) + &+,
then
1 -1 -1 -1
Ty —t2 ==, + &0 =, 0-&)=—q1-§) (1)

and this is the formula used to define the action of the DAHA on K[X] in (44).
The DAHA is the subalgebra Hi, inside Hjo,

generated by X, .. XFL Y EL L YE and T, ., T,

The algebra I:jim is an integral form of ﬁloc (alternatively, the algebra Flloc is a completion, or localized
form, of Hy,). A common definition of the DAHA uses the relations listed in the following proposition,
which follows without difficulty from the defining relations of Hi,.

ProrosiTioN 3.1. Leti € {0,1,...,n},AY € Q¥ andu € Q. Let T, = q_%Ta_vlTS_lT_l.
0 €1

o 7]
Then
\
Ta{ TOq Taﬁ/ TO‘X& TO‘X& TO&,V, Tao Ta1 Taz Tan—2Ta71—1 Tan
OO0 —O-------- O——O——0 o0 —0-------- O——O0——0

(32)
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16 ¢ L.COLMENAREJO AND A.RAM

1 1
Toy Ty Ty Ty = Ty, Ty Tor, Ty » (Tg‘ - u5> (Tg + ug) =0, (33)
1 1 v Vv
(Tay - t;v) (Taiv + taf) =0 and TyY' =Y"" T,

+ (& —1) (Y” — v ”) , (34)
(&7 =) (o = xe). (35)

REMARK 3.1. In personal communication, J. Stokman insightfully points out that the algebra
Hloc defined in (25)-(30) is fishy. One can Ore-localize DAHA in either the X-elements (so
that the normalized intertwiners &, are in the localized algebra) or in the Y -elements (so that
the 7);; are in the ones in the localized algebra) but not simultaneously. This difficulty is
alluded to in a different form in [4, Remark 3.5]. However, trying to set up an accurate formal
framework for handling an X-Y -localized algebra would be distracting from the
combinatorial perspective of this paper. We feel that, even if the right localization formalism
is not in place, the concept of an algebra Hloc that contains all the useful relations for
computations with these operators is a healthy point of view and so we have chosen to
include it. The algebra Hloc is not absolutely necessary for the results in this paper as the
operators on the polynomial representation that we use are well defined, and the proofs that
we give are valid.

3.5. Symmetrizers

There are four ways of symmetrizing/antisymmetrizing in the Koornwinder polynomial context, cor-
responding to the four 1-dimensional representations of Wy,,. These 1-dimensional representations are
the analogues of the usual sign of a permutation. The four symmetrizers, and useful formulas for them,
are presented in sections 3.5, 3.6 and 3.7. The symmetrizers will be used in section S to construct and
manage the bosonic (symmetric), fermionic (antisymmetric) and the two mesonic (half symmetric-half
antisymmetric) versions of the Koornwinder polynomials. These four symmetrized/antisymmetrized
versions of Koornwinder polynomials, and the relations between them, turn out to be fundamental in
the proof of the norm formulas and constant term formulas that are established in section 6.

The finite Hecke algebra Hg, is the K-subalgebra of PNImt generated by Ti, . . ., T,—; and T,,. The finite
Hecke algebra

Hg, hasK-basis {T,|v € Wy}, (36)

where T, =T, ... T, ifv =s;, - - - 5, is areduced word for v in Wjy,. The four 1-dimensional represen-
tations of Hg,, are

X+:Hﬁn—>[K, Xi:Hﬁn_)[K, X:F:Hﬁn—>ﬂ<, X~ : Hg — K,

given by

x (1) = =

m»‘

t
t

ifie{l,...,n—1}, {ti, ifie{l,...,n—1},
(

—t,)72, ifi=n,

3:\»\»—

ifi =n,

;(T)_:( )b, ifie (L. n—1), X_(Ti)z{g::))z; iizi{nln—l}

t2, ifi =n,

Gz0oz 1snbny go uo 1senb Aq 6999z28/zZ0seRu/Uiewb/c60 "0 L/10p/a[oie-soueApe/yiewb/woo dno-oiwspese//:sdpy wody pepeojumod



c-FUNCTIONS AND KOORNWINDER POLYNOMIALS o 17

For v € Wy, define £,(v) and £;(v) by
EAQNENZIO
crmy= () ()

the elements &4, &4, €¢ and &_ of Hgy,

The Hecke symmetrizers are

which are defined such that, in terms of the basis in (36), the coefficient of T,,, is 1 and for w € Wy,
T.e4 = X+(TW)8+7 T,e+ = Xi(Tw)giv TW83F = Xx(Tw)‘g:Fa T,e- = Xi(Tw)s—-

In other words, if E € {4+, &, 7, —}, then T, eg = x % (T, )ez.
A reduced word for the longest element of Wy, is

1 1e Lalne1). 2
Wo = (SI "'Sn"'sl)(SZ"'Sn"'SZ)"' (Sn—lsnsn—l)sn and tzlj(wo)tnz #le0) = tzn(n l)tnzn~

In terms of the basis in (36), the symmetrizers are given explicitly by
1

&g =
x=(Tw,)

) Z xE(T)T, forE e {+, +, F, —}. (37)

veEWhn
The Poincaré polynomial for Wy, is

Wolt ) = Y 50t = %" (T, )%, (38)
weEWsn wEWhn

Three alternate formulas for Wy (¢, t,,) are given in Proposition 5.2. Then

1 1
2 2 —1
2 = Wyt t,)er, &= —— Wo(t, t 1 ex,
T xt (Tw,) " = i(Two) "
1
2 —1 —1 2 —1
= ——— Wt e e, el = ——— Wo(t ' by )es. (39)
x~(T,) i ( .) ¥

Examrig 3.1. For E = £,

) N
£y = i( )in(T)T—t’fl(w°)< ) ZMU( ) T,

weWh, weWp,

and since T,,64+ = X (T )&+, then

Si ) Z X (T ) &4 = i(Tw )WO(tatn_l)Si'

:|:
( Wo weWgn

3.6. c-function formulas for symmetrizers
The definition of the Hecke symmetrizers and the formulas for them given in section 3.5 are purely in
terms of the T, in the DAHA ITIim. However, the Koornwinder polynomials are more naturally con-
structed and managed with the 1,, and §,, that are in ﬁloc and so it becomes desirable to have expressions
for the symmetrizers that are in terms of the 1, and &, (and c-functions). Perhaps surprisingly, these
conversion formulas, presented in Proposition 3.2, are compact and elegant (and useful!). We will use
them in section $ to provide formulas for the symmetric (bosonic), antisymmetric (fermionic) and half
symmetric-half antisymmetric (mesonic) Koornwinder polynomials.

Forw € Wy, let
gy =8, ...&, and my=ny...0y,

K
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18 e« L.COLMENAREJO AND A.RAM

ifWZSil"

-5, is a reduced word for w. There are four X-symmetrizers

ZZSWH e{:

3 (1),

wEWh, wEWpy
e):i = Z (_l)ed(W)éwv é = Z (_I)ZS(W)SMH
WEWn WEWen

and four Y -symmetrizers

= Z Nos & = Z (_l)fs(w)-*-@d(w)nw

wEWgn wEWpn

eft = Z (_l)ld(W)r/w

wEWgy,

The following proposition writes the Hecke symmetrizers in terms of the X-symmetrizers and the

Y -symmetrizers.

= Z (_I)ZS(W)UW

wEWgy

PROPOSITION 3.2. Let k2, k3. be as defined in (21).
X' x7! Yy Yyl y
X+(TW0)8+ = e%(FKst Kar +Ksthr and X+(TW0)8* = KdreX - K Kdr €,
X x! Yy ly, v X Re 'Y v
X T (e = kil =kl elel  and x*(T,)ex = kX&kl =k} eul.

Proof. Let us prove the formula x * (T, )ex = kiefn

similar.
Let
Ry = KdreiKX

Fori € {1 ,n — 1}, and using (31),

(1= ) R = (1 - ) ekl = —e (1 = g, el
= —kycy (1— £) kX = —Kgch 0 Ky "'=0, sothat TRy =t:R,.
Using (26),
_1 _1 -1 1

(To+ 6 ) Re = (Tt b7 ) kdekied " = (146,08 e = (1L, el el

-1

X oy L x, x7t_
= Ky 1+ %_Sn Cfx(,. €4 Ko -

1
so that T,Ry = —t, *R

' The proof for the other cases is

-1

o
X -1 X X1
‘7;(" + :;z C(})l(nésn (Ao

oy

g —d) T =0

oy

Since T; = ESXCXI + (cX —t ) and the coefficient of T,,, in €4 is 1, then there are

rational functions aif such that

xH(T)er = x (1) D &

wEWn

ah = ) (T, +x " (T) Y Eual

w<wg

= Kbk (L) Y Eual

w<wg

The element 4 € Hg, is determined by the conditions that the coefficient of T,,, is 1, and

_1
T, = —t, *exand Tieq4 = t%Ei forie{l,...,

n— 1}. So X+(Tw0)8i = Rs.
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c-FUNCTIONS AND KOORNWINDER POLYNOMIALS e 19

3.7. Symmetrizers and stabilizers

The finite Weyl group Wy, acts on Z" by the formulas in (4). Since the action of Wy, on Z" is not free,
there are elements of Z" that have non-trivial stabilizers, and one is forced to confront these stabilizers.
This section computes formulas for the symmetrizers that take into account, and allow us to manage, the
cases when the stabilizer is non-trivial.

Let

(ZL)" =r=01 .. ) €2 Ay =+ = X, > 0},
The set (Z>0)+ is a set of representatives of the W, -orbits on Z". For A € (Z% 0)+ let

Wy = {we Wy |wh =2} and W { minimal length representatives }
= fin = =

of cosets in W, /W,

Let w;, be the longest element of W;,, and let v be the maximal element of W?. Asin (3), then v, is the
minimal length element of Wy, such that v,\)» is increasing with all entries < 0. Let

& =~ +( ) XW: x*(T,)T, (40)

so that T, 8;r = x*(T, )8Jr forw € W,, and the coefficient of T,,, in 8;{ is 1.
Define p, w, 7 € (77 O)+ by

p=mn—1,...,21), w=(11,..1), 7=(n—-1...,210). (41)

The statement of the following proposition is designed to stress the analogies between the four sym-
metrizers &4, €4, £+ and _. Asin Remark (53), in practice, there are simplifications since the stabilizers
Wi, and Wy 4 have order 1 or 2. Specifically,

Wip=1, W =W, x™(T,,)=1 and & =
ifA, =0 then W,,, ={1,s,}, x*(Twm) = tn% and 8;;,, =T, +t %;

and
ifA, #0 then Wisr =1, W™ =W, x7(T,

Wit

)=1 and

PROPOSITION 3.3. Let A € (Z2,)*. Then

X (T )es = x " (w2) (Z Kiznz/cj) &l

zZEW*

X+(TW0)8:|Z = X+(Wk+w)( Z ( l)ed(Z) Ky, 122K )81_+w’

zEWMte

X+(Two)8:F =X+(Wl+n)< Z ( 1)Z (Z) 1/+ K, >8;\F+7r’

ZEW’“+7

X+(Two)€— = X+(Wl+p)< Z ( I)E(Z) VA+/,Z777~ )8A+p

zeEWte

Proof. We will prove the = case. The proof for the other cases is similar.
Let

Jivo ={a € (8V)g o’ &Inv(w,ie)}
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so that J; 4, is the complement of Inv(w; 4, ) in S¢ . If v € W 1, then vi 4 = Ji 4, Since v
permutes the elements of J 4.

Ifz € W, then Kglnzlc}; = vawznz/cf
Then
1
(e = ekt = ( 3 (1 )
wEWpin
1
=i | Do D0 (=1, |kl
zeWHto vEW, 44
= Kdr ( Z ( 1)54 ) Z My K};+0)K“1:A+u)
zEWAt® vEW, 40
¢ Y
= Kdr ( Z ( 1) d(Z) > ]A+w Z 771’ Kwk-%—(u
zEWAt® VEW) 10
zeEWMte veEW, 40
< Z ( 1)[’1(2) v +mznz Z) X+(Tw»\+w)8;_+w'
ZGW)L-H) D
REMARK 3.2. Withw = (1,1,...,1)and7r = (n—1,...,2,1,0) and v, and v,; as defined
in (3), then

vo(i) = —(n—i+1) sothat Invi(v,) ={e;+¢;|i<j} and Invg(v,) = {e1,..., 84}

since, for example, v, (¢ — &,) = —¢, + &; = €] — &,. Then

v (i) = {n_l’ itf‘z f Z’ sothat Inv,(v;) ={ei£¢;} and Invy(vr) = {e1, ..., €01}
If1 € (Z%,)%, then W, € W, and W) 4, C Wy giving
Invy(viye) 2 Invy(v,) and  Invg(vigz) 2 Inv(vy ).
Thus,

Invg(vy4o) = {61, ..., 8 and Invi(viyr) ={&;£¢;li<j}. O

4. ELECTRONIC MACDONALD-KOORNWINDER POLYNOMIALS

The electronic Koornwinder polynomials E,, form a basis of the polynomial ring K[, . . . , x!]. They
are simultaneous eigenvectors for the Cheredmk Dunkl operators Yy, . . ., Y;,. This is analogy to the way
that, in quantum mechanics, Hermite polynomials are eigenfunctions of a Hamiltonian operator. In this
section, we set up the operators Yy, . .., Y, on the polynomial ring, characterize the electronic Macdon-
ald polynomials E,, as eigenvectors, and provide recursive formulas for computing them.
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4.1. Operators on polynomials

Let K[x] = [K[xl , ..., &1, Let Z" denote the set of length n sequences & = (41, . . ., t,) of inte-
gers. The ring

Klx]hasbasis {x" |t = (1, ..., 1) € Z"}, where aH =" .- atr.
Define operators &, £, . . ., &, on K[x, ..., a5 ] by
(E )1y o) = fga] ! was ooy %),
(& )1y oo n) = F(1y e ey Kimg, Ky s Xiy Xig s+« s X )s

(&, )1y 20) = flor, ooy X1, 2, 1),
for f € [K[xl el xnil]andi € {1,...,n— 1}.Define operators X, . . . , X, on [K[xl , ...,xfl]by
Xif=xjf, forje{l,...,n} (42)
Consider the induced representation

Indgy(ly) = ﬁimly = [K-span {Xlﬂl .. 'erl'"ly |,bL = (/.Ll, ey ,bLn) € Zn}

determined by
1 1
TaolY = toz ly, and Tly =t21y, forie€ {1, ey I’l}.
Then, the map
K +1 +1 T ~
[»”;lllhs.“x’::n ] : XMI'_I.m’t)lCYM“ 1 is an Hjp;-module isomorphism. (43)
We shall often identify K[x] = [K[x1 ,o. o xt] and Hiely and K[X] = [K[Xlil, <o, X217 via this
isomorphism.
4.2. The operators Toyy « « o 5 To,, andY;, ..., Y,
Define operators Ty, , Ty, , . . ., To, by
1
Ty, =ts —c, (1—&,), forie{0,1,...,n} (44)
Define
Y, =T, - T ' TuTu, -+ Toy - Ty forje{l,....n}.
Using (12) and (14),
L1 L1
: (01 + gty ) (01 — gt ud)
tozTa():tO_ 1% 02 0% (l_é_so)a
X174
(4 b ) (1= b i)
1 14+ tiu, *x,) (1 — tugx,
tnzTa,,Ztn_< - ) - )(l_ésn)»
1—x,
Xir1 — tx;
T, =t — L (1 —&), forie{l,...,n—1}) (45)
Xit1 — Xi

(see [14,§3] and [18, (13)] and [2, (73)]).

4.3. Electronic Macdonald polynomials E,,

For u € 7", letv, € Wy, be the minimal length signed permutation such that v, i is weakly increasing
with all entries < 0. The electronic Macdonald polynomials

1

1 1
E, (xl,...,x,,;q,t,tz,uo,t,, ,uz) IS [K[x1 ,...,xnil] are indexed by u = (1, ..., by) € 2"
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and are defined by the eigenvalue conditions
N/ L1y sgn(vu()))

Y,E, = q M0 (t(; t,ft”) E,, (46)
forpp = ((1, ..., Uy) € Z"and j € {1, ..., n}. The normalization of E,, is such that the coefficient of
x*inE, is 1.

Let K(Y) be the field of fractions of K(Y). For . = (i1, ..., ,) € Z", define homomorphisms
evL : K[Y] — K[Y]by

; () (A sgn(vi () ]
evM(Yi) =q MY (tozt,ft ) , forie{l,...,n}. (47)

t

.. to those elements of the field K(Y) for which the evaluated denominator is non-zero.

Extend ev
By (46),

fE. = eviL(f)Eﬂ, for f € K[Y]and u € Z". (48)

4.4. The recursion for the E,,

Although the eigenvalue conditions together with the normalization completely characterize the Koorn-
winder polynomials E,,, computing them by solving directly for eigenvectors is not efficient. Fortunately,
the operators ;" = 7,/ CZY from the algebra Hioe provide a very nice recursive way of computing the E,,.
This is analogous to the way that, in Schubert calculus, the Schubert polynomials are constructed recur-
sively using divided-difference operators.

Define operators Tyy, Toy, - - - » Ty on K[X] by

(Ty) ' =XiTo, -+ To, - To, and T,y =T, forie{l,...,n} (49)
and define
_1 1
7 =Ty + (fa,.f _ CZ.V) = (T,)" + (fo?,.v — cgy) , forie{0,1,...,n). (50)
The intertwining operators TOV e ‘L'nv are quite different from the notations 7; and 7/ appearing in

Remark 1.1 and should not be confused. By (26), 7, = nzcgv so that

i

Y =y, forie{0,1,...,n). (51)

The group Wy (generated bysy, . .., sy) acts on Z" by
so (s eves i) = (=p1 + 1, oy -5 i),
Si\/(Mly D) I’Ln) = (Mls ceey i1y Mig1s iy Mg, ey I’Ln)s fori € {15 RS 1}7 and

S (s oo ) = (s - ety — M)
The relation (S1) is the reason that the electronic Macdonald polynomials E,, are equivalently defined
by the following recursive relations:

..... )

(B1) if uy <0, then Egy, ="'t/ 7)Ey;

(B2) ifie{1,...,n—1}and pt; > iy, then By, = t%tiVE,L; and
1

(E3) if 4, > O, then By, =t 7,'E,,.

4.5. The creation formula for E,
The recursion of the previous section can be packaged nicely as a single formula for creating the Koorn-
winder polynomial E,,. This is the creation formula in (52).
Let € 7" andleth,, € Wx denote the corresponding translation. Let u,, € Wx and v, € Wy, be as
defined in (3), so that

u, €Wy and v, €Ws, and h, =u,v,, with £(h,)=L€(u,)+L(v,).
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Using the identification of [K[xlil, ooy a1 ] with Hyly asin (43), the creation formula for E, is
1
- - \2 N2 Vv . Vv
E, = X+(Tv;z)t“" ly, where 7/ =7" -7, (52)
ifu, =s; - s, is areduced word for u,.

Proof. Using

N1 1 ,
Y1y = T_ T_llTaoTal Ty e Ty ly = t—%(z—l)tozt%(n—l)tnzt%(n—t)IY
_ e (ke
and h;ls = h,us = SJV —{u, —SJV)K = ejv + u K gives
J

=1,V
Yt 1Y=Y TVIYZYE7TLIYZT,'YHYu"£’ =1, Y"“h & 1y

Up

V oy (eY +uiK =iV va
TuMY/(; Hj )lY =q //Tu#Y n() 1y

1

_ q M,.[ Y L — M;t V“(]) (t t% )sgn(Vu(j))
W)Y =4

Vv
Tu;z 1y.
NI ,
Thus, ruvu 1y is an eigenvector of Y; with eigenvalue g~/ (i) (tats ¢ )sen (v (),
Using the formulas (50), the product 7,/ can be expanded in terms of the elements

{(XYT,|y € Z",v € Wg,}.

Since uy, = t,v, !, then the top term in this expansion is X “T -1 and

iy lg(pt
XPT,0ly = X*x*(T,1)ly,  where X+(Tu;1)=t%‘f(”u‘>t,3“(“).

Thus multiplying 7,” 1y by x (T, )~ ! makes the coefficient of X* equal to 1. O

S. BOSONIC, FERMIONIC AND MESONIC

The Weyl character formula is the formula that expresses the Schur function (a symmetric polynomial)
as a quotient of two determinants (antisymmetric polynomials). There are Weyl character formulas in
the Koornwinder context as well (see section 6.6). However, in the Koornwinder context, one finds that
there are four Weyl character formulas, corresponding to the four symmetrizers €, £+, €5, £_ intro-
duced in section 3.5.

This section sets up the components for Weyl character formulas in the Koornwinder context. There
are four types of symmetrized Koornwinder polynomials: the bosonic (symmetric) Koornwinder poly-
nomials, the fermionic (antisymmetric) Koornwinder polynomials and two types of mesonic (half
symmetric-half antisymmetric) Koornwinder polynomials.

The denominator in the classical Weyl character formula is the Vandermonde determinant, an anti-
symmetric polynomial with a magical factorization. In the Koornwinder case, the Weyl denominators
also have magical factorizations. These Weyl denominators are presented in section 5.2.

Every antisymmetric function can be obtained by multiplying a symmetric function by the Weyl de-
nominators. In [4, §4.3], we viewed this correspondence between symmetric functions and antisym-
metric functions as an analogue of the Boson—Fermion correspondence relating the symmetric algebra
realization of Fock space and exterior algebra realization of Fock space (a representation of a Heisen-
berg algebra, see [8, §14.10]). In the Koornwinder context, there are four spaces: the bosonic space
(symmetric functions), fermionic space (antisymmetrized functions) and two mesonic spaces (half
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symmetric—half antisymmetric functions). These four spaces are all isomorphic as vector spaces, the iso-
morphisms being given by multiplying by the different Weyl denominators. This structure is explained in
section 5.3.

In sections 5.4, 5.5 and 5.6, we use the symmetrizers to give formulas for the Poincaré polynomial of
Whn, for the E-expansions of bosonic, fermionic and mesonic Koornwinder polynomials and formulas
for the principal specializations. These results are Koornwinder analogues of the formulas in [4, Propo-
sitions 4.6 and 4.7 and Theorem 5.1]. All of these formulas are given, in an even more general setting,

in[13, (5,5,16), (5,7,8), (5.2.14), (5.3.9)].

5.1. Bosonic, fermionic and mesonic Macdonald—Koornwinder polynomials
Let

(Zgo)+:{)\’:()\’17"'7)"7!)62”')\'1Z"'Z)"YLZO}'

ForA € (ZgO)Jr, let

Wi ={veWs|vA=2} and Wt t,) = D "l =" x¥(1,)2.
vEW;, veEW,

Letp,w, w € (Z;O)+ be as defined in (41). Then, for A € (Z’éo)+, define the bosonic and fermionic
Macdonald—-Koornwinder polynomials are

+ +
x(Tw,) x " (Ty,)
P=2—"""¢c E and A,=—2—2" ¢ F,,, (53)
Wk (tv tn) P W)L-i—p (t» tn) r
and the mesonic Koornwinder polynomials are
+ +
x " (Ty,) x " (Tw,)
AT = £ YW o F and AT, =--2—-"" ¢ E,. . 54
Mo WA+u)(ta tn) e i WA-H'[ (ta tn) T ( )

REMARK S.1. The notation in (53) and (54) displays the parallelism among the expressions.
For computation, it is useful to note that the denominators can be given very

explicitly:

(1—tm) t,+1, ifr, =0,
Wigo(t, ) =1, Wigo(t, t,) = H IR Wi (t,t,) = 1", isz £0,
where m; is the number of parts of size iin A = (Aq, ..., A,). In particular, Wy 1 (¢, t,)

depends only on t,, and Wj 1, (¢, t,) depends only on t. The factor x * (T, ) guarantees that

the coefficient of X*°* = X" is equal to 1 in P;. Similarly, the coefficient of X —(+0) i
equal to 1 in A; 1, the coeflicient of X~ () i equalto 1in Airw

X~0+47) s equal to 1 inAf, . O

and the coeflicient of
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c-FUNCTIONS AND KOORNWINDER POLYNOMIALS e 2§

5.2. Weyl denominators
Define ai, art,ap, Af, AT A, € K[X]by

! ! 11 1 _1
=x[Ja-a)., AT=2" (]‘[(1 — b ) (14 6w, Zx,-)) ,
i=1 i=1

af =x" 1—[ (1- xix;l)(l — xix;),

1<i<j<n

€ H

AT =x" 1_[ (1 — taoe; ) (1 — txixjfl) ,

1<i<j<n
a, = u;Fai, A, :AfAi. (55)
Then
1 1
+ X F _ X
a, = Heixw, af = Ee:Fx”, a, = e_x",
10 1y, in 1o 1y, in
Ai _ tz”(” l)tnz an, A:F _ tz"(" l)tz .
© [\t 757 (14t) T
A, = 2" D" yp
where

1 L, - I—ti
£ = (T, =] =t _ Wolt ty), 14t = Wy (t,t,).

By (21),

Q
e

bt
S

B

>
S

<

[~

Since

+ Tw + Tw
A x(T,)  ,  x*( o))g_Ep’

= — e = —
r W)H’p (tv tn) W)L+p (ts tn
At x"(T,) o, x*(T,) x"(T,,) . x"(T,)

= erx”? = &+E,, and AT = exx" = e ,
T Wt t) . Wt T We(tty) T Waltty) T

there is no conflict of notation with the mesonic Macdonald polynomials introduced in (54).

5.3. Bosonic, fermionic and mesonic spaces

The polynomial ring K[ X ] is a module for the action of K[ X ]"# and the structure of K[X ] asa K[ X ]"=-
module is of classical importance in the theory of reflection groups. In fact, there are two commuting
actions on K[X], the action of Wy, and the action of K[X ], The part of this picture that is captured
by the X-symmetrizers can be stated as follows.

Define

KIX]"e = (f € K[X]|ifw € W, thenwf = f},

KIXT* = {f € KIX] |ifw € Wy, thenwf = (—1)"™) ),
KIXJT = {f € KIX] |ifw € Wh, thenwf = (—1)“) f},
KIX]* = {f € K[X]|ifw € Wiy, thenwf = (—1)40)+00) £},
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Then
KX = K[X ", AK[X] = K[X]*F = atK[x]"e,
& KIX] = K[X]* = a,K[X]"",  XK[X] = K[X]T = af K[x]"™. (56)

Now, we proceed to a t-analogue of the equalities in (56). In this case, Hecke algebra Hy, replaces the
finite Weyl group, and the actions of Hs,, and K[X]"i are commuting actions on K[X]. The part of this
picture captured by the Hecke symmetrizers is the following.

The bosonic, fermionic and mesonic spaces are

KIXTP = {f € K[X] | T,f = & fand T.f = t3 f, fori € {1,. .., n)},
KXTP = (f € KIX]|Tof = —t; * fand T,f = —¢ "3 f, fori € {1,....n}},
KIXTM: = (f e K[X]| T,f = —t, > fand Tof = £ f, fori € {1, ..., n}},

KIXTMSF = (f € K[X]| Tof =t fand T.f = —t % f, fori € {1, ..., n}},

With these definitions, the following proposition establishes t-analogues of the equalities in (56). The
Weyl denominators of section 5.2 are a key part of the structure.

PROPOSITION S.1. Let &, €4, €5, €_ be the symmetrizers defined in (37).
KIX]™" = e K[X] = K[X]",  K[X]™ = e_K[X] = 4,K[X]",
KX Mes* = si[K[ ] = AZKX]Me,  KIXMSF = e K[X] = ATK[X]"o,
Moreover, with P, A A_HD, )»+JT and Ay asin (53) and (54),
{Pulx € (25)7} isabasisof e K[X], {Asyp | A € (Z%)T} isabasisof e_K[X],

(Af e | A€ (2L o)+ is a basis of e K[X], {AT,, IX € (Z% 0)+ is a basis of e K[X ],

Proof. We will give the proof for the & case. The proofs for the other cases are similar.
Assume f € g4 K[X]. Then, there exists g € K[X] such that f = ¢1gand

T.f = Terg = —t,,_isigz —t, °f and Tf = Tierg = t%Sigz t%f,
forie {1,...,n—1}.S0 f € K[X]M% and e  K[X] C K[X]Mest,
If f € K[X]Me%, then

j[(Twl]) Lf= X (TWD) f_ X (TWO) Aw XCX_lf A K[x]*

wolt. ;) T Wt ) s Wolt, 1, 1) az ot = g '
A Ax
Since —2K[X]* = —Zaz K[X]": = AZK[X]", then K[X M+ C ATK[X ],
a a

+

f=

w w
Assume f € AZK[X]"i. Then, there exists g € K[X]Wi such that f = AZg Then

f= Aig = Msy&”) g=éx (Ln}o))xwg) € e+ K[X].

Wo(t, t) Wo(t, s
So AZK[X Wi C e K[X]. This completes the proof that K[ X M=% = ¢ K[X]
= AZK[X W,
Define

le =¢e4E, forpelZ"
1
Leti € {1,...,n}.Ifu, = 0, thens,;u = pand T,E, = t,;E, so that
Mljf =e+TyE, = (—t,,)%siTanvEu = —M,,, which forces Ml:'f =0 whenpu, =0.
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Ifie{l,...,n}ands;u > u,then
ME, = 61E,, = ext>7Ey = ext® (Ty + (t72 — ¢ )E,
=est>(t +t 7 — B, = ext>c B, = ev!, (k¥ )My,
so that le and M:FH are linearly dependent. It follows that
e+ K[X] = K-span{M;" | A € Z"} = K-span{
|1 e (Z8)")

M, A€ (Z8)")

= K- span{A/H_w

Since AA 4, has top coefficient x~(**) (in the DBlex order, see section 6.3) and the
monomials are linear independent in K[X ], then the set {A)ﬁ\: ol X € (77 2o )"} is linearly
independent. g

5.4. Formulas for the Poincaré polynomial
Recall from (38) and (47) that the Poincaré polynomial for Wy, is

.11
Wolt.t,) = > xT(T,)* and evh(¥) ="t}

wEWgn

defines the evaluation homomorphism ev)) : K[Y] — K. The following Proposition gives four ways of
looking at the Poincaré polynomial: as a sum, as a product, as an evaluation of Kzo and as a symmetriza-

tion of Kjf -
0

PROPOSITION 5.2. The group Wi, acts on K[X] as in (24). Let wo denote the longest element of
Win and let KM}:o and Ku)i;l be the noramlized c-functions given in (22) and (23). Then

Wolt.t.) =[] A-t)U+um) _ evh(kh) = Y w(eX

(1 - t) weWgn

Proof. Since x*(T,,)? = t%()tla¥) then

X (Tw)erly = Z x (T, T,y = Z (X (T)) 1y = Wo(t, )1y,
weEWs, weWhn
Using the first formula in Proposition 3.2,
. . _
X+(Two)8+lY = eﬁ’(;{o lY = Z EWKX 1Y = Z W(K;{O
weWhn wEWsn

Using the second formula in Proposition 3.2, 4 1y = efrlc,fo 1y and

X (T)esly = (Z Uw) ety = evg (i) | 1+ Z M | 1y

wEWpn wEWgy,w#1

= ev} (k) )(l—l—O)ly:evO( )ly
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Finally,

1 1 1 1

1 — Yy, ')(1 —tYyY;) (L= t2 2 Y) (1 + 12ty 2,

evﬁ)(icw)zevo 1_[ 1171 = evf) l_[( 6 1) 2 rh 1)
° (1-Yy )1 -YY)) (1-1?)

i<j i=1

11 N 1 _1 11 11
(1 — et 26~ =D 27 ) (1 — " 2T L)

11 L _1 11 11
(L—tr=it2e2 =it 2, 2 ) (1 — it 2 et e, )

n 1111 . 1 _111 .
1—[ (I =it to tit" ) (L + tity *totat"™")
o (1 — tot,t2(n=0)

(1 — tj*i)(l _ tlnfjfitnto) (1 _ totntz(n—i))

(1=t (1 — 2 t0) | (1 (1= tatot" ™) (1 + £,t")
y (1 )

i<j

i=1

= (=) (1= 2" tt) (1 — totot" ) (1 4 ")
= (l_[ (1 —t)(l — 2(n—j)+1 tO (l_[ 1_ totntz(n 1)) )

(1 =)+ t,t) = (1=t tt) L (1 —ttot™™)
(g (1 — t) ) 1_[ (1 $2(n— ])Jrltnto) (g (1 _ totntz("i)))

(=) Ft,th) (1 — £t (1= (1t )
[1 (1—t) )(n(l—t’ w(,)_n (1—1t) -

i=1

i=1

5.5. E-expansions
The following proposition uses the formulas for symmetrizers in terms of c-functions from Proposi-
tion 3.3 to give explicit expansion of the bosonic, fermionic and mesonic Koornwinder polynomials in
terms of the E,,. The coefficients in these expansions are evaluations of c-functions. This is an exam-
ple of how the c-functions (which live in the field of fractions) appear in the structure even when doing

expansions of polynomials that live in [K[xl U xnil]

ProrosITION 5.3. (E- expanszonformulas) Leth € (2%,)" andlet P, A Hw, AT, and Ay, be
as deﬁned in (53) and (54). Let ev be the evaluation homomorphisms defined in (47) and let

KU# be the normalized c-functions deﬁned in (20) and (3). Then

P, = Z EV;(K:; )Eua A}\i-i—w = Z (_l)ed(m)e";(’(i)Em
HEW A HEW (A+w)
Aip= 3 (D)t (B AT = Y (mDEed, (kF)E,.
HEW (A+p) WEW (A+7)

Proof. Let us do the case A/\ 4o The other cases are similar.

Since 7Y = 175 Cav andt: 1VE, = Eg,, then

ot vp Lt Yy _ Y Y S o
Eyy=t7E, =t ngcouEy =gk, By = kg, 1 E .

i Si
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Ifz € W*?, then
— Y Y _ Y _ v
E(rto) = M5, Ky, = s, Ky, Brtwr = MKz Brvo = K1 NeEito
Ifw € W, 14, then
TwEiiw = X T (T,)E;40» (inthe same way that T, 1y = x " (T, )1y forw € Wy,).

This gives that
1
€5y wBrto = +( ) Z (1) Erto = W)Wk+m (t, ta) Bt
Witw weWiio Witw
Using Proposition (13) gives
+
x " (Tw,) 1
Af = o By =
MO Wt (8 1) C Wago(t, )
( Z (= I)Zd(Z) Kyt znz Z) X+(wa+”)81_+wE)‘+w
veEW Ao

vewrte yEWIt®

= Z (_ 1 )Zd(z)evi()Ler) (K:+wz)EZ()\+w) .
z€Wpn |:|

5.6. Principal specializations

One of the most pleasing combinatorial miracles in Lie theory is that principal specializations of Schur
functions and Weyl characters factor as products (see [8, §10.9] and [10, Ch. 1§3 Ex. 1]). This feature
extends to Macdonald-Koornwinder polynomials, and the result in this section shows that the princi-
pal specializations of Macdonald-Koornwinder polynomials are evaluations of c-functions, which come
naturally out of the recursive construction of the electronic Macdonald polynomial E,,.

Define ring homomorphisms ev}, : K[Y] — Kand evf)_l : K[Y] = Kby

1 NI
evi(Y;) ="'t} and evh (V') = t_("_’)t0 ’t, 2, forie{l,...,n}.

THEOREM S.1. Let j, A € Z" withAy > -+ > X, > 0. Let u,, and h;_be as defined in (3) and
the normalized c-functions K,fl:l and KZ; asin (19). Let

a = ti(nfl)(totn)fé, a = tf(nfz)(totn)fé, ceesay = (toty) 2

Then
1 1

—1
Eu(al,.. ,dn; 4, t, to,uo, 2, )— evt(clu/“) and

+(Tv;‘) 0

1 1 1 1
. 2 .3 42 . 3) A Yt
Px(al,...,an,q,t,to,uo,tn,u,,)—evo (chl )

Proof. For this proof, use the realization of the polynomial representation K[X] as an induced
module H1y via the H-module 1somorph15m of (43). Let 1x be a formal symbol, which

satisfies 1y T; = t21y and 1xT)Y = t21X UsingX; = (T,/)'1; -+ T, 1+ - T, and
Xit1 = TX/T; gives

11
1 X, = ¢, t, 2t forie{l,...,n}.
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Thus, if u € 7", then

1xE, (xl, e Xy q,t,té,ué,té,ué) = 1xE, (al, e, Ay q,t,t%, ué,tn%, ué) .
Forie€ {0,1,...,n},
17" = Iy (Taiv + (cﬁ? - t%)) = 1y (t% + (cggl - t%)) = 1xcl. .
By (48),

—1
b 1y = evh(chy )1y
Ifw € Wand £(s;w) > £(w), then
-1 -1 -1
lx‘[ivl'u\//ly = lxcgy 'L'M\//ly = lxt;/cﬁ,lay 1y = EVB (C}:,—la\/) lx‘Cu\//ly.

This is the induction step giving thatifw € W andw =s;, - - - s;, is a reduced word for w,
then

lx'l,'u\}/ly = leilv ce 'L'izvly = lXeV:) (C};_l> 1y = eV:) (C};_l> 1x1y.

Thus
1xE, 1 L i1 ! G TS|
S ——— = ———ev,(c .
S G e T R
Using 1x&4 = mwo(t, t,)1x from (39) gives
+
11 11 x T (T,)
P (a Y ,t,tz,uz,tnz,u,f>1 1y = 1xP 1y = 1xy——¢.E;1
A\l a1 ny 4 0 s Yo x1ly xtaly XW,\(t,t,,)JrAY
WO(tstn) 1 WO(tvtn) try!
= ——1xE; 1y = ev,(c 1x1y.
TGS R e G STA TS RIS R
Let
wy € Wi be thelongest element of W) = {v € Wy, | vA = A}.
Then by Proposition 5.2,

Wi Wi

vt = (wow,) "' =wawo and Wi(t,t,) =evp (k) ) = evg_1 (KY_1> .

Since hy = uyv;, thenu; = h,\vzl = vzlhw\ = vzlhm;\ = v{lhwox. Using this and
-1 _ -1 -1 .
evg (v;) = evf) (Y, 1) = evg (v_) = evf) (on(i)) gives

tf Y'Y _ ot —1Y!
ev, (cu_A )— ev, (v)h Gy )

Therefore,
-1
! WO(t’t”)evt(cY_‘ =X+(TWA)evt_] uy eV ()
KT Wit ) O 7 ) (T, 0 a0

Y*l
N _ _
N wo t~ly —1 !
= ev, (ch) ev, (vk Cu,
W

= ey (4 Devy (e ) =evy () = e (6 ),

which completes the proof of the second statement. O

REMARK S5.2. The principal specializations of the fermionic and mesonic Macdonald
polynomials are
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1 1 1 1
A,Hp(al,...,a,,;q,t,toz,ué,t,f,u,f)=0,

[ Tt
Ai_w(al,...,a,,;q,t,t&,ué,t,,ﬂuﬁ)=0,
and

111
A;F_H[(al,...,an;q,t,tg,ué,tnz,u,f)=0.

To establish this for A}i_w, use 1ye4 = Oto get

n [ T G
A)»-‘ra) <a17 <o Gp; q, tat()zv uéatnza ui’?l.) IXlY
+
x*(T,)
= 14AT, 1, = 2 ™7 E+Ey 1,1y = 0.
e T W () T
The proof for the other cases is similar. O

6. ORTHOGONALITY

In this section, we study the Koornwinder polynomials as a family of orthogonal polynomials for a spe-
cific inner product. The inner product (, ); is defined via multiplication by a kernel and taking the
constant term (for those with an analytic bent, taking the constant term is an integral, and the kernel is
what defines the measure for the integral). The Macdonald-Koornwinder inner product is defined in
sections 6.1 and 6.2. The kernel is a huge product of c-functions, one for each positive root in the affine
root system of type (CY, C,).

The Koornwinder polynomials are characterized by orthogonality with respect to this inner product
and a triangular expansion in terms of monomials. In order to use the Hecke algebra as a tool in the inner
product setting, it is crucial to establish that the adjoints of operators that come from the Hecke algebra
are tractable. This is done in section 6.4. In particular, we find that the symmetrizers are self-adjoint
operators.

The proof of the Weyl character formulas and the norm formulas for Koornwinder polynomials rely
on a shift of parameters coming from multiplying by the Weyl denominators. These going-up-a-level
formulas, derived in section 6.5, are the key to establishing recursive relations for computing norms.
The recursive relations are derived in section 6.7, and the norm formula for (Py, P, ) is established in
section 6.9.

In the same way that there are four symmetrizers, there are four going-up-a-level formulas, four Weyl
character formulas and four types of recursion relations. In each case, one of the four formulas is usually
a triviality, but we have included these trivial formulas in our exposition each time in order to highlight
the underlying symmetry of the structures. In the end, the various formulas combine and complement
each other to provide the inductive structure for computing norms in terms of c-functions.

6.1. The kernel AE:'-C

For an affine root 8, define

i, iyB I TIyB
X (1 —tgupXP) (1 +tjug*XF) (s7)
B BB (1 —Xx28) ’
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More specifically, if i, j € {1, ..., n}withi < jandr € Zs, then
11 11
KX B 1— tqr+1Xin—1 KX B (1 _ qr+1tn2u,in)(l + qr-‘rltnzun ZXz)
g—&j+(r+1)8 1— q’“X,—XI.’I ’ &i+(r+1)s8 1 — qZ’HXiZ ’
T r+1 % % r+1 % 7%
P _ l—tq“Xin X _ (1_‘1+2t0 “oXi)(l'i‘quzto Uy X;)
=7 A .
gite;+(r+1)8 1— q’“XiX; gi+(r+3)8 1— q2r+1Xi2

We shall group roots of the affine root system into three types: ‘gauche’, ‘droite’ and ‘standard’ The ‘droite’
roots are elements of the Wy -orbit of &, (which is on the right end of the diagram in (9)), the ‘gauche’
roots are roots in the Wy-orbit of oy (which is on the left end of the diagram (9)) and the ‘standard’
inversions are roots in the Wp,-orbit of &, (the middle part of the diagram in (9)). In other words, let
ST be the set of positive roots for the affine root system so that

+ _ ot + + + + + + +
§T=8,  US _US L US_USH US; US; USy,,

where

ot — (ei—g))+(r+1)8, |i,je{l,....,n},
st | (ei+e)+(r+1)8 li<jandreZs |’

st — —(ei—¢&;) + (r+1)4,
S i< jandr € Zsg

i,jefl,...,n}
—(8,‘+€j)+(1’+1)3 ’

1 iefl,...,n} iefl,..., n}
+ ). l + o =ls
sg,+_{et+(r+2)8 ez } Sit {8,+(r+1)8 reZ. |’
1 iefl,...,n} iefl,..., n}
+ ). - S B
Sg,—{ ek (38| 5 } Si_ {e,+(r+1)8 vez |

Sqo={eite;lijef(l,....,n}withi < j}, S;,={elie(l,....n}}.
Then, define

Al = [Tx5 (58)

Best
and
X X X X X X X X
Ay =T1w al=T11w ai=T1x  al=]]x
/SESQTJr Best, BeSt BESS,
x! X x! X x! X X X
A =TT A =TTw Al =11« ata=]1«
BeS; - BeSt_ pesy_ Best,
so that

Abo= AXNTANATTASAY T AY AT,

REMARK 6.1. In terms of the Askey-Wilson parameters a, b, ¢, d [see (1)], the expression A/
used to define the inner product is

Aérc — A(I)A(Z),
where
@ (b5 @)oo (Exi5 @)oo (ta %5 @)oo (E95 %715 @)oo
AY = l_[ (e 1 . 1. —1_—1.
i3 @)oo (%3 @)oo (9% %75 @)oo (g% %5 @)oo

1<i<j<n

and
n

A(1) — l_[ (Cxi; Q)oo(qcxi_1§ Q)oo(dxﬁ Q)oo(qui_l; Q)oo(axi; ‘I)oo(“xi_l; ‘J)oo(bxﬁ Q)oo(bxi_l; Q)oo

i=1 (a Q)oo(qx72§ 9)o0
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This is verified by noting that A = A¥ Aé{sAf_l, and that A() = Ag Ag_l A Af;_l Af{d
since

ﬁ I (exi; q)zoo(dxi; Do _ ﬁ I (1—tiuq'x)(1 -i-ztfufq’xi) _ AYAY,,
(2?3 %) oo (1 —g%x})

i=1 reZ=o i=1 reZ=g

ﬁ 1—[ (qcxfl;q)oo(qufl;q)oo _ 1—[ 1—[ (1—1¢2 u2 Tl 1)(l-i-l‘ u,,2 "Hx, ) _ A)d(—l

—2. =)
i=1 reZso (qzxi > qz)oo =1 reZ.0 (1 _ q2r+2xi )

(axi; q)oo (b q) . (1= teudq ) (1 + uy g+
1—[1—[ axi, xqoo_Hl—[ oUoq *Xi ouoq x:A?,

(g% q (1—g**la)

i=1 reZg i=1 relg

(ax; s @)oo (bx; 5 q) . (1—““” D1+t g -
1—[1—[ ax; qoox ‘100_1—[1—[ usq X 0“0‘1 X =A§~

_ 2ty
i=1 reZ.o q i ’q oo i=1 reZso (1 qe X )
O
6.2. Definition of the inner product
Let K[x] = [K[xlil, ey xnil].Deﬁne an involution  : K[x] — K[x] by
flan, oo qottg ul b ul) = flart a2 u ). (39)

Let A/ be as defined in (58). Define a scalar product (, ); : K[x] x K[x] — Kby

(fis o)+ = Ct(

) ,  where ct(f) = (constanttermin f), for f € K[x].  (60)

6.3. The inner product characterization of E,, and P,
Define

@) ={,--.v) €2 iz =y, 2 0L
The elements of (Z")* are partially ordered by the dominance order: For A, u € (Z%,)7,
A<p if AM+--+A<pu+---+uw, forie{l,...,n}
The elements of Z" are partially ordered by the DBlex order: For A, u € 7",

At < ut in dominance order
A< if or
AT =puTandz, < z,, in Bruhat order on Wy,
where AT € Wy, A N (Z2,)" and z; is the minimal length element of W, so that A = z3 A ™.
Forjt = (ft1, ..., ftn) € Z", write x** = &} - - -« and for y € (Z")*, define the monomial sym-
metric function m,, by

my, = Z x*,  where the sum is over all elements of the orbit Wj,-orbit of .
WEWsny
With these definitions we have the following characterizations of the E,, and the P,. The proofs of Propo-
sitions 6.1 and 6.2 are exactly as in [13, (5.2.1) and (5.3.1)] and [4, Prop. 6.2 and 6.3].

PROPOSITION 6.1. Let 1 € 7. The electronic Macdonald polynomial E,, is the unique element of
[K[xlil, ooy 5] such that

(a) E, = x* + (lower terms);
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(b) Ifv € Z"and v < p, then (E,, x”)4+ = 0.

PROPOSITION 6.2. Let & € (Z")*. The bosonic Macdonald polynomial P, is the unique element of
[K[xitl, e, xffl]wﬁ“ such that

(a) P, = my + (lower terms);
(b) Ify € (Z")* andy < A, then (P, m, )4 = 0.

6.4. Adjoints and orthogonality
For a linear operator M : K[X] — K[X], the adjoint of M is the linear operator M* : K[X] — K[X]

determined by
Mfi, o)y = (i M f2), . for fi, fo € K[X],

where the inner product on K[X] is as defined in (60). _
The following Proposition computes the adjoints of operators on K[X ], which come from Hi.

ProprOSITION 6.3. Leti € {1,...,n}andk € {0, 1, ..., n}. Then, as operators on
+
Clay!, ..., a1,
X
* __ 1 * __ ol * __ vyl * __ Ok
xi - xi 4 Totk - Tl)lk ’ le - le ’ é:sk - KTé:Sk'

1
Proof. Let] = —-.
Ade

o Adjoint of multiplication by x;:
(%if, @), =ct(xif-g-]) = ct(f-x7'g-]) = (f, x,-_lg)+.

o Adjoint of & : With kg as in (57),

NI

1 1 — 1
— (=t ug X ) (A A+t up X F)

(Kg)*:Kf?(: (1—X"28)

1 1 11 11 1 1
_ ty ug X Pt 2 up X P (1 = tgupXP) (1 4-t5u, > XP)
X—2B(1 — x2F)

Since ;ST = (ST — {o}) U {—o}, we have

~1
= tﬁ Kg.

K_g,

é':SkAé_C =&, 1_[ kg | = 1_[ kg | K—op = Aé_c (61)

pest pest—{en) Ko

Using ct(&;,g) = ct(g) and the formula from (61),
(& f 8)y = ct (6, 1)) = ct (6, (f(&,(&)))) = ct (f(5.(&))))

=t (f(akg)f - ) = (f%(@g)]) - (f, :i(akg))+.

K*Olk —0 —
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o Adjoint of Ty, : Using the formula for T, in (26) and recalling that (, ); is sesquilinear with
respect to the involution : K — K,

()" = (~ta’ + 1+ 60 ) = (—ta’ + 048D )

1 1
= _tO?k + tO%kK—O(k(l + g:;)

l 1
Ko _1
= tD?k + tgt, o K*ak ( P - SSk) = —to +to,’ (K*Olk + Kakésk)

= tak—l—(l—i—gsk)cx =T,".

o Adjoint of Y;:
Y= (ToTy--- T, T))* = Tl—l - Tn_l - Tl_lTO_l = (ToT;--T,--- Tl)_l = Yl—l,
andif j € {2, ..., n}, then
Yj* = (Tj__ll 1T D= T 1Y Ty = (Tj__lleflTj__ll)_l = Y]-_l- .

Since T 'el = Tfel = (e+T))* for j € {1,....n}, then T 'e} = (—t,):e} and T, 'e} =
1
t72g} forie {1,...,n— 1}. Since
&L = TWT]I + (lower terms) = T, + (lower terms), then &} =¢y.
A similar argument applies to the other symmetrizers to show that

=¢g, for E e+, £ F -} (62)

The relations Y;* = Yi_1 in combination with the knowledge of the eigenvalues for the action of the Y;
on the E,, give the following orthogonality relations for Macdonald polynomials. The proof is exactly as
in 13, (5.7.11)] and [4, Proposition 7.2].

&

m*

PROPOSITION 6.4. Let (Z” )+ == .-sA) | A =+ > L, > 0} and, for
Le (Z28)7F, let By, A »\+w’ Al and Ay, be as defined in (53) and (54).

(a) Let A, u € Z". If u # A, then (E;, E, )4 = 0.
(b) LetA, u € (Z;O)—’_.Ifﬂ/ % A, then

(P, Pu)4+ =0, (Ak+w’ u+w)+

(A)Hr,o’ A;L+,O)+ =0, (Ai:+7rv A,:EJFT[ )+ =0.

6.5. Goingup alevel

We describe four slightly different collections of five parameters by the brief notations
11 1 L1 11
t+:(t,t02,u0,tnz,un), ti:<t,t02,ué,qtn2,uj>,

t = (qt,t%,u% qt,,l, ,%) (qt 2 é 0 u,%)
and define
(f:8)+=(f,8qrr (f.@s=(f gqe
(f.8)-=(f.8ar (f85=(f Qg
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The following proposition shows that the norms of polynomials in the fermionic, bosonic and mesonic
spaces can be computed as norms of symmetric polynomials, but with shifted parameters. Alternatively,
in the world of norms for symmetric polynomials, the shifted parameters are a residue arising from the
effect of multiplying by the Weyl denominators A,, AX and A¥.

PROPOSITION 6.5. (Going up a level) Let f, g € K[X]"i so that f and g are symmetric functions.
Ifph =1 andAf, AT and A, are the Weyl denominators defined in (SS5), then

(f9)s = %@oﬂ g (frg)e= %(ﬁf ),
(19)- = B s o agg)en (fo8)s = o B8 (AT AT

1

1 1
Proof. Let t* be the five-tuple of parameters t+ = (t, [RITE qt,, , u? ) and let

Ao = A3 (15 ) A (15 ) AXOAT OAT (gt ) AF

X (qtni’ u,%) Af)(,s(t)AOX,d (qtf, uZ) .
. ( 1_[ (1 — qtfufx,—) (l + qt,,zu,,_zx,))

1<i<n

1o
- X Ai(x qts , u j),

1 1 1 1
1o 1ol (1 —t2ulx)(1+t2u, *x;)
Aéid(t;,u;)=A§,d(qt:,u;).(n i)+ b

1<i<n (1 — qt,fuzxi)(l + qtniu;zx,»)

Since

1 L
A;( (tnz ) Uy )

I
>
U
S

&
3
e
S o~

11
x“’Ai (x,t2, u})

T 1
x“’Agf (x, qte s U )

Aérl (tf,u,f) = Afirl (qtf,u,f) . (l_[ (1 — qtiux; ) (1 + qtiu, *x; 1))

then

A 1 1
iC_Ai (x t2, j)Ai< ,qtnz,u,i)

Acc

Using Proposition 5.2 and that Card(Wg, ) = 2"n! gives that for h € [K[xl e, xfl]wﬁ“,
ct (X ) = ! ct Z w(heX )| = Lct h Z w(xX
v ) ! w2l o
wEWhn wEWhn
Wo(t, t,
_ Wl b) .

2"n!

Gz0oz 1snbny go uo 1senb Aq 6999z28/zZ0seRu/Uiewb/c60 "0 L/10p/a[oie-soueApe/yiewb/woo dno-oiwspese//:sdpy wody pepeojumod



c-FUNCTIONS AND KOORNWINDER POLYNOMIALS e 37

Let AX = A?A;XA;( and A} = Aoys(t)Aé{d so that

11
AL (x,t7u2) AT (x,t)
ag(x)  ai(x)

AL = ASASAY and AY =

Then

(A f, AXg), = ( EE (x e, E)A,,ﬂf (x tu))

T Ar(eti.ul SRR
AXngxl w(xAX - )Ai(’c_l ’ 2)>
0

:ct< OO (xl,t;i,u;i))

AXAXT AF(x,t)

i a)aF () (e () AL 6w AT (e f)
AX A AT (x, t)AT (271, t) at(x1)at (x1)

- ( f3 o, (Wag (3)a, (T )ag () | xy mt u;i)>

AX A AF (x, t)AT (271, t)

) (S SRl D)
AX AKX

2"n! AT (x, t)AT (271, t)
and
(f,g):t =ct (f—i> =ct (£A$ (x, t2, uZ)A (x t qt,:, uj))
Acc Acc
o Ac:ll): X, tﬂl ) ur%) 1 1
=ct ngx : < A (x 1, qt,:, u%)
Aovoo A0
=ct /2 - ai(x)a’f(x)A(f (xfl, qtn%, ué)
AXAXT AT (x,t)
_ _ + -1 % % F(,—1
_ | e a@@a@aede) A (v ot ) ATG0)
AX AL AF (x,t)AT (x7 1, t) at(x~1)af (x71)
_ g ay(x)af(x)ay(xaF(x') o 11
TN ATAT T AR -1 gy (8 gt )
AL ¥ x,t)A?(x ,t)
W) ([ fE ab(ef(atar ()
2"n! AX AL AT (x, t)AT (271, t) '
which proves the & case. The other cases are similar. O

6.6. Weyl character formulas
Asin (41),let0, w, 7w, p € Z"by0 = (0,0, ...,0),

w=(1,1,...,1), 7=h-1,n-2,...,2,1,0), p=mn—1,...,3,2,1).
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THEOREM 6.1. (Weyl character formulas) Let A € 7" withy > Ay > -+ > A, > 0. Then

Piiolq, t+ A, (g, t7)
Px(q,t+)=ﬂ+), P(q,t) = =20,
Py(g,t™) A%(q,tT)
oy Au(g,th) AF, . (q.t7)
P(q.t )=%, PA(‘IJ?):T—JF,
Ay(g,tT) AF(q.t1)

Proof. The following is the proof for the case P, (g, t ). The proof for the other cases is similar.
Since Airw = t%Z(W°)8iE,\+w, then AT e C[X]M**, Thus, by Proposition 5.1,

)
thereexists f € K[X]"" suchthat Aj,  =A}f.
Since A + w is dominant, then wy (A + @) = —(A + w) is antidominant (weakly increasing

with all entries < 0).If u € Z" is such that the coefficient of x* in A)jf o, is non-zero, then
1 < —(A + w) in the DBlex order. Thus, using the notations of section 6.3,

f = m; + (lower terms).

The E-expansion for A}jf ., in Proposition 5.3 gives that
+
At = Z dﬁwEu = E,;,(+w) + (lower terms)
WEWg, (A1)

and, from the definitions of Af and m,,
AZm, = £ F0) 4 (Jower terms ).
Since (E,, (3 1w): " )+ = 0fory < wo(A + w), then
(AXf, AZm,), = (Af+w,Aimv)+ =0, forve (Z")" withv < A.

Using Proposition 6.5, since f € K[X]"® and m, € K[X]"i, then

Wo(t, qtu)

AT £ ATm =0, forve (Z")" withv < A.
Wo(t, £71) of- Aumm)s 0

(f’ m,)+ =

Thus, by Proposition 6.2, f = P, (q, t*).

6.7. Reductions for norms

The following proposition shows that the c-functions provide an effective framework for describing the

differences between the norms of the various flavours of Koornwinder polynomials.

PROPOSITION 6.6.

(a) Letiw = (i1, ..., fy) € Z". Then

(Eps En)+ _ t(Y Y’l)‘

= €V
(1, 1) O\
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(b) Leth € (Z%,)".
(P, P )y Wolt, tn)e
(Er, E )+ Wit t)
(A/\+a)’ A+w)+ o WO(tvtrTl)
(Bitos Brvo)s  Witw(t,t,)
(A)Tﬁr’A)trn)"F WO(t st )tn(n 1) X (K:F
(Bptr, Bavn )+ Wi (t ) T e
(Aitpr Arip)r _ Wo(t™ 't ")
(Extpr Eatp)+ Wigo(t, ty)
(©) Leth € (Z%)".

_ +
(Ak+w’ A+w)+ _ WO(t7 t, l)tn t (KVAer)

Vi (k).

t: eV;+w (K;;-w )’

" Derevt (i,

)-

Va+tp

= ev
(Pitws Prvor )+ Wolt,t,) " *F \ &t

Vitw

(Ax+n’ )T+n)+ — WO(t s 1) n=1) ot K;Fw
(Potrs Pryn )+ Wo(t, t) SRRV A

Vit

(Artps Artp)+ _ Wo(t™',t, ") pn(n=1)gn ot Ky
(Prtps Pryp)+ Wo(t, t,) A

ot
(d) Leth € (Z%y)". Then

+
(Pi(q,t%), Pi(q, t%))+ Wo(f qtn) £4(w0) Ky
t V)»+a)

(Piio(q, t7), Pio(q. tT)) s Wolt,t,) " K

Vit
(P)\(Qat:':)sp)h(%t:':)); — WO(qt t ) Z(Wo) V Ki.;.n
(Pigr (g, t%), Pyn(q, 7))+ Wo(t, tu) EA V'S

Vit
(P(q,t7), P(q,t7))-  Wolqgt, qt) 0) a0 g Ky
(Pitp(qtT), Pipg tt))s  Wolt, f) e

Kt

Wo

Proof. (a) Using the creation formula for E,,,
ez _v ez _v VoV
(EM’EM)"' = (t ’ (VH )Tuuly’t ! (Vﬂ )T“MIY>+ - (TM;] ‘Cuu Ly, 1Y>+

= (cY cY 1y, ly)+ = ev (cﬁuc?;: ) (1, 1)4.

(b) Using Proposition 5.3 (E-expansion formulas),

+

x=(T,,) .
A,\i+w=—w (tth )8iEk+w= Z dy  E,.. with

ARty e HEW (A+0)
813 = (D)o ).

and (39)
1
L= ————Wolt. t, ex,

£
=7 = (Tw,)
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40 e L.COLMENAREJO AND A.RAM
gives

(a* ), = (x+(TWO) xH(T.,)
Atw? M—w

———&e+tB i —
Wito(t, t) C Witw(t,t,)
_ 1
Wito(t, t)Wigo (71 £
1 Wo(t, t, )
= : (¢+Ertw, Brrw)y  (by(39))
K5 () Woro (b, 6 W (61, £1) o ey Y
+ 2 —1
X (TWA+ ;) W()(t, tn +
= ‘ A L Eny (by (54))
XE (T ) X+ (Ty) Wigo(t, tn)( vror Bito)

thabo) w7
+w
= (000 Wy (11 1) b B Bro )

eiEHw) (by (54))
+

0 (621Eit0r Brtw),  (by(62))

t" Wo(t, t, )

n

T (—D)ED Wt 8)

( 1 )Zd (va)ev)Ler (/{v o ) (Ex+w, Ejto )+

Wo(t, t,h) .
— t K > E " ,
W?~+a}(t, n) H‘“’( Vkm)( At At )+
because (—1 )L}d(wﬂ]) = (-1 )Zd(w"). This proves the = case. The proof for the other cases is
similar.
(c) By part (b),

(A)Hrw’ A+w)+ _ Wo (t’ tn_l) tnevt (Ki ) and (P)»-‘rw’ P)»+a))+
(E)»+a)’ E)\.+w)+ W)H—a)(tv tn) oo e
WO(t’ tn)

= — K
WA-&-w(t’tn) A-‘rw( Vito

(Ertos Brto)+

gives the relation between (Af_i_ . Af 4 o)+ and (Pi4, Piyo )+ This proves the = case. The
proof for the other cases is similar.
(d) Using Propositions 6.5 (going up a level) and 6.1 (Weyl character formula) gives

(Bu(g, £5), P, (g, £5))s = %

_ Wo(t, qt)
C Wo(t )

(Aipk(q, ti)vAa:l):P)»(q’ ti))-i-

(A)\er(q t*), AHw(‘Zv )+

WO(t9 qtn) t Kijt+
= —— " — P, w(q,t P wlg,t
W()(t, tn) nevk+w K ( A+ (q ) A+ (q ))+

Vit

This proves the = case. The proof for the other cases is similar.

6.8. The symmetric inner product

In this section, we define, for symmetric functions, a slightly different inner product (, ) that has more
symmetry than the original inner product (, ). Fortunately, the difference between these inner prod-
uctsis onlya factor of Wy (¢, t,, ), which makes the reduction relations of the previous section even simpler.
The symmetric inner product (, ) has another very useful advantage: In terms of the Askey-Wilson

parameters a, b, c, d, the inner product (, ) is completely symmetricin a, b, cand d.
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Define involutions  : K[X] — K[X]and? : K[X] — K[X]and’ : K[X] — K[X]by
; 1111 . I T S R B
f(xl,---,xn;q,t,tz,ué,ti,uﬁ) =f(xf S R S T AL VAR A z,unz),
1111 1111
f° (xl,---,xn;q,t,t(f,ué,tnz,ui) = f(xfl,--.,x,jl;q,t,tz,ué,tnz,uﬁ),
O RS R S SN |
ft (XI,...,xn;q,t,tz,ué,tnz,u:[) = f<x19"'9xn;q_ 1t_ 7t0 zsuozvtn 27”?’12)'
Let /c,ff(;l be as given in (23) and define
1
Vee = Ades (63)
Then define a new scalar product {, ) : K[X] x K[X] — Kby

(fi, L)y = <f1f2—> where 2"n! = Card(Wjy,). (64)

The following result provides a comparison of (, )4 and {, ) as inner products on symmetric poly-

nomials.
PROPOSITION 6.7. Let f,g € K[xF, ..., x]Win, Then
(f.8+= W(tt)(fgt)+
Proof. Let f,g € K[x7, ..., x )" Since f, ¢ and Vcc are all invariant under the action of
Whn, then
1 1 1 1
o), = tf— )= ——— | ff—Wy(t. 8,
8 2l (fg VCC) 2! - Wo(t, f)c (fg Ve ol )>
— ct oS- X!
2"l - Wo(t 2l Wo(t, ) (f Vec (Wewﬁ i ))
- > (g
2"n! - Wo(t t) o CC "o
~ 2l Wo(t ) (2“; i Agc)>
(0 ) = s )
Wo(t,t) §a) (t ty) -
where the third equality uses Proposition 5.2. g

The following corollary of Proposition 6.6 records the norm comparisons in terms of the symmetric
inner product (, ).
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COROLLARY 6.1. Let A € (Z’éo)+. Then

+
(Pi(q,t5), P (g, t%)) s _ )yt
(Pto(q, tT), Pyo(q, tT)y " e K

(P)\(q7t$)7 P)\.(q?t:':)):': :tzs(wo) ¢ (K;';r">

ev
(Porr (4, 7). P (9, 7)) A\
(P(q.t7), Pi(q,t7))- — ()l gyt Ky .
(Pripo(q,tT), Piyp(q. t)) s " e K

REMARK 6.2. Using Remark 6.1, then

Vee = V(I)V(z), where

v — l_[ (txixj_l; q)oo(txix,-; q)oo(txi_lxj; q)oo(txi_lxi_l; Q)
A T e G Dt e, s )
and
v — 11[ (exis @)oo (5 @)oo (i3 @)oo (A @) oo (a5 @)oo (a5 "5 @)oo (B35 @)oo (b5 @)oo

i=1 (73 oo (%771 @)oo

This formula shows that V¢, and thus
(, )y and P, (q, t1), are completely symmetric in the Askey-Wilson parameters a, b, cand d.

O
REMARK 6.3. Using Remark 3.2,
+ + noy-! + T F y=to vt T
Lo _ K, _ K, _ Ko nd LA _ K _ l_[ ’Csi*si’(a&s, . LN
+ T ket _I [ YO e+ + T okt Yooy T+
KVH_(A, Kuw i—=1 K&‘, Kwo KV)L_H-, Kv,, 1<i<j<n KE,*EjK€,+8] Kwo
and
+ Es — noy-! y=! y~!
Koy Koy Ky 1—[ Ke, 1—[ Kei—s,Xeits;
+ okt okt Y yooxY
Kvw Ve Kwo i=1 Ka, 1<i<j<n Ke,vfe,er,-Jrs,-
O

6.9. The norm formula

In this section, we use the recursive relations of Corollary 6.1 to derive a c-function formula for
(PA(‘I, t+), P)\.(q7 t+))+'
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Introduce Y -versions of the c-function products from Remark 6.1 as follows:

—1. .
™ e 5 @)oo (B35 @)oo

Ag(t"')A d(t+) _ 1_[ (t to Yu ‘Z()oo( Zt)t Yi; q)oo’

L 1

ul q:Y; —uiuy? 3Y;;
AY(t+)_]_[(” 04 q)ooz(. '2‘“0 q q)oo’
(9% ¢*) oo
I (901 @)oo (7YY @)oo
S () A AR DINIC2 A SR D

AT =

)

’

AV () = ]_[ (6 'ty g% Doo (=t 10 9V "5 @)oo
i (Y% ¢ )oo

1
21,

AY (Gon )—H(un o (’q‘gﬁ(q;’)”

Define homomorphisms ev,.,, M[Y] — Kand evys : K[Y] — Kby

1

11
‘ugq2Y, ,q)oo

N\»—

11 N1 1
eV Y, = q)\ftnfztoz t2  and vy i ;) = q*lit*(nﬂ)to 2 = eV (Yiil)'
[ T B
The correspondence between the parameters q, t, t; , 13, ts , 47 and the Askey-Wilson parameters is

given by
L 11 L1 [t 11
q=9q, a=qtyu;, b= —qtjuy’, c=tiu;, d=—tju,’
To control the spacing of the formulas, introduce a notation
(21,22, -+ 25 Qoo = (215 D)oo (223 Do+ (265 Qoo (65)

Then, evgio (A} (¢1)AG 4 (¢F) Ag (t*))isequalto

11 .11 1 1 11 1 1 _1 L1
11[ (t2te "2 te, —tity >t i ul uoq qht"t? toz, —uluy P TR ) oo
(qu,tz(n ’)tnto, qq”‘rtz(” l)tnt07 q )oo

. 1111 o111 1 .
_ 11[ (tutoq™t" ™", —tu g t" " t2t2 ul ul q%q)"t”_’, —titd ug U, zq%q)"'t"_‘; 9)oo
(820 to; 4)oo

i=1
_ ﬁ (q abedg™t"™", cdg™t"™", acq"t" ™", beq"t" ™" @)oo (66)
= (g 'abedg®t2(=1); )
and evgi- (AL ((£7)7)AY " ((#7)7") is equal to
ﬁ (bt ad 0~ ag T gt g T e g g G q)eo
(PP 20Dt to, qg? 20—t ty: g )oo
— ]_[ (g4 t"", —toqq™ "™t} tg un "y qFq ", —titg s g g g1 @)
=1 (qq“‘t“" Vtator Qo
:]_[ (gq" "™, abg"t"™", bdg" "™, adg"t"™"; ) (67)

(abedg®it2(=1); )
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44 e L.COLMENAREJO AND A.RAM

THEOREM 6.2. Define N; (q, t™) to be the product

N (q,t7) = :
(4, eV AY(t+)AY(t+)AY(t+)A (t+)A§,d(t+)

1
S <Ag-’<<t+>1 JAT((#4) ! >A§1(<t+>1>> '
Then

(P (q.t7), P(q.t7))+ = Ni(g.t7).

Proof. The proof is accomplished by verifying the following properties:

(a) N)»(q, 1,1,1,1, l) =1.
(b) N;.(g,t") is symmetric in the parameters a, b, c, d.
(c) Ni(gq,t") satisfies the recursions

Ny (g, t* Ky Ny(q, t7 K
A(q ) _ t:evgd_w (varw) and /\(‘1 ) — (1) V)L+71 (KVJA:H )

NH»w(qv t+) Vitw N)»Jrﬂ(qv t+) Vi

Let us explain how the result follows from these properties. To prove the statement for
arbitrary parameters t, ty, uo, t, Uy, it suffices to prove the statement when t, = q ,
Uy = qk2 t, = qk* u, = q’<4 andt = qk5 for arbitrary ky, ky, k3, kg, ks € Z-¢. The two
recursions in (c)

Jrite Nilg g g% 4% g% g) imtermsof
Nito(q,9%. 4", 4% 97", q%) or Niyr(q.¢4° 4", 4% 9%, ¢%)

and using these successively, and using property (b) to rearrange k1, k, k3, k4 as necessary to
apply the first recursion in (c), the value N, (g, 4%, g%, ¢, ¢, ¢*) can be reduced to a
product of factors multiplied by Nj 1, (q, qo, qo, qo, qo, qo) , where  is a non-negative
integer combination of w and 7. By property (a), the N; 1+, (q, 4°, 4°, ¢°, ¢°, ¢°) = 1. Since
the factors in Corollary 6.1 are the same as the factors that appear in property (c), then the
value

(P.(q, qks, qk1 , qkl, qk3, qk“), P.(q. qks, qk1 , qkz, qk3, qk“))+ can be reduced by the same steps

to the same product of factors multiplied by the norm of P, 4, (¢, q°, 4°, 4°, 4°, q°) (which
is equal to 1). In this way, Corollary 6.1 and the properties (a), (b) and (c) and imply the
statement of the theorem.

Property (a) follows from the fact that A} (1,1,1,1,1), A} ,(1,1, 1,1, 1),

Ag(l, 1,1,1,1), A§ (1,1,1,1,1) and A§ (1,1,1,1, 1) are all equal to 1.

Property (b) follows from the fact that the product of the expressions in (66) and (67) is
symmetric in the parameters a, b, c, d.

Property (c) Changrng from the parameters tt = (¢, to , ”o , 1‘,,z , 7 ) to the parameters
= (t, t7, u, qt,,2 , uy ) replacest; by qt; i so that c gets replaced by gc and d gets replaced
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by qd and a and b and ¢t stay fixed. Write

Ngd( tT) = evy ! CeV, !
o AY(O)ATE)AL () ) T\ A () AT () ) )

N¢ +) R —1 —l
S(g.t7) = eV (Af(t+)A§,S(t+)) Vg (Az,l((t_‘_)_l)) )

sothatN; (q,t") = Nfd (q,tT)N; (g, tT). Using the notation of (65),

n (qzabcdqzx,vtz(nfi) 2 71ubcdq2)\,t2(n i). q)

Nfd(q,ti)—]_[< —

q9™t"", ¢q abcdq i abq il qacq hign= ’,_q)
[e.¢]

qadq*t"™, qbeq™t"", qbdg*t" ™, g*cdgtit"
and
: (abed D20 | g7 abed P+ DR00; g)

N (q.t7) = : : : :
)L‘H”(q ) l_[ qq}x +ltn71 - abcqu'Jrltnfl abqk-Jrltnft,va)nHrltnfz,.
adq)»+]tn i bcq)LJrltn i bdq)u+ltn i dq)hi+1tn7i » 4
o

and
Ngd (g, ti) l_[ (1 — abedg"t" ) (1 — cdg™ ")
gd _ Aign—i _ Aign—i
N (gt (1 — qg*t") (1 — abg*t"~)
_ 11[ (1 — abedg"t" ) (1 — cdg™ 1)
B (1 — g H1n=i) (1 — abghitn—i)
Since
A k]t] i+1. )»,-+)\,-t2n7i7j+1t tnv
equtp(Af(t"—)A t+)) l_[ (‘1 x S ‘J)oo(qk‘“\‘z_v_v 0 Q)oo
1<i<j<n lt] l; q)oo(q1 et ]totﬂ; q)oo
and
Ai )L+1 i—1. )\.+)\.+12Vll 1
_ ti- t it
e"q*At*/’(Af ™ = l_[ {s M1 ) (q,\+x +1p2n—i— - q)oo,
rsicien @I @)oo (@I T gt q) oo
then
Ai )L]t] i )L+}\,t2n i— ]t Zt
(ZA —hj+lyj ? q)"“ +1t2n0? it qzt |
s +\ 00
N (q.t7) = 1_[ daimhyp =il phithgpdn—izjly 24
Lsi<jzn (qA A j—ie 1 Mt 2n— 10;‘11 2 "1)
q t , q t toq°t, o
and

qxl—kjtj—i’ qk,+kl+2t2n—i—jt0tn’ .

g gt b3 iy q N
x+w(qt )= l_[ (q)\,vA]tji+1’q)»,+)nl+2t2nij+1t0tm ' ) )
9 00

1<i<j<n . .
}L,vf)L]Jrltjftfl7 q)\,v+}ni+3t2n717171t0tn ’

since w; = 1. So
Ni(q.t7)
A+w(q tt )
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Since

+ no vyl
. th KVHw _ th 1_[ Kai
n At Kt - Yo P54

Vito i=1 &

_ﬁevt ( (l—t t 1)(1—|—tt zY 1) (1—Yiz) )
_i=1 e " (1 Y~ ) L1 11

- (1— 5 ¥) (1 + £, °Y)
11 11
B n . (l_tnz LY. _1)(1+f2t zy—l)
—l_[eVAer | T
i=1 (1—t, 2t ZY YA+t 2ty )

11 L1l 11 U S
_ 11[< (1 —tztzq}”-i_ltn_ltztz)(l +tzt0 zq}»,-&-ltn—ztoztnz) )

11 1L
1—t, Zt qult” ’t t? )(1 ty “te gt T )

ﬁ((l_ttoqk—‘rltn 1)(1+t”q)x+ltn 1)>

(l—q)”_Ht" l)(l—i—toq)”"’_lt" 1)

i=1

3

(1 — g abedg 1" =) (1 — cdg™ ")
(1 _ q)» i+lgn— ’)(1 _ q—labqk i+1gn— z)

n

(1 — abedg™t" ) (1 — cdg™1¢")
(1 _ q)\ i+1lgn— z)(l _ abqk tn—i)

(

i=1

then

+
Vito

d i d
Ni(q.t5)  N¥(q.t*)  Ni(g.t*) | N(q.tt) (K,
=t e, | )

- d d
Noto(@ t5) N (g.t%) Nip (@t N (q.6%)
The proof of the second equality in (c) is similar as follows:

é (qzabcdq“‘(qt)z(”"'), 7q "abedg® (t)*"; q)oo

N (q.tF) = . : :
’ 1_[ (qq (gt)"" q°q"abedq™ (qt)"", abg" (qt)""", gacq” (gt)"™" )
gadq™ (qt)"", qbeg (gt )", qbdg’ (gt ', Pedg™(gt)"" x

and
o s n (abcqu(A,+n—i)t2(n—i)’ q—labcdqz(x,—s-n—i)tz(n—i); q)oo
Nyin (q,t ) = lj qqkﬁrnfitnfi’ qflabcquHrnfitnfi’ abqlﬁrnfitnfi’ acq}ni+n7itn7i’ ‘
= aqu,+n—itn—i bchl+n—itn—i bqu,-f-n—itn—i qu}n-kn—itn—i s q
9 b 9 o0
so that
Ny (g, %)
e _
’ =
N¥(q, t+)
Then
qk,—)»j+j—itj—i q}» i+Aj+2n—i— ;t2n i— ]f()f
q)nl—kj+j—i+1tj i q)\.+)\. jH1+2n—i— ]tln i— ]tt ' q

s Fy —
N,\(q,t )= 1_[ Mi—hj ity =il pAith g 2n—i—j+ 1 2n—i=j+1y ¢
1<i<j<n i i ’Aqxz i i1 0>
q i~ ’+]_lf]_l_l, q i+A+ n—i—jy2n—i—j— fot, ’ N
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and

(q)”_)”_w_ifj_i, q)» i+AjH2n—i— jp2n—i= ]tOtm q)

Ai—Ajtj—itlej—i AitA+142n—i—j2n—i— 5
(4. £) = l_[ gh Rt g jt itot,
N; - (q. (qkikl+jitji+1 g h i ) ’
I<i<j<n R
Ai—Aj jmit g jmiml A1 2n—ie g 2n—i—j—1 ¢ > G
q iT) t) ,q" it j— tot,

since 1; = n — i. So
N;(q,t%) l—[ (1 — ghhrimigi=i ) (] — ghth2n—izjg2n—izjt gy )
Ny . (t+) (1 — R ) (1 — ght R i jpn—is =g )

1<i<j<n
and
d
Nk(q’t:':) _ Ni (qat¢) Ni(qvt;) _ Ns(q t ) tn(n 1) Kj);n
= . —_— —_ )\, k)
Niwn (7)) NEL(#%) Nip (67) 0 Np o (EF) KL,
since
K$ K.Y_ y-!
tn(n—l)eviﬂr ( 11)":+7r) — ev;\+n l—[ t2 é;. £j §/+8/
Ky 1<i<j<n &i—¢;Eite;

, (L=t 7)) (1 =7y (1 =YY, H(1 - YY)
(1-Y7'Y)(1 =YY (1 —vy, (1 — 1Y)

1<i<j<n
-1 —ly—1
= eV§»+ l_[ — tY IY.)(I — tYi le ) 1
g 1 1yv—ly—
1<1<}<n — Y Y )(1 & Y; YJ )

(1 — g2 = =G H =) (1 et o) =g )
l_[ (1 _ t—lq)u,-ﬁ-(rl—i)—)»/—(n—j)t—(n—j)+(n—i) ) (1 _ t—lq)»;+(n—i)+)»,+(Vl—j)t(n—i)+(n—j)totn)

1<i<j<n

x =t j—igj— 1)(1 )\+Ai+2n7i7j)t2n7i7jt0tn)
l_[ ( — 1 }\ —hjtj—igj— l)(l = 1q)ui+)»j+2n—i—jt2n—i—jt0tn)'

1<i<j<n

6.10. The constant term

1
To get the constant term of —— specialize A = 0. Then
cc

NE() = 1—[ (abedt> = | g~ 'abedt>"D: g) o
0 o pl (gt"—1, g Labedt"=!, abt"™!, act"~!, adt", bet" i, bdt" i, cdt"; @)oo

and
No(H) = 1—[ (70 2" tgt,, gt ™, gt tgt,; @)oo
(i, t2n=i=itot,, gt~ 71, gt 2 ikt @)oo

1<i<j<n

so that

Wo(t, t,)ct (%) = Wo(t.t,)(1, 1)4 = (L 1)s = No(tF) = N§' (£ N3 (¢F).
cC
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