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Abstract

In this paper we use the double affine Hecke algebra to compute the Macdonald polynomial products
EyP,, and P;P,, for type SLs and type GLs Macdonald polynomials. Our method follows the
ideas of Martha Yip but executes a compression to reduce the sum from 2-3‘~! signed terms to 2¢
positive terms. We show that our rule for Py P, is equivalent to a special case of the Pieri rule of
Macdonald. Our method shows that computing FE;1g and 19E,1( in terms of a special basis of the
double affine Hecke algebra provides universal compressed formulas for multiplication by E; and
P;. The formulas for a specific products EyP,, and P, P, are obtained by evaluating the universal

m

formulas at t_%q z,

Key words— Macdonald polynomials, symmetric functions, Hecke algebrasl

1 Introduction

The type SLs Macdonald polynomals Py(x) are special cases of the Askey-Wilson polynomlals, some-
times called the g-ultraspherical polynomials (see [Mac03, p.156-7]). The Py(x) are two-parameter
g-t-generalizations of the characters of finite dimensional representations of SUs; i.e. the characters
of SUy which play a pivotal role in the “standard model” in particle physics and in the analysis of
Heisenberg spin chains in mathematical physics. The polynomial representation of the double affine
Hecke algebra, which is the source of the type SLs Macdonald polynomials, is a generalization of
the “Dirac sea”, a representation of the Heisenberg algebra which controls the mathematics behind
the quantum harmonic oscillator (see ([3.20) and Proposition [3.3] and compare to the discussion, for
example, in the neighborhood of Figure 10.2 in [SF14]).

As in [Mac03], §6.1 and 6.3], we denote the electronic (nonsymmetric) Macdonald polynomials for
type SLg by E,,, for m € Z, and the bosonic (symmetric) Macdonald polynomials for type SLg are
denoted P,,, for m € Z>( (see [CR22, §1] for the motivation for the terminology ‘electronic’ and
‘bosonic’). The type SLs Macdonald polynomials are, by a coordinate transformation, “equivalent”
to the type GLo Macdonald polynomials. We review this coordinate transformation in Section 2 and
explain how a product rule for type SLs Macdonald polynomials translates to a product rule for type
G Ly Macdonald polynomials.

Following the development of [CR22| §3.4], we use the calculus of the bosonic symmetrizer 1y and
the normalized intertwining operators 7s,, 1 to compute the elements Fy(X)1p and 19E(X)1p in
terms of a special basis of the (localized) double affine Hecke algebra. Continuing the main conceptual
idea of [HR22] the expansions of the elements Fy(X )1y and 19FEy(X )1, function as universal formulas
for multiplying Macdonald polynomials, since they contain enough information to compute arbitrary
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products Ey P, and P;P,,. We review this calculus, in our SLs setting, in section 3. The use of this
calculus enables to cast the product framework from [Yi10] in a form which is tractable for executing
the compression from 2 - 31 terms to 2¢ terms.

The key computation for the proof of the product rules is done in sections 4 and 5. In section 4 we
use the basic structural calculus reviewed in section 3 to compute recursions satsfied by the coefficients
of the operators F;(X)1y and 19E;(X)1y when expanded in terms of the {11y | £ € Z} basis of the
completed 1g-projected double affine Hecke algebra. In section 5 we solve these recursions to provide
product expressions for the coefficients similar to product expressions for binomial coefficients.

Yip [Yil0L Theorem 4.2 and Theorem 4.4] gives alcove walk expansions of the products EyFP,, and
Py P,,. The illustrative [Yil0, Example 5.1] computes the alcove walk expansion of the product E3FP,,
for the SLs case. In this example there are 18 alcove walks which, after simpification, produce 6
terms. In general, for the product EyFP,, for type SLo, the alcove walk expansion of Yip will be a sum
over 2 - 31 alcove walks which simplifies to 2¢ terms.

The result of Theorem of this paper provides an explicit closed formula for each of the 2¢
terms which appear in the expansion of E;P,,. To our knowledge, this formula for E,P,, is new,
particularly the execution of the desired compression after executing the general double affine Hecke
algebra method of deriving product rules given by Yip [Yil0]. The g-t-binomial coefficients are given

j

Then Theorem proves that, for £,m € Z~,

—~

(g:9)e
t; i
} = Wq{fmﬂ" where (a;q); = (1—a)(1—qa)(l—q2a)---(1—q] 1a). (1.1)
q,t

(t:9); (G9)e—g

—~

¢

PZPm = Z Cg'Z) (qm) Pm+€—2ja
=0
= ,

E,P,, = Z a§- )(qm)Em+e—2j + b§» )(qm)E—m+€—2j= and
=0

¢
E_(Pn=>) t- b§£+1)(qm)Em—(€—2j) + a§Z+1)(qm)E—m—(Z—2j)7
=0

where

f} (q"q" U Y;q); (2qmq";q); (1.2)

ot (t@maIiq); (tgmgt =2t q);

)

O my _ O m 1—d77) (1—tq"q")
a (q ) =cC (q ) (1 . qé) (1 . tqmqZ_Qj) and
b(z)( m) _ C(Z) ( m) . (1 - qe_]) ) (1 — tqmq_(Z—J))
;4 -3 (1 — qé) (1 _ t2qmq—(é—2j))

The rule for the product Py P, is equivalent to a special case of the Pieri formula given in [Mac, Ch. VI
(6.24)]. The precise connection is derived in Proposition 2], reproducing work of Soojin Cho [Chol9].
Indeed, the rule for the product PP, is the “linearization formula” for g-ultraspherical polynomials
and appears in [[s05, Theorem 13.3.2], where it is stated that it is an identity of Rogers from 1894.
We have taken some care to try to make our exposition so that it contains all necessary definitions
and complete and thorough proofs of the results. Our goal, in hope that the powerful tools provided
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by the double affine Hecke will become broadly accessible and utilized, has been to make this paper so
that it can be read from scratch with no previous knowledge of Macdonald polynomials or the double
affine Hecke algebra. Section 7 provides explicit examples.
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appears in (5.6). Thank you to Soojin Cho, Charles Dunkl, Dennis Stanton, and Ole Warnaar for
helpful references on the orthogonal polynomial literature and to Jean-Emile Bourgine, Sasha Garbali
and Jasper Stokman for very helpful comments to improve the exposition. We thank Institute of
Mathematical Sciences Chennai for support which enabled A. Bhattacharya to visit University of
Melbourne in February-March 2023.

2 Macdonald polynomials for SL; and for GL,

In this section we introduce the electronic and bosonic Macdonald polynomials for types SLo and
G Lo and explain the relation between them. We show how product rules for type SLy Macdonald
polynomials convert to product rules for type GLo Macdonald polynomials. In Section 2.4] we check
that the Pieri rule for multiplying bosonic polynomials given in [Mac, Ch. VI (6.24)] matches with the
rule for the product Py P, stated in the introduction (and proved in Theorem [6.2]).

For working with Macdonald polynomials, fix ¢,t € C* such that the only pair of integers (a,b)
for which ¢%t* = 1 is the pair (a,b) = (0,0). Alternatively, one may think of ¢ and ¢ as parameters
and to work with polynomials over the coefficient ring C(q,t) instead of over the coefficient ring C.

2.1 Macdonald polynomials for type SL,
The electronic Macdonald polynomials for type S Lo,
Ey(z) € Clz,z™'], are indexed by (€ Z,
and the bosonic Macdonald polynomials for type SLo,
Py(x) € Clz,z7'], are indexed by ¢ € Z>.
Let ¢ € Z>¢. Using the notation of (1), the electronic Macdonald polynomials are given by

l : /—1 . .
E_y(z) = Z [ﬂ (1_7“1])%@—2]' and  FEy(z) = Z F B 1} th—é-ﬂj—m’

= Lilg (1 —1tq") J (1 —tg*=1)

and the bosonic Macdonald polynomials are given by
)4 / _
Py(z) = Z H A2
q,t

=0 W/

See §7.12] for the connection between these formulas and the formulas in [Mac03l (6.2.7), (6.2.8),
(6.3.7)].
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2.2 Macdonald polynomials for type GL,
The electronic Macdonald polynomials for type G Lo,

E(,Lu,,uz)(ml)l?) € (C[$17$1_17$27$2_1]7 are indexed by (MI)MZ) € ZQ’
and the bosonic Macdonald polynomials for type G Lo,
Py o) (w1, 72) € C[$1,$1_1,$2,$2_1], are indexed by A = (A1, A2) with A1, Ao € Z and A\ > Aa.

The E(,, u)(x1,72) and Py, y,)(71,72) are given, in terms of the Macdonald polynomials for type
SL27 by

1
)M—HLQEM—M (“7712 ) ) and

D=

By ) (21, 72) = (a1

1
))\1+)\2PA1—)\2($12$2 ) (2-1)

N

X

o= Fol-
D= DN o=

P()\l,Az)(ml)xQ) = ($

11 1
Equivalently, if m1,mg € 3Z then (2323)?™2 Eap, (2735 %) = E(ny 1ms,—my+ms) (1, ¥2). Another way
to express this conversion is to let

D=

11 1 1
1

y=alz? and v = 2}, ? so that z1 =yx and zp =y~ . (2.2)

Then the Macdonald polynomials for type SLs are given in terms of the Macdonald polynomials for
type GLs by

E2m1 ($) = y_2m2E(m1+m2,—m1+m2)(y$a y$_1) = E(m1+m2,—m1+m2)($a $_1)a (23)

for my,mg € %Z. The following picture illustrates the conversion between E, and E,, .,) given by

the formulas (2.3) and (21).

(/'Llalu’Q) € Z27
mi, My € %Z,

H1 =mj + ma,
H2 = m1 —ma,
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2.3 Converting product rules for type SL, to product formulas for type GL,

Assume that multiplication rules for multiplying type SLo Macdonald polynomials are given by
Ey(@)Pu(x) =Y a2 (¢™) Emyeo; 0 (™ E »
o(z) P () a; (a™) m—4-£—2j (z) + ' (™) —mA4-£—2j (z),

and

Assume (v1,v2) € Z2 and (1, u2) € Z2 with g > pa. Let
{=1v1 — 1y and m = 1 — [2 and d= py + po + v1 + vo.
Then

m+L—25+d=2(u +v1—j), and —m+{—2j +d=2(us +v1 —j),
—(m+ 0 —2j) +d = 2(uz + v2 + j), —(=m+0=2j)+d=2(u +v2+7).

1 1 1 1

Thus, with y = 2222 and o = 2, ? as in (Z2), the conversions in (ZI) and (Z3) give

v1—U9
¢
Pl o) (€1, 22) Py, gy (21, 22) = 4" T2 Py(a)y" T2 Py () = Z c§- @™y Pos—aj()
=0
v1—19
= Z C§V1—V2)(qﬂl_NZ)P(u1+ul_j7uz+yz+j)([1;17;1;2)7
=0

and

B ) (1, 22) Py oy (21, 22) = 4" T2 By, (2)y T2 Py (2) = Y Ey(2) Py ()

v1—ro—1 v1—ro—1

ag'Z)(qm)ydEmH—zj(iﬂ)‘i' Z bgg)(qm)ydE—M+€—2j($)
j=0

|
(]

=0
v1—ro—1
— (vi=v2)(p1—po
- a’j (q )E(,u1+l/1—j,,u2+l/2+j)(x17x2)
Jj=0
v1—ro—1
(v1—v2) pu1—po
+ bj (qM M)E(u2+ul—j,u1+uz+j)($17x2)7
Jj=0

and these are the multiplication rules for type GGLs Macdonald polynomials.

2.4 Comparison of the GL; case to Macdonald
A horizontal strip A/ of length £ is a pair A = (A1, A\2) and u = (i1, u2) of partitions such that

M1 — A - —

| |

p2 <Ao< pp <A and Ay —pg Ao —pp =4 | |

<H2» <— Ao — o —>
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Following [Macl VI §6 Ex. 2al, define

[[ L0 s
f(Qrimmiti=t) fqri—Nitagi =)’

Oxju = where flu) = ———

1<i<i<0(\)
and (2,q)o = (1 — 2)(1 — 2q)(1 — 2¢?) - - . Then [Mac, VI §6 Ex. 2a] gives that

(tv Q)Z
¢ q)e

it ge= Pyoy(r1,22)  then  goPuy ) = > x/uPouie)
>\

—~

where the sum is over A = (A1, A2) such that \/u is a horizontal strip of length ¢. Indeed this matches
our results, in view of the following Proposition.

Proposition 2.1. Let cg-z) (¢™) be as defined in (L2). Let X\ = (A1, \2) and p = (u1, p2) be such that
A/ is a horizontal strip of length £ and let m = puy — po and j = Ay — pg. Then

(¢,9)
(t;q)

¢ ¢
PN = cg» (™).
Proof. Letting A\; = p; + a; gives

f(qai—ajqﬂi—ﬂjtj_i) f(t—lqm—ujﬂtjﬂ—i)
PN = H flquigti=riti=t)  f(t—lq=%+1gli—Hi+1¢i+1-0)

1<i<j<e(N)
- 11 (tg™ gt " q)oo (9™ " M " @)oo
Lciziu @I T @)oo (BT @)oc
(qm—#jﬂ tj+1—i; Qoo (qt—lq—%‘ﬂ gHiTHi+ tj+1—i; q)
(qt—lql/«i_l/«jJrltj'l‘l—i; Q)oo (q—aj+1 qﬂi_ﬂj+1tj+1—i; Q)oo
(tq@i= % g HitI =% q),, (gt~ gt ghi TRt I T g)

= H A — Qg s — 4] —1
Leizia @4 )

[e.9]

aj+1

(g %+1ghi—Hi+1 titi-i. q)

j aj+1

When ¢ = j the first factor is

(tq[li—aj qﬂi_l‘jtj_i; q)aj (t§ Q)aj

and when j +1 = n so that a;11 =0 and p;41 = 0.

(gt lg @ttt g) (gt g )y )
(qarrgtitasiiti=t gy, o (qrtiti=thg)g

Thus, when () = 2,

Qe (tQ)ay  (tgr™ g 124271 g),,  (tT gt gl g),
Or/y = 1 2 2 2
G Dy (G D ay (g2 gm—r22-T, ) (q—w2gm—H2271; q),,

Since m = p1 — p2 and j = Ao — e = ag then a1 — ag = (a1 + a2) — 2a9 = ¢ — 2j and

U H (a5 9); (¢ Y Vsg); O (gm)
(tgg)e M~ il (tamad™2%9); (tg™q 5 q); g
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3 DAHA for SL; and the polynomial representation

In this section we introduce the type S Lo double affine Hecke algebra and its polynomial representation.
The double affine Hecke algebra is a source for a myriad of operators acting on polynomials. In this
section we carefully establish the identites between operators that will enable us to compute products
of Macdonald polynomials.

3.1 The double affine Hecke algebra (DAHA) for type SL,

Fix q%,t% € C*. Following [Mac03] (6.1.2), (6.1.3)], the double affine Hecke algebra for SLs is the C-
algebra Hj,; generated by TfEl,Xjﬂ,Yil,T;—Ll with relations TlTl_1 = Tl_lTl =1, XX 't'=X"1X=
LYY =YY =1, T,7;' =TT, =1 and

T,=YT{'=Tv™!, T XT7'=qgX
DX =X"Y, TY =Y, (Ti—t)(T1+t%)=0. (3.1)
It follows from the relations T3 X7} = X! and T} — Tl_1 — 12 — {2 that

Xr-X-r

1 1
X" =X"T t2 =17 2)———5—
1 1+ (22 2) T—x2

for r € Z. (3.2)

As a left module for the Laurent polynomial ring C[Y,Y ~!], the double affine Hecke algebra Hint
has basis {X* | k € Z} U{X*T} | k € Z}. Letting C(Y) denote the field of fractions of C[Y,Y 1], the
localized double affine Hecke algebra,

H = C(Y) ®cy,y-1) Hint,

is the algebra with C(Y)-basis {X* | k € Z}U{X* T | k € Z} (as aleft C(Y)-module) and the relations
in (3)). Although the polynomial representation of Hiy (which is where the Macdonald polynomials

live, see §3.2)) is not a H-module, there are operators on the polynomial representation which we can

source from the larger algebra H. The operators which we wish to access are the intertwiners 7 and

7 and the normalized interwiners 7, 7, 7 and n~!, which are defined below in 33)), (3.9), GI0)
and (B.110).
3.1.1 Intertwiners and the bosonic symmetrizer

The intertwiners 7' and 7 and the bosonic symmetrizer 1 are defined by

1—t
Tl\/:Tl—l-t_%ﬁ, ™ = XT, and  1o=T) +t 2. (3.3)

In [Mac03, (6.1.6) and (6.18)], 7, is denoted « and 7,/ is denoted fS.
Proposition 3.1. Then

Y =Y/, VY = Y_lq_%n\r/, (3.4)
w2 _ 11—tV (1 — Y2 V2
(Tl ) (1 — Y2)(1 — Y_2) ) (Tﬂ') ) ( )
1 v 1 (1—-tY™?) v 1 (1—tY72)
Th1lg = 1917 =t2 1o, 1()7'1 =1pt" 2 m, T 1p=t (1 — Y_2) 1o, (36)

1—ty? 1—t7ly—2
12=1,(t2 +t72)  and 10:T1\/+t_%ﬁ_ v -ty
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Proof. Using the relations in (310, (7V)? = XT1 XT3 = XX ! =1 and

Y = XT\)Y = T 'XY =T g 2 T XT-'Y
P 1 1 1 4 mx Lo

= T g T, XTI LTy = q 2T T X Ty = q 2T Tty = g2y 7.

Using
1 (1-1) -1 1 _1 1 (1—1¢)
=T =T —t
=T+t G-y + (2 2)+t Ty
1
_ 72 (1 =Y 2) 4t 2 4 i (1—t)Yy 2
=T 4+ (1—1t) =T+t ,
! (1-Y"2) ! (1-Y~2)
then
o a(1—tYy2 _ 11—ty —t
vy = (71 3OV N ey
Y = (T e (1—Y—2)) A . )
-1 -yt 1 (1—-1) “1_v
=Y T1+t zm—y (T1+t 2(1—Y_2)) Y T
and
VA2 —1 (1—75) vV o_ V vy—1 (1—75)
4 1(1-tYy—2 _1 (T=%) N1 (1-1)
P S Chnl)) S Ty +t
(Tt 2(1—Y—2)>+( R T VAR (I )

(1—t) (1—-t) (1-Y2-Y241+4+t71-2+1)

:1”_1(1—1/—2)(1—1/2) -

(1—-tY?)(1—tY—2)
I-Y)1-v2) "

=¢!

Since lg =Ty +t 2 =T — Ty '+ Ty 172 = (t2 —t72) + Ty ' 4472 = T 4 2 then

I-v)(1-v?)

(3.8)

1 1 1 1 _1 1 2 _1 1 _1
10T1:(T1 +t2)T1:1+t2T1:t2(T1+t 2):t210 and 10:10(T1+t 2):10(t2 +1 2).

Similarly for the product T71g. Then

1 (1—1) 11 (1=1)
Y o S e B Y B B e B
071 o\41+ 2(1—Y—2) otz + 2(1—Y—2)
and similarly for the product 7\'1y. Finally
_ v (=) -3 _ v —l(_Y_2)_ v
10—7’1 —t 2m+t 2 =T +t 2 1_v-—2 =T +1
3.1.2 Normalized intertwiners
Define normalized intertwiners
1(1-Y7?)
Ne = T;r/ and Ns1 = t2 m’ri/

1ot~

(SIS

(1 -ty —2)
(=)

(3.9)
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Then define
1 (1Y) 1 (1-Y?)
N =MNxNsy = T7\r/t2 mTlv =12 mTXTlv (310)
_ 1 (1-Y~2)
and Nl = sy = t2 v ty_2)¢1VT7Y. (3.11)

Warning: Although n and n~! are inverses of each other as elements of H, and these are well defined

operators on the polynomial representation (see Proposition [B.3)), as operators on the polynomial
representation 7 and ! are not invertible operators.

Proposition 3.2. The following relations hold in H:

=1, mi =1 g =nan " (3.12)
1 1 _ 1
Y =Y g ., n,Y =Y 'n,,  nY =Yg, (3.13)
_1(1— th) o, (1= tY_2)
1o = (1 + 7781)t 2 m7 T)sq 1y = 1o, 107781 = 1ot m (3.14)

Proof. From [B.H), n2 = (7/)? = 1. Using 7Y = Y17\ and the formula for (ry)? in [B.35) gives

2 _ .1 (1_Y_2) v, i (1_Y_2) v_t(l_Y_2) (1_Y2) v,V
R ) I e ) L e ) N e ey SR
1-Y72) 1-Y?2) _(1-tYH(1—-ty2)

T ) N U v R B v R ) M

Then
Msy = Nallsy sy = T = Nsy Nsy e = Ny

The relations 7, Y = Y‘lq_%n7r and ns,Y = Y 15, follow from (3.4 and

_ 1 1
nY =nms Y =n:Y ng, = Yq2nm,, = Yqrn.

Using (3.7,
1—tY?) L, (1-Y?) 1 (1 —tY?) 1 (1 —tY?)
1y =7V L=t S PN SRR S | L S SLL I S AVES S L
o=T R Ty G LN )t A=vy ~ e TV
By the last identity in (3.6]),
1 (1-Y7?) 1(1-Y7?) i (1-tY?)
wlo=ti— V1 =t -t 1o=1
Talo = Ty 0 T Ty 2y Ty 0T 0
and, by the second identity in (3.0)),
N e BV O B (e e PR B C N (e )
Toms, = 1ot2 21 = 197Vt = 1ot t 1ot
0l = 20V Ty =2yt T RO B Ty TR0 Ty Y gy T iy 2)
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3.2 The polynomial representation f[intly

Let ﬁintly be the ]:Iint module generated by a single generator 1y with relations
Ty = tély and T:1y = 1y.

Then Y1y =T, T11y = tély and

Hinly  has C-basis  {X*1y | ke Z}.

Using the second relation in (BI) and (32), the action of Hiy in the basis {X*1y | k € Z} is given
explicitly by
XX "1y = X" 1y, T,X"1ly =q2X "1y  and
1 1 1 X —-X7TT
X "1ly =t2X""1 t2 — 1 2)——5—
1 X 1y y +( )12

The electronic Macdonald polynomials are the elements E,,,(X) € C[X, X 1], m € Z, determined by

1y, for r € Z.

YEn(X)ly =t 2¢ 2 Epn(X)ly, if m € Zs, and
YE_p(X)1ly = t2¢% E_py(X)1ly, if m € Zso, (3.15)

with normalization such that the coefficient of X" in F,,(X) is 1. The electronic Macdonald polyno-
mials are given recursively (see [Mac03l (6.2.3)]) by Eo(X) =1 and F1(X) = X and

1 1 (1—tY?)(1 -ty 2)
TlvET(X)ly =1 QE_T(X)ly, TlvE_T(X)]_y =1 2 (1 — Yz)(l — Y_2)

VE(X)ly =t 2E__(X)ly. 7/ E_(X)ly = t2E41(X)1y, (3.16)

E.(X)1y,

for r € Z~¢. Note that T){E()(X)ly =XT11ly = t%le = t%El(X)ly and
VB (X)ly = XT1 X1y =t 2 XTI XT1ly =t 2 XX 1y =t 2Ey(X)1y

and

-1

1
TlvE()(X)].Y = <T1 +t 2 m

(1 — t) ) 1 _1 1 1

—1 :(t2 t 2 )1 = (t2 —t2)1ly = 0. 3.17
(1-Y2) Y + y = ( )1y ( )
As pictured below, the elements 7/ and 7Y can be used to recursively construct the electronic Mac-

donald polynomials.

The bosonic Macdonald polynomials Py, (X) € C[X, X 1], for m € Z>, can be given [Mac03), (6.3.10)]
by
t(1—q™)

Ppn(X)ly = E_,,(X)1y + (1 —tq)

En(X)1y. (3.18)

10
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Applying (3I5) to (3I8) and using 7 E,(X)1y = t_%E_r(X)ly gives, for m € Z~o,

(1—t'Y 2

vy Pm(X0ty = t210Epn(X)1y, (3.19)

Po(X)ly = t27YEp(X)1y +t

where the last equality follows from (B.7)).
The following Proposition analyzes the action of n and n~" as operators on the polynomial rep-
resentation. It shows that 7 acts as a raising operator with 7Ey(X)1y = 0 and that ™! acts as a
lowering operator with 7! E;(X)1y = 0. The operator 7 is pictured in blue and the operator n~! is

pictured in red. The coeflicients below and above the arrows provide the constants which appear in
the formulas for nE,,, ng,,, ' En and 71 E,, which are derived in (3.25), (3.26), (3.27) and (3.28).

1

1 . 1 1 1 1
t2(1-¢%) t2(1-¢*) t2(1-q) O t"2(1—tq) t~2(1—tg)
1—tg3 1—tq? 1—tq 1—q 1—q?

s E_, E_, Eo E o Es (3.20)

1 . 1 . 1 1 1 .
t—2(1-tq®) t"2(1-tq®) t_2(1—tq) 0 t2(-q t2(1-¢%)
3 1—q2 1—q 1—tq 1—tq?

It is important to note that  and n~! are not invertible as operators on the polynomial representation

(even though they are inverses of each other as elements of H). This phenomenon is of the same nature
as the fact that (1 —¢71Y) is a well defined element of H with inverse (:[T% in H, and (1 —t"'Y)

is a well defined operator on C[X, X ~!] that is not invertible as an operator on the polynomial
representation C[X, X 1].
The identities

o . -1y —2,—(0-25). . Y—2.9).
—(t—4),j _ 4 (e-2j) | (t'Y ¢ 7Q)Z—j' ( 14); .
(3.21)
Y 2¢2% ) (Y 2q59) -
(Y =252+ q); (471 ~2q59)0—j

iy CDE_ (X)1y = 43 (6=29) | eVm( )E_m—(z—2j)(X)1Y-

(3.22)

follow from (3.:24) and (3.23]) of the following Proposition by replacing j with £ — j (we keep the same
conditions on j and ¢ as in Proposition 3:3]). They will be used in the proof of Theorem

Proposition 3.3. As in (310) and B1I), let

Let evy,: C[Y,Y™1] — C be the homomorphism given by ev,(Y) = t2¢72™ and extend evy, to
elements of C(Y') such that the denominator does not evaluate to 0.
If ¢ € Z>o and m € Zsg and j € {0, ..., ¢} then
‘ . 1 . =1y —200=27. ). Y2 q)_;
U_]UZ_]Em(X)lY = t_§(£_2]) : eVm(( (Y_quq_gj; (]7)?] ' (t(_ly_gq;)qe);_j>Em+€—2j(X)1Y7 (323)
(Y 2N ) (Y 2g59);
(Y2~ (20t q)y (7Y 2g59);

NI E_,(X)1ly = t3(=2j) evm< )E—m+£—2j (X)1y.

(3.24)

11
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Proof. Assume m € Z~. By (B.10) and (3.13)),

NEm(X)1y = t%%TlevEm(X)ly = t%%ﬂt‘%j}?_m@()ly
PO %t@mmx)ly — 3 ((]Ll_—ttt—_lé—_(:nill)g)) By (X)1y
_ ¢ (1(1—_’5_;_‘1;?) Bt (X)1y = t—%%%ﬂ(xny. (3.25)
Thus, for ¢ € Z>¢ and m € Zo,
B (X)1y = 75_%4(1 —tq™)(1 —tg™ ) (1 — tqu_l)EmM(X)ly

(1 _ qm)(l _ qm—i-l) . (1 _ qm+€—1)

O 0 ), (01

_1ly
=1 2%ev (7
"\t 2q),

Assume m € Z~q. Using [B.10), (3:4) and (B.I5]),

1-Y?2 1-Y?2 1—tY?2)(1 -ty 2
A=Y v vy 1y = p L2V v,y (= tV)(A -7

-z (1T—07%) 1-Y3)(1-Y-2)
- Ty (g
Tt e
<f1_§?1_;)n%<1 t—z iqmi) ((11—_ ttg;))t_;E—(m—l)ly e i)

E,(X)1ly

T]E_m(X)ly = t%

E i1 (X)1y.  (3.26)

By B.11),

D=

1-Y?
( a) TV Ey(X)ly =0=t

1
FEo(X)ly =t2 —— %
n 0( ) Y 2(1—tY2q) ™

Thus, for ¢ € Z>¢ and m € Z>o,

1 (1_ m—é-i—l..m)

1 q
WZE—m(X)lY = tZZ(l _ tqm—f—l—l..m)E_eré(X)lY

_ o m—e+1y . _.m—1 _.m
:t%éevm( (1-¢ ) (I =q" )1 —q™))
(1 —tgm=tt) - (1= tqm=1)(1 — tq™)
(t'Y 2 D),
(Y2¢=(=D:q)e

)E_m+g(X)1y

)E_m+g(X)1y,

1
= tigevm(

where the right hand side evaluates to 0 if £ > m (because the denominator factors are all nonzero
and the numerator contains a factor of (1 —¢°) =1 —1=0).

12
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Assume m € Z~. By (3.16]) and B3.15]),

1 —Y2 1 —Y2 1
1 En(X)ly =t T B (X1 = ﬁ%ﬁt‘w—m—nwﬂy
1-Y72) 1(1-tY?)(1 -ty 2

= vy B (0

— (1—tqm_1) _% (1—(] (m ))(1—t2 m— 1)

T (1 —2gmhy T (1=t g D) (1 — g 1)Em—1(X)1Y
—t%wl@ (X)1 (3.27)
(1 —tgmY) m—1 Y- .

In particular, 71 E1(X)1y = 0. Thus, for £ € Z>¢ and m € Z~y,

3 1 1—gm™ ... (1 =™ 2)(1 - m—1
W En(X)1y — tzé(l( : t;lm_e))' . ((1 - i]m_Q))((1 _iqm_)l)Em_g(X)ly

Lo (Y2 )
where the right hand side evaluates to 0 if £ > m.
Assume m € Z>o. By (3.16]) and (B.15]),
_ 1 (11— Y_2 1 (1-Y2 1
e (Lt )
) )t 2B () (X)1y = t2 = tt—lq—(m“))E_(m“)(X)lY
1 1—¢— —m 1 1 1_tqm+1

Thus, for ¢ € Z>¢ and m € Z>o,

_ tqm+1)(1 _ qm+2) . (1 _ qm-i-é)

¢ VNG
E_,(X)ly =t 2" E_,, (X))
0By =k CEIR O Aot oy
_1 (Y 2q;9)e
= ¢ot m|l —————— | E_m_e(X)1y.
- ((t_ly_QQ;Q)e) X1y
]
3.3 Some identities in [
Proposition 3.4. Let { € Zq. As elements of Hint,
——(1—t) -1 v
B (X)1g =13 (17" + ¢ ﬁ)E4<X>10, Epp1(X)1o = 27V E_o(X)1o,  (3.29)
and )
Pg(X)].() =t2 10E5(X)10. (330)

Additionally, E1(X)1o =t~ 27 Ey(X)1,.

13
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Proof. (a) Let Q1(X),Q2(X) € C[X, X !] be such that

(1 — )t
o (1 + o 2O B0 = 0T+ Qu)
Then, by (B.14]),
E_o(X)ly = 31V Ey(X)1y = t3 (Tl_l £ ((11__?/:2>EZ(X)1Y

Since {X*1y | k € Z} is a basis of H1y then E_y(X) = Q1(X)tZ + Q2(X). So
E_y(X)1o = (Q1(X)t2 + Q2(X))1o
(1 —t)g't

= (@) + QX0 = (17 +473

)Eg(X)lo.

(b) Let Q1(X),Q2(X) € C[X,X"!] such that t 27YE_y(X) = XT\E_(X) = Q1(X)T, + Qo(X).
Then, by (.10,

B (X)ly = 727/ B_o(X)1y = (Qu(X)T1 + Qa(X))1y = (Qu(X)2 + Qa(X))1y.
Since {X*1y | k € Z} is a basis of H1y then Eyq(X) = (Q1(X)t? + Q(X)). So
Ep1(X)10 = (Qu(X)t2 + Qa(X))1o = (Qu(X)Th + Q2(X)) 1o =t~ 27 E_y(X)1o.
(¢) Let Q1(X), Q2(X) be such that t219E,(X) = Q1(X)T} + Q2(X). Then
Py(X)1y = t219E,(X)1y = (Q1(X)T1 + Qa(X))1y = (Qu(X)tZ + Q2(X))1y.
So Py(X) = (Q1(X)t2 + Q5(X)) and

P(X)1o = (Q(X)t2 + Qa(X)) 1o = (Q1(X)T + Q2(X))1g = 219 Ey(X) 1.

O
Proposition 3.5. Let
(1—tY?) (1—1t) (1-tY2%gh)
Y)=-——=~ d F(Y) = L€ Z~og.
C( ) (1 — Y2) an é( ) (1 — tqg) (1 — Y2) ) fO’f’ € Z>0
Then, as elements of H,
1
E_g(X)].() = (nslc(Y) + FE(Y))EE(X)].O and E[+1(X)10 = t_ET]WE_g(X)lo. (331)

14
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Proof. Using the first identity in ([3.29), (3.8]) and (3.9),

E_g(X)l() = t% (Tl_l T2 %)EZ(X)]-O
iy (- HY (- t)q't
=1 (Tl —1 m‘Ft m)Eg(X)lo
=ty ()Y T gV 4 g 1Y)
=t (t (1-Y72) T+ (1-Y2)(1—q%) >EZ(X)10
1 1 1—tYy? (1 — 1+ d4v?2
= t3 (¢4, ((1 —ty2)) i (th)_( 1)(+ g tzt) )>EZ(X)10
1—tY?) (1-t)(1—-tY?3g)
= (. 7t T ) Ee(X)10,

where the next to last equality follows from the second identity in (3I3]). Then, by (3.9]), the second
identity in (3.29) and (.10,

(1—-1tY?) N (1 —1)(1 —tY2%gh)
=¥ -1 -v?)

_1 _1
Epr(X)10 = t 3, E_o(X)1g = 73 (77 )EZ(X)IO

4 Operator expansions

Let C(Y) be the field of fractions of C[Y,Y ~!]. As indicated in Section B.I] as a left C(Y)-module,
the localised double affine Hecke algebra

H has C(Y)-basis (XM | kezyu{X Ty | k e Z}.
Then H1g is a C(Y)-subspace of H and
H1y has C(Y)-basis  {X*1¢ | k € Z},
since, by the first relation in (B.6]), 711y = télo. The sets
{Ex(X)1y | k€ Z} and (" (X)1o | k € Z} are also C(Y)-bases of H1y,

and the results of this section and the next provide explicit product formulas for the transition coef-
ficients between these bases.

4.1 Definition of D\’(Y) and K\"(Y)

Define functions D](-Z_l)(Y) for ¢ € Z~ and D](-_Z) (Y) for £ € Z>( by the expansions
/-1 ' l
E(X)1o=)Y_ n"¥D{"V(¥)1,  and =S D)1, (4)
§=0 §=0
Define K](-Z)(Y) for ¢ € Z>o and j € {0,1,...,¢} by
¢ .
LoE(X)1y =Y 1o 2 KO (v). (4.2)

J=0

15
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For example,

Bs(X)lo= n*DP (V)19  +nDP (V)19 +9 1D (V)1

E3(X)1g= 7*D{Y (V)10 +9DS P (V)1y +9 DU (V)1 493D (V)10

and
10E5(X)1o = 10 K (V) + 10n K2 (V) + 100 ' KP (V) + 10n 3K (V).

See Section [74] for examples of the first few of the functions D](-Z) (Y) and K J(Z)(Y). Proposition
below provides a formula for the K ]@ (Y) in terms of the D](»é)(Y).

4.2 A recursion for the D§Z)(Y)

The following Proposition provides recursions determining the D](-Z) (Y), showing that the D](-Z) for
¢ €Z>oand j€{0,...,¢— 1} form something like a Pascal triangle,
D
D((]l) D§1)
D(()2) D§2) D§2)
D(()S) Dgi’)) Dé?)) Dé?))
Proposition 4.1. Let D](.Z) (Y) and DJ(»_Z)(Y) be as defined in (41)).
(a) If ¢ € Zso and j € {0,...,L} then D](-_Z)( )—t D (Y b,
> and the recursion

(b) The D](-Z) (Y) satisfy, and are determined by, Déo)(Y) =t"

(1-t)(1—-ty—2)
(1 —tg")(1 =Y ~2¢7)

Dy,

NI

=
~
L
=
—
~
:—/
S
&~~~
s
I

DY =1tz t

(1 _t—ly—2qé—2j) (—1) (1 —t)(l —thY 2 Z 2]) (=1)
(1—Y~2¢-2) 77 (1—tgH)(1 — Y2 z 2j) i

Proof. (a) Using the first relation in ([4.1]), the second relation in ([8.29]), the second relation in (@.I]),

(V) +t2 (v—1. (4.3)

l l
. 1 N
Z T]£+1_2JD§»£)(Y)1Q = Eg+1(X)1() = t_%T;T/E_g(X)lo =t 2n; Z ?7_[+2ij(» Z)(Y)lo.
=0 =0

By B12), (B.I3]), and the second relation in (3.14]),
—042j ~(—t 0425 (—¢ —0425 (—¢
e DO (V)1 = tensy ey~ HF D (V)10 = e =D (V)1
25 ~(—¢ — —92j —L _
=D (Y Yy, 10 =t H D (v,

¢
So an—l—l 2yD(€ — 3 an 2J+1D “H1,, giving DJ(-Z)(Y) = t_%D§_£)(Y_1)-
j=0 7=0
(b) Let

and F(Y) = 1=t

f Z<0.
0 th) (1-vy @~ lortei

16
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By (1)) and the first relation in (B.31]),

V4
S n FHDII (V)1 = Eo(X)1 = (n,0(Y) + Fo(Y)) Eo(X)1g
7=0
/—1
= (ns,c(Y) + Fo(Y)) Y0~ % D\ (v)1,
§=0

By (BI3) and the last relation in (3.12]),
Nor (VI P DTV Y) = oy Pe(q22Y)DITI (V) = 072 (g2 DY) DI (Y)
— n—(€—2j)C(q—%(€—2j)y—l)D](f—1)(Y—l)n81

and Fy(Y )"~ D™D (Y) = o2 Fy (¢~ )Y)DY (1), So

, -1
Zn—(ﬁ—%)pj(_g)(y)lo = (s, c(Y) + Fo(Y)) Z 77Z_2jD3(‘£_1)(Y)10
=0 =0
/—1 1 it . 1 ; -1
= § 72 (g3 2])y—1)D](. Dy 1, + an_%Fz(q_i(g_zj)Y)Dg(' )1
i=0 7=

where the last equality uses the relation 7,19 = 1p from (3.14)). Putting £k = ¢ — j in the second sum
makes j = ¢ — k and

~

—1 l
nz—2(z—k)F£(q—%(z-2(z_k))Y)D§e—1)(Y)lo _ Z n—(£—2k)F£(q%(£—2k)Y)Déé kl)(Y)lo

<

I
)
=

Il
—_

Thus Z§:0 n_”QjD](-_Z)(Y)lo is equal to
n el —%ZY—UD“‘”(Y—% +0'Fyla~ =)Dy (V)1

+Z” (¢~ 2] c(q —L1(- 2])Y_1)D](.€_1)(Y_1)—|—Fg(q%u_zj)Y)Déé__jl)(Y))10,

which implies
DY) = e(q 'y DY V(v Y, DY) = F(q #'Y)D{V(Y),  and
DY) = e(q 22y DIV () 4 Bi(gr ¥y ) DN (),
for j € {1,...,¢ —1}. Combining this with the identity D](-Z) V)= t_%DJ(»_Z) (Y1) from (a) gives
D(Y) =t 2e(qg 2 Y)DY(Y), DY(Y)=t"2F (g 'y Dy (YY), and

1

DY) =t 2e(q 2 2Y)DI TV (v) 4+ 72 (2 WY DT (v Y.
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4.3 A formula for K](-Z)(Y) in terms of the Df)(Y)
Since Ep(X) = 1, equation (Z2) and the first relation in [B.7) give 19Eo(X)1p = 1% = 10(75% + t_%)
so that ) )
K =t2 42,
Proposition 4.2. Let ¢ € Z~( and let K](-Z) (Y) and D](-Z_l)(Y) be as defined in (A2l and (AI)). Then

(1—-1tY?)
(1-Y2)’

1—t71Y2¢Y) (1 - tY?)
(1—tY2¢5(1-Y2) ~’

KO) =

and, for j € {1,...,0—1},

1y -2 -2 6—2j 1y
KOy =espt D)LY g plen oy U2 70 ) Q2 V) oy

J J (1 _ Y—2) —J (1 _ t—ly—2q4—2j) (1 _ Y—2) :
Proof. Let , N
(1 =ty?) (1-t7Y 79
V=T "oy

Then, by ([@.)), the first relation in ([3.14]), the second relation in (3.I3]) and the relation nns, = 15,17
from (B.12)),

-1 -1
l— _1

1o Ee(X 102# 22 =163 0 DIV W) (14 4, )t 2e(Y)
Jj= 7=0

/-1 ) /-1 )

/—1 _1 /—1 _ _1

=310 HD VW)t ze(Y) + 3 1one DY (Y e T e(y).
j=0 j=0

By the last relation in (3.14]) and the last relation in (3.13]),

—2 -2 —(—-25
(1-tY™7) - (E=2) g (E-20) 41 (1 -ty —2q~(720))

—(0=2j) _q 41 A )
Longn 7 = 1ot -t 1v2) (1= 1y 2q-2))

and thus, by reindexing with k = ¢ — j and using —(¢ — 2j) = ¢ — 2k, the second sum is

{—1 l

(0—27) (=1 _ 1—tY_2q€_2k) 0—1) jxr—1y,— L
> Lo DR =21 o e DISD e ey,
j=0 k=

Hence, by (4.2),

¢
Zloﬁg_zjK]@(Y) = 1oEy(X)1o
=0

=1 -2 z 2k
B =2 =) r—op (1 —1Y ) - 1) 1
=21 ) +§ 1ot~ gy D (el ),
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5 Product expressions for D;f)(Y) and K j@)(Y)

In this section we establish product formulas for the coefficients in the operators

/-1 14
_924 {— Z
1o=Y 74DV (¥)1,, =S D)1, and
= ]:O

¢
10E5(X)10 = Z 10?76_2jK](-€)(Y).
j=0
These coefficients turn out to be something like generalized binomial coefficients, determined by the
recursions that were established in Proposition 4.1] and These product formulas provide a kind
of binomial theorem for operators E,(X)1y and 19FEy(X)1g, as elements of the double affine Hecke
algebra H. The final result is Theorem [5.4

5.1 g¢-t-binomial coefficients

For ¢ € Z>p and j € {0,...,¢} define

. / :
. p— _ _ _ 2 . _ ]—1 — (txq)l
(z;9)j =1 —2)1—2¢)(1 —2¢7)--- (1 — 2¢’ ") and L} t s @ (5.1)
q t:9); (50)e—;
For a,b € Z with a < b let
(1= 2" = (1—2¢")(1 —2¢"™") - (1 — 2¢" ) (1 - 2¢").
With this notation,
0 _  0-d) -t ) (=gt (g
j ot - (1 _ ql..j)(l _ ql..Z—j) (1 _ tqo..e—l) - (1 _ ql..Z—j) (1 _ tqj..e—l) :
Then
‘ ¢ (+1 ‘ 1— g™ (1 —tg7
[E } :[] and [ + } :[] -(1 q“_l)_(j 1 qt Z)‘ (5.2)
AR I gt J dq APY: (I-gq )(1 —tq")
5.2 Y-binomial coefficients
For ¢ € Z>p and j € {0,1,...,¢} define a rational function in Y by
<€> ('Y %70 i) S 4" q); (5:3)
j Y (Y q;9q )— (Y q JaQ)J ‘ ‘

An alternative expression is

14 (1-— t_lY_2q_(j—1)--é—2j)(1 _ ty—2q€—2j..£—j_1)
<j>y N (1 —Y2¢Ll=5)(1 — Y 2¢=i-—1) :
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which, in the alcove walk point of view of [Yil0], might be thought of as a weighted alcove walk of
total length ¢ with j left moving crossings and ¢ — j right moving crossings.

1t~y —2¢4=G-D 1—t— 1y~ 2462
1-Y2¢q T—Y 207
‘[
14y~ 24¢—2 1ty 24091
1-Y —2¢—J 1-Y —2¢—1

Then (see the examples in Section [7.3])

Y (1 _ t—ly2q—(€—j—1)..e—2(é—j))(1 _ ty2qé—2(é—j)..é—(€—j)—l)
<€ - j) y-1 (1 = Y2ql-t=(=0)) (1 — Y2q~(=)-—1)
(1 _ t—ly2q—(€—j—1)..—(é—2j))(1 _ 75}/2(]—(6—2]')..]'—1)
(1= Y2q )1 = Y2q 7T)
(1 _ ty—2qé—2j..€—j—1)(1 _ t—ly—2q—(j—1)..é—2j)
=Y 27 )1 —Y 2
(t—1Y2)j (q—(f—j))jq%j(j—l)(tyﬁ)f—j (q—(f—2j)—1)f—jq%(f—j)(é—j—l)

V2 230Dy 2(6—3) (g (6=3+1))t=j g3 (=) (=i =1)

; 14
=t < ) ' (5.4)
Iy
Also
e+1y (11— 1y - q—(j—l)..£+1—2j)(1 — Y 2gtH 12
iy 1Y 2qLtr15)(1 _ Y 2¢-3-10)

_ ¢ (1 — t_1Y_2q€+1_2j)(1 _ tY—2q€—j) (5 5)
IRV y (1= tY —2¢t=27)(1 — Y ~2¢t+1-9) .

5.3 Definition of the products I~(§Z)(Y) and D§é_l)(Y)
For ¢/ € Z~¢p and j € {0,...,¢} define

- . — tqtI —tY 2q0-3
q,t Y

J J (1—tq") (1 —tY—2¢=%)
o 1 [l ¢ (1—tg"7) (11—t 1y —2¢g=(=0)
D( Z)Y:t 10, t) . . . . . 5.7
J (Y) 2" (qt) gl (—j)y (1 —tqt) (1 —t-1Y—2¢—(¢=2)) (5:7)
_v—2,0-2j _ =1y -2
(0 oy 1) 1o | ¢ (1-Y~2¢7%)  (1—t"ly2)
KY(Y) = . . . . . ]
j Y)=t" t uq,t (j y (I—t71Y2¢7%)  (1-Y7?) >

The following Proposition provides useful relationships between these expressions which follow from

(E2), B3) and (&4).
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Proposition 5.1.

A (6-1) _- a4 -
Dj (Y):t_%'(l_qf ]). (1-Y 2qf 7) ' (1-Y 2) (59)
E(y) (1-¢) (1-Y~27%) (1-t71Y?) '
A (6—1) yr— . _ I .
DESOTY s 0=d) 0¥ a-evR) oy
K () 1-¢) A=t7'Y72) (-t 2¢"%) (1-Y2¢%) .
= (¢ . . ,
D (v) - ) (L—gtT) (1) (1- Y2t 5.10)
INJJ(.ZH)(Y) (1 —tq™19)  (1—¢™) (1 -ty 2¢f1-3) (1 — {1y 2¢+1-2) :
~ (0) _ . o
Dy () A=t 0) (1= L=ty 2¢717) |
5 (0) _ . L ey 1o
Dz+1—j(Y 1 i (1—¢4) N (1-Y2¢ (1 - =1y =240+ 2)1) (5.13)
DJ(_Z)(Y) (1 _ q£+1—y) (1 _ ty—2q2+1—2y)(1 _ Y—2qZ+1—j)’

Proof. All of these are proved by using the relations (5.2)), (5.3]) and (5.4]) and cancelling all common
factors from the numerator and denominators. The proof of (5.9)) is similar to the proofs of (5.11I),

(GI12) and (513) and (5.10), which are as follows.
Using (5.6), (5.5) and the second relation in (5.2) gives (5.11)):

DOy = =3+ =i | —tg™) (0N (=Y 2¢)
] Jlee A=tg®) \j/y (1—tY=2¢2)

PR TS IR WS B FJF 1} (1—¢" N0 —g] (1L—7"7)
q,t

i e Q=g )1t  (O—t7)
<€+ 1> 1 —t¥=2q20) (1 — Y ~2¢"+1-9) 1 —t¥=2*g"77)
J )y (L=t 20 (1 = ¥v=2qT) (1 4¥="q"%)

(1 _ tqé—i-l) ' (1 _ qZ—i-l—j) . (1 _ ty—2qé+1—2j) . (1 _ Y—2q€+1—j)
(1 _ tqé-l—l—j) (1 _ qé-i-l) (1 _ ty—2qé+l—j) (1 _ t—ly—2q6+1—2j)'

— t_% ~‘§Z+1)(Y) .
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Using (5.6), (5.4) and the first relation in (5.2) gives (5.12)):

) (1- tqz—(£+1—j)) / (1— ty2qf—(€+1—j))
04+1- j] e <€ +1- j> yor (1= tY2q=20+1-0))
:tj—1,|: (41 :| (1 Z-i—l Z-i-l]MW

C+1—j),, 1_qz+1w (1—tq*)
0+1 (1 — LY2f=26T70)) (1 — Y2t 1= (0h1=0)) W
. <g +1 —j> - ) (1— t—1y2qé+1—2(é+l—y))(1/_tﬁq!>%ﬁ—/jr) : W

:ta'—l-[“lLt.(“—q” .tg+1_2j.<e+1>y.( (1Y)

t%(é—i_l)bé?l_j(y_l) — te—(é-i-l—j) . |:

j 1— qZ—l—l) j 1— t—1Y2q—(£+1—2j))
e [M—l] . ((1 —¢) <£+1> . A=Y 2q7)  ireri
q,t Y

j 1—g4h) 1 — tY —2¢0+1-2j)
— g1 P 1-td"™) (-¢) (Q—t¥= ) (=Y %)
! (1 —tg*1=7) (=g (L—tY2¢"H177) (1 — 4y =2qH17)

(1—tg")  (-¢)) (1-Y3¢7)
(1 —tqtt1=3) (1 —¢t1) (1 =ty 2¢0+1-5)

_ T HE ().

Equation (5.I3)) follows from (5.12]) and (5.11). Using (5.13) and (5.9)
(1-¢) A-t7'Y2"%) 1-Y?q7)
¢ - 23 (-7 %)

AT Q=¥ (1-Y7?

(1-¢) ([1-Y247%) (1-t1Y7?)
(1-¢) Q-t7'Y2¢"%) (1-Y?¢7)
(—¢"T) (-0 2%) 1=y

which gives equation (B.10]). O

DN = gD N ()

= t2¢' 7 K(v)

5.4 A recursion for the D](-Z)(Y)
Proposition 5.2. Let { € Z>( and let D§£)(Y) and DJ( 2 (Y) be as defined in (4.1]).
(a) If ¢ € Zso and j € {0, ..., L} then D](-_Z)(Y) = t%DJ(-Z)(Y_l).

(b) The [)](-Z) (Y) satisfy, and are determined by, [)éo)(Y) =3

and the recursions

. L (1)1 —tY"2) (e
). BOW) :t_i(l(—tq;))((l—;”q)“)Dég ’

(1— t_1Y_2qé) D(g_l)

(1 _Y_qu) 0 (Y_l)’

DY (v) =tz

(1 _ t—ly—2q€—2j)
O )

(L= 01— g'tY 2 72)
(=t - Y 2¢72)

DY) =t DY) 173 Y.  (5.14)

forje{l,...,0—1}.
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Proof. (a) Using (5.4]),

. ¢ . M B ) 14 . (1—t7ly—2¢=(t=9)
J)y-1 (1 —tY2¢t=2) (—j)y (1—t1y—24-(=2)

YN 1— ¢ty 2= (=)
= (qt)’ ; ’ ( —1y -2 q— 6—2‘)‘
(—j)y (1—t71Y—2¢=(=2)
Thus, by (5.9),

L) -1y _ L [ =t (¢ (1 — -1y —2¢=(t=9)
t2D (Y )=t 2" (qt) - e . . 5.15
L ( ) 2" (qt) |:j:|qt (1 —tq) 0—j)y (-t 1y 2g-(E2)) ( )

which is equal to DJ(-_Z)(Y) as defined in (B.7]).
(b) The first two identities are special cases of (G.11]) and (5.12)).
Assume j € {1,...,¢ —1}. From (5.6)), (511 and (E.I12)),

~§Z)(Y) a- ) (1= gtt) (1 — by 2gtt2) (1 — Y2010

g’

1
Chiy) (-t ) (A—q) (A 2g) (I 1y 2g)
J
~(0) _ . o
wd PO e Gt e 0-Y )
[)J(.Hl)(Y) (1 —tgtt1=7) (1 —gt1) (1 —tY —2¢t+1-3)
Thus
gy gty DO gty DY, ()
(1 — Y 2¢0+1-2j) D(.ZH)(Y) (1 —tq™ (1 — Y 2¢0+1-2]) [)(.ZH)(Y)
J J

B (1 _ly= gt j) (1 tqé—i-l)( é—i—l j)( ty—2qé+1—2j) (1 _ Y—2q€+1—j)
(1 =Y 2gM1=20) (1 — gt (1 — gt (1 — tY —2¢tH1d) (1 — =Ly =2gFF1=2)
N (1 _ t)(l _ qé+1ty_2q€+1—2j)q£+1_2j 1= )(1 _ qj) (1 _ Y—2q—j)
At (1 -y 22y L At (= ¢ (T Y )
which is equal to
(1 _ qé-l-l—j)(l _ tqé-l-l)(l _ Y—2qé+l—j)(1 _ ty—2q€+1—2j)
A =) (1 - )1 - tY PPUH)) (1 - V2
(1 — tq"1=9) (1 — ¢ 1) (1 — Y 2¢7H1-20) (1 — tY —2¢¢+1-)

=1,

since the numerator has roots at t¢/T'=7 =1, ¢t =1, Y 2¢/*1=% =1 and tY 2¢**17 = 1. O
5.5 The f(]@(Y) in terms of the [)y)(Y)

Proposition 5.3. Let IN(](-Z) (Y) and [)j(-é_l)(Y) be as defined in (B.8)) and (B6l). Then

11—ty 2) - (0)

1 ~(p— _ -2 —/  —1y—2
ooy (V) = =3 Dy L= ) (1=t V)

-tV 20 (1-v7)
and, for j € {1,...,0—1},

11—ty —2) D U(Y 1 (1-tY2¢"%) (1-t7'V?)

W (1 _ t—ly—2q£_2j) (1 — Y—2) (5.16)
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Proof. The first two identities are special cases of (5.9) and (5.10).
Let j € {1,...,£—1}. Using (5.13) gives

Eé&—j(y_l) (1 -ty 2¢"+172)

(1 —¢d 1-Y 277
1415 ) — 14 gt (1—-¢) ( q’)

D(.Z)(Y) (1 — t=1y —2¢t+1-2j) (1 — ¢%1=9) (1 — Y 2¢t+1-7)
J
B (1 —W—W‘F Y—2q2(£+1—j) _i_qﬁ;](«j'_ q£+1 _ Y—2q£+1—2j +W)
N (1 — ¢H1=4)(1 — Y —2¢¢+1-3)
(1 _ qZ—i-l)(l _ Y—2q4+1—2j)

(1 — ¢t 1=0)(1 — Y 2¢0+1-7)

Multiplying both sides by t%D](»Z)(Y)(l(_lt_;;Y;;) gives

+t 2D

LYY g ey () (it

J (1-Y-2) +1—j (1 -ty —2¢0+1-27) (1 -Y-2)
_ 3 hOy). (L—g"HA-Y2g™17) (1 —7'Y%) e
J (1— g1 —-Y 2¢t17) (1-Y-2) i
where the last equality is (5.9]). O

Theorem 5.4. As in (A1) and (A2), let D](-Z) (Y) and KJ(.Z)(Y) be defined by the expansions

~

-1 ¢
E(X)1o=Y 0" %D V()1 and  E_(X)1o =Y 7 *¥D{ (V)1
=0

<.
Il
[en]

V4
and  LoE(X)1o =Y 1on" YK\ (V)
j=0

in the localized double affine Hecke algebra H. Then

DOy = e =i [ (1) ota) (-0 )
7 Jlee \d/y (A —tg") (1—tY—2¢2)

) , e _ - ly 24— (-)
D](—Z)(y) — t—§€ . (qt)] . |:€:| . < ¢ > . (1 lq ) . (1 Y g ) and
q,t Y

il \e=3)y U= U=y )

-2 0—27 —1y—2
K (y) =30 41 H <€> : (1_f q“j; -t Y2 ).
ilee i)y Q—t71Y"2¢2)  (1-Y—2)

6 Products for type SL; Macdonald polynomials

The formulas for Ey(X)1p and E_y(X)1y in Theorem [5.4] serve as universal formulas for products,
containing, for all m at once, the information of the products F,P,, and F_,P,, expanded in terms
of electronic Macdonald polynomials. In the same way the expansion of 19FE;(X)1p in H which is
given in Theorem [5.4]is a universal formula for the products P, P, expanded in terms of the bosonic
Macdonald polynomials P,(x). In this section we use the results of Theorem [5.4] to derive these
products, thus accomplishing our goal, in the SLs case, of using double affine Hecke algebra tools to
compute compact formulas for products of Macdonald polynomials.
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6.1 The universal coefficients Ay) (Y), B](-Z)(Y) and CJ(-Z) (Y)
Define

t—lY— —(j—l). i tY_2 {—2j3. .
g T e T o
ilee (Y2724 q) (Y2775 q);
A0 (v = H (—g") (Y20 ig)(tY 2¢ Y g);
J ilee  (1=4¢°) (Y2¢73;9);(Y ~2¢"%;q);
BOY)=¢. H (=g Y2 g) (1Y 2R g)
! AP CE (Y=2¢==2=D:q) (Y2375 q) 0
Then
O O L=d"7T) (1Y 72¢"T)
Aj (V)= C’j (Y) 0= 0-v24) and
BO (v) = ¢ H (L—g) 7Y 2q7 U Yiq);(tY ¢ 2 )
=3 Jlgr (L=d")  (Y72¢72%19) (Y2705 9)
i vy -2,-j
Oy g (=) (1Y)
R B G R ) )
The following proposition gives formulas for Agz), B](.Z) and C’](.Z) in terms of Dy) and K J(Z).

Proposition 6.1.

Loy YY) (YT 9)e

—1 (0 _ 70 -3
=309y = KO - ‘ '
20;7(Y) j () -tz (Y=2¢2;q);  (t71Y~2;q)0—;

A0(y) = DD (yy. b Y20 Va0 -7V
J J

(Y=2¢2:q); (t1Y=2%q),;, (1-Y72)

ez Y 2Ly (Y 2g9),

Y1)tz .
) (Y2q= =20+ q) (7Y 2¢5q);

0y — ple=D
B{(v) = D|
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Proof. (a) Using (0.8) gives

KOy 32 Y 2P0 (YR,
J

(Y2¢"2%;q);  (t'Y2;9);
T I AN o ) I (el

e \J)y A=tV 72¢72)  (1-Y2)
-2y Y2 Hq); (Y 2q)ey

(Y=2¢'=2;q);  (t7'Y"2q)0,

1
-t 2

(Y2¢;9)0—;(Y 2q77:q); (V2 ), (Y )
(1-Y2¢"%) (1-t7'Y?
Aty —2g2) (1-Y~2)
H (Y 2 U ) (- Y ) (Y 2 )
P (Y =2q)—j(1 — 1Y —2¢*=%)
. Y% )y (1Y) L (Y 25 q);
A=Y 2)(Y2q9)-; (Y 2¢"%:q); (Y 2¢7;5q); Y
O Y2 Uig) (Y 2 g);
[J} ot ' 1Y 2q;q)e—j1
1 1 1 .
’ (1— Y—2q€—j) ’ (Y—2q€—2j+1;q)j_l ’ (Y—2q—j;q)j '(tY_2qé_2]§Q)j
H (Y 27U q)(8Y %¢" %5 g);
Jlee (Y 2¢5720%19) (Y277 q);

} (Y20 g) (Y 2 g); (Y 2 M) (Y R )y
q,t

1
—¢72

1
=t 2

(NI

=t

_ L A0
=¢z00.

(b) Using (5.9)) and (6.3)) and (6.1), gives

DDyt V2 g W hayey (- 71V)
’ (Y=2¢"=%;q); (=Y =2;q)—; (1-Y-2)

Oy e (12T (YT Qo
J

(1-¢") (1-Y2¢"7%) (L=+=

Y)YV hey (A=t
Vo, G g, (L
oy, A=) =Y

tT2C(Y) - 1= ¢ '(1—Y—2q5‘2j) —A

N

=t

26



Clebsch-Gordan for Macdonald polynomials, Bhattacharya-Ram, version: October 18, 2023

(c) Using (5.10) and (6.3) and (6.2]) gives
gy (T2 g); (Y 2g9),
(Y2¢=20q);  (871Y 2q3q)¢-
Y 2 (Y g (L—tT'Y2H) (1-Y?)
(Y2204 q); (7Y 2g59) 5 (1—-t71Y72) (1 -Y~2¢7%)

; A=¢) (A=Y 2¢7)
(1—¢") (1 -tY—2¢"%)

Z_
DY)

— K](.Z)(Y) 3 (=25) (

1
tzq

R Y 2gEg); (Y Rg)e (L= tThY M) (1 - Y2
g (Y=2¢(=2)5q); (7Y 2%q)e-; (1—t7'Y"2¢"7) (1Y 2¢")
N el O Y —2¢7)

(1-4¢") (1—tY—2¢""2)
_ 0Oy gt U2 0) (A=YT20T)  po gy

(1—qf) (1—ty2g2%) ~ 7t
Then, replacing j with ¢ — j gives

BOY) = pl-Dy—1y. e Y2 gy (Y grg),
(Y 2¢= =20+ g) ;0 (7Y 2g5q)5

6.2 Product formulas for type SL, Macdonald polynomials

The following theorem provides formulas for the products Ey(x)Ey, (z), E_¢(x) Py, (z) and Py(z) Py, (x)
expanded in terms of Macdonald polynomials. It is useful to note that, in Theorem [G.2]

J(Y) =0 if m+0—2j <0, evin(tBY TV (V) = 0 if m — (¢ 27) <0,
YY) =0 if —m+0—2j >0, v (AT (V) = 0 if —m — (€~ 27) >0,

and

v (C (V) =0 it m+€—2j <0,

since a factor in the numerator of each of these expressions evaluates to (1 — 1) = 0.

Theorem 6.2. Let £,m € Z~q. Let ev,,: C[Y,Y '] — C be the homomorphism given by ev,,(Y) =
t_%q_%m and extend ev,, to elements of C(Y) such that the denominator does not evaluate to 0. Then

Zevm Cj(é m+£ 2]( )

-1
Ey(z)Py(z) = Zevm(Ay)(Y)) mte—25(x) + Zevm Y))E_pio—2(x) and
Jj=0
‘ (+1 é 1
E_g(@)Pu(a) = 3 evin(tBY ™V (V) By 1aj)( +Zevm VY B (-0 (2).
j=0
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Proof. By (B.15), if f € C(Y) such that ev,,(f(Y)) is defined then f(Y)E,,(X)1y = evy(f(Y)E,(X)1y.
(a) By B.19), 3.30), @.2) and B.13)),

Po(X) P (X)1y = Pu(X)t210Em(X)1y = t1oEy(X)1oEm(X)1ly

¢
= 1( Y 100 KO (1)) Bn(¥)1y
=0

and, using (3.23)),

loné—zjtK(f)(Y)Em(X)ly —t. eVm(K](.Z) (Y)1on I Epn(X)1y

(=1 =2,0-25. . y-2. ,
—L(-2j) (t Y ™%q aQ)J . ( 7Q)Z—j 1.E (X))
: (Y—2¢'=2;q); (t‘lY‘2;q)e_j> 0Bm+e-2;(X)1y
Z (Y2 g); (YR N,
K(Z) Y t—l(Z—ZJ)( ' 0 4)7 ) 7 >t_7Pm (X1
S (Y2¢""%5q); (Y 2%q)y *Fote—2i(X)1y

= t2evyn (t 20V (V) P (X) 1y,

where the last equality is (6.3)).

(b) By @19), @) and B.I8),

/-1
E(X)Pn(X)1y = Eo(X)t2 10Em(X)1y = t%< nf—%Df—”(Y))mEm(Xny
=0
- , )
1 —925 —1 -1
:tz(znf % pf )(Y)>t 5P (X)1y
=0
-1 m
(Sl (S )+ £
j=0 ’ (1—tgm)™" o ’
Using (3.23),
0—2j (£—1) (1-q™) _ (e—1) (L—q™) 5 1—j
n"~¥D; (Y)ti(l_tqm)Em(X)ly v (D (Y))ti(l_tqm)n N En(X)1y

_ L—t7Y72) 1, 00 (Y2 q); (Y 2q)0-
= ev,, D(,Z 1) Y t(—t——(f—2ﬂ) 0 d)7 ’ L VB, ir—0i(X)1
~ < ;) -y (Y —2¢"%;q); (t_ly_2SQ)£—j) +=2j(X)ly

= evm(Ay)(Y))EmM—zj(X Ny,

where the last equality follows from (6.4]). Using ([B.15) and (3.24),

0D (V) B (X)1y = evin (DY V(Y )0 Iy B (X)1y

Ly 2204 ), (Y25 q);
(Y2~ 20+, gy, (t71Y ~2q;q);
= V(B (V) B e-2j(X) 1y,

— v (DY Dy VEomssony ()1

where the last equality is (6.5]).
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(c) By (319), (41), (B.I8) and Proposition d.l(a),

7=0
‘ (=0) t(1—q™)
_ —(=2j) p= 2 B (X)+ E_,(X))1
(;n 00) (G B0+ Eonl20) 10
¢ 1 (0) t(l—q™)
_ —(t=2j)43 pO (y -1 2 B (X)+ E_pm(X))1
<j:077 A ))<(1—tQ) (X) + Eon(30) 1y
Using
-ty ) Y2 g, (Y 30)
(1-Y=2) (Y2 (=2)q),; ('Y %9);
_ (t_lY 2q= =20 g) g —j 1-Y%¢) ) (Y *g:q)j-1
(Y—2q —(HJ) s Qer1—;  (L=t71Y72¢7) (7Y 2q39)
Y (Y 2gq);
(Y=2¢q=(=20); )y g i (WY 2q59);
and ([B.2I)gives
_(0—2j),1 1y, I—=q™ L—t7Y"9\ ),
. (¢ gj)tzDJ(_Z)(Y l)t((l_tqm))Em(X)ly —evm<t2D](£)(Y )tﬁ)n (¢ J)nﬂEm(X)ly
1—t7ly—2 LY 22D ) (Y 2g);
= evi (12D (Y )75( - . e q)J).)Em—(é—w)(X)lY
J

AL .
i-v>2 (Y2¢==2);q)p_;  (t71Y725¢

_ tD(@(y—l)'t%(é—H—%) (t~'Y 2¢~ (=27, Q) er1—j ) (Y_2Q;Q)j
= €Vm 2,—(6—25). 1V —2,. ).
(Y2q Qe Y 2q59);

= V(B}V (V) By (2 (X) 1y,
where the last equality is (6.5]). Using (B.15]) and ([B.22) gives

24 DO (YY) B (X)1y = eviu(t2 DO () DB, (X)1y

Y2 g);, (Y q)e
¢ D“ i 2) ( MR 3 "V VB e (X1
(2 (Y_zqé_ZJH;q)j (t—ly—2q;q)£_j) m—(¢ 23)( )y

m—(t—25)(X) 1y

YY) (Ve (-t
(Y=2¢"% 1 q); (7Y "%y (1-Y72)

D (V) E (0 (X)1y,

where the last equality is (6.4]). O

_ (D (O (y )3 (E+1-2 )>E_m_(z—2j)(X)1Y

=ev(A

Remark 6.3. After replacing Y =2 by X 1X5 ! the expression for C](-Z) (Y') coincides with the expression
for the Macdonald Littlewood-Richardson coefficient given in [MW23| Theorem 1.4].
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7 Examples
For j € Z~g and a,b € Z with a < b define

(:9)j =(1—2)(1—g2)(1—¢’2)---(1-¢"'2)  and
(1—2¢%") =1 —2¢")(1 — 2¢°™) - (1 — 2" H)(1 — 2¢") sothat (1 —2¢*°) = (1 — 2¢")p—qt1-

7.1 Examples of the ¢-t-binomial coefficients

Let )
m _ G (gt (g
j T (49, @Dr—; (1 — gLk} (1 — tgi-k-1)
Ha g (-a) G-t
Then

- -t

G IR EE A Y ETLE A

) )

7.2 Examples of the shifted g-t-binomial coefficients
Let

{k} :m (L—tg") _ (1= ¢*'h) (1 —tgth =)
at J

j oo L—td) (1 —gtF0) (1 —tgi-F)

Then

W, U

)

(- -t GLose

)

G- - B BLoose

)
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7.3 Examples of the Y-binomial coefficients

<€> B (1— t—ly—2q—(j—1)..€—2j)(1 _ ty—2qé—2j..é—j—l) B (t—lY—Qq_(j—l);q)g_j(tY—zqé—Qj;q)j
iy (1 =Y =2¢1-t=0)(1 - Y =2¢=3-71) (Y=2¢;q)0—j(Y2¢77;q); '

Then

Q-t7'Y2q) . (1-tY?!

y (=Yg (1-Y2% )
(1 -ty 2¢71) (1—t71Y2g)

y (A=Yl 0 (1-Y?q)

-tV 2 -tV %), 1tV (1 —tY?¢ )

y  (1=Y2Q-Y2) (1-Y2q 1)1 -Y?¢?)

()
(o)
()
(o)
<2> 1—-t'v"?) (1-ty?)  (1-tY?) (1-t1Y?)
)
(o)
(1
9
()

y ([1=Y"2) (1-Y 2l (1-Y2l) (1-YZ)
(1Y 2q2)(A -tV 27) 5 (1t 'V2¢%)(1 -t~ 'V?g)

y (=Y 7Z22)1-Y2 ) 1 (1-YP) (1Y)

(1-t7'Y 2 -tV 2¢*)(1 7'V 2¢%)

vy (=Y -Y2¢?)(1-Y 2
1—-t7'Y )1 -t7'Y2¢) (1-tY2q)

y  (1-Y2)(1-Y2%?) (1-Y %!
1—t71Y2¢7Y (11—t 2¢H(1 -ty —?)

y (=Y  (1-Y2)(1-Y2¢)
(1—-tY2¢73)(1 —tY2¢72)(1 —tY 2¢7 1)

y (=Y 231 -Y 2 )1 -Y %)
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7.4 Examples of the Df_l)(Y)

The general product formula for the D§£)(Y) is

) Y (1—tqg"7) (¢ (1 -ty —2¢'7)
DY) =t 5(“1).:5“-“ ) :
;i (V) ilge (I=td") \j)y (1-tY~2¢"=%)

The first few of the Dj(-g_l)(Y) are

DO(Y)y=t"z2.1,

1—ty?q! 2 1—tly—2
D(()l)(Y) =t2- —((1 _tY25_1)) —t2.¢. ( ¢ _t Y_Zq)Q)
(D) yry _ 42 (1—-t) (1—-t'v?) 2 (-t (- ty —2)
Dl (Y)—t .qt'(l—tq). (1—Y2q) =12. (1—tq).(1_Y—2q—l)’

(1—-tY2q2)(1 —tY2%q™!) _ i (1—-t71Y2¢)(1 -t~y —2¢?)

C(1-Y2% (1 - Y2l O A-Y ) -Y %)
1-¢)1-t) (1-ty*) (Q-t"V?¢)
(I-q¢(1—t¢®) (1-Y%¢l) (1-Y2%q) ~

(1-¢)(1-t) A-t7'Y?) (1-tY "2

_3

1-q)A—-tg>) (1-Y7%q) (1-Y?")

DAy)y=t2.qt

(2) -3 1-t) (A-t7'V*)(A-t"'Y?)
Dy (¥) =72t (1—tg®) (1-Y2q)(1-Y?%P)
_ 8 (1-t) (-tY ¢ H1-tV?)

(1-t®) (1-Y2q)(1-Y 21y
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7.5 Examples of the K](-Z)(Y)

The general product formula for the K J(Z)(Y) for £ € Z~ is

K(Z)(Y) _ t_%(g_l) 15 l ' l . (1 — Y—2q5—2j) ' (1 _ t—ly—2)
’ gt Iy (1 — 1Y —2¢t-2) (1-Y-2)

The first few of the K j(-g)(Y) are

KO(O)(Y) = (t% + t_%) (since 19Fy(X)1p = 13 = 10(t% + t‘%)%

Wy g, A=) (1=¥"7"¢ (1-t'Y7?
RO =T s ey aov )
(1 —tY2¢71) 1 —¥=23 (1—t"1y=2)

KYy)y=1.+1. : .

(1=¥=271 (1-tlY2¢1) (1-Y-2) "

KO (y) = 1} L TV 22U == (1=¥7)  (1-t7'Y )
’ (1-Y2q)(L-¥-27) (A=+¥72@) (1-Y7?
e e O R N e o DO MO o O
' 1-q)1—tq) (1-Y2q (1-Y?3¢") (=4 o]

K@) =41 U tY 2q )1 -tY ¢ (1=¥=g7%) (1-t7'Y7?
2 B (A=Y= (1-Y2¢) (1-t"1Y2¢2) (1-Y2)

KOy =t LY ZQU Y PR) A -7V ) (=Y R (-
0 AV 2 -V 2@ -V 2@ (-t V2 (G-
(3) () _ 4 1-t1-¢%) Q-t"Y2)Q-t"1Y"2 (1-tY 2

e T ) Rl Ty e 7ol e ey
1-Y2¢ (1-t1y=2)

A-rv2) (1-V7

KOy =t LoD =) (- (-8 g ) -1V

I-g)(1—-t¢*>) (1-Y2¢) (1-Y2¢2)(1-Y2¢1)
(1-v2¢hH) (a-t'Y?
1-t1YV2¢ 1) (1-Y-2)
(L—tY 21—tV 21—ty 2 (1-Y 2% (1-t'Y?)

(3) vy _ -1
KP() =ttt A-Y 2 3)(1-Y 2 2)(1-Y 21 (1-t1Y 23 (1-Y2
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7.6 Examples of K](-Z)(Y) to CJ(-Z)(Y)
The following are examples of the identity (6.3]) from Proposition which says
Y2 Mg, (Y q)e

0 “1(e—2j) ( . )
K- (Y=2¢=%;q); (7Y 7%q)- G,
where . .
Oy = H (Y 27U ), (1Y 25 q);
G0 (Y2720 ) (Y 2775 q);
The case ¢ = 0.
KO (v)4-t0-20) Y0 iq)o (V20
(Y=2¢"=2%;q)0  (t7'Y~2q)o
1 _1 1 1 1 1
The case ¢ = 1.
K(l)(Y) 1(1-2.0) (=Y 24 %5 q)0 . (Y29
(Y=2¢%;q)0 (1Y "2 g
G ) RS i (e S
T -y U1 -ty
KO (y)4-40-21). 'Y %" e) (Y %549)
(Y2¢1=2Lq)1  (t71Y29)o
_ 1 1-tV2¢") A-t7'Y?) (1-t'Y %Y 1
1=ty 2 (1-Y7?2) (1-Y2¢ 1Y 1
_ -t ly=2)(1—-ty—2¢71)
a (1-Y=2) (1-Y~2¢71)
The case ¢ = 2.
K(2)(Y) 1(2-2.0) . (1Y 2¢"%; q)g ' (Y™2q)2
(Y=2¢%;q)0  (t71Y %)
PP Y €k [k 0 WSS U e (0 [ ) PR
(1-Y2¢)(1-Y?) 1 1—-t71Y=2)(1 —t1Y2q) ’
K(2)(Y) —3(2=21) (t'Y 2¢"%;q), _ (Y2 q)
! (Y=2¢2%q)y  (t71Y2¢)
- (1 )1 —t) (1 -ty =2)(1 -t~y —2) . 1-t'vy?) (1-Y7?
(1-q)(1—tq) (1 =Y 2q)(1 -Y2¢q71) (1-Y=2) (@1-t71Y?)
_ =) —1) -ty A1 — V)
(- —tg) (1-Y2q)A1—Y2¢7Y)
K(2)(Y) -1(@2-22) Y% q) (Y %4q)

(Y—2 2 22.q)s (1Y 2%q)0

_ 43 (1—ty—2 _2)( —tY2¢7H(1 -ty 2) o (- 1Y =2¢72)(1 -t~y ~2¢ 1)
=V 2 )1 = V2 (1 -7 7 0=V 2 (1 -V %)

_ i@ty I S I N G I S B (¢ S 2
T V20 v o) (- V20 V7
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7.7 Examples of Fy(z) and FPy(x)

_ 2 (1-0)(1—-¢% (1-1) 22
Boaolo) ="+ (1-q)(1—q¢%) (1—¢%)

E_i(x)=z"'+ 11_—_(;
EQ(I‘) = 1,
Ei(z) =z,
B (1—1)
Bs(z) = pkdrwpnt
B (1-t)g  (A—-1t)g* 1-1t) (1-t)¢* _
Byla) =" + ((1 —tq)  (1—-1tg*) (1— tQ)> (1—tg?)" 1

and
Po(x) =1
Pi(z)=z+a",
- D
Pi) = (@' + 074 + ((11_—;;;))((11 - 2) (@ +a7) + - il_—qg:))((ll - 32)((11—_ q;fg)((ll—_t;) |
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7.8 Examples of products F, P,

_ (1-¢™) _ 1-t7'Y?)
E\ Py = Enp + (1= tqm)E—m-l-l =Em+1+ evm< TS >E—m+17
1-t) (A-¢™ (1-t4q™)

By P, —
2 2T ) @t ) (1 i)

(1—¢™ ) 1—q¢™) (1-t3m 1) (1—t) (Q—qm)
A tgm 1) (L tgm) (1—tgn) ™2 T ) T tgD)

= Epyo + {i}q’tevai : ;__13;:21)) . ((11__75;//—_22))>Em

1—t'Y 2 -t'Y ") 1-tY 2
(1-Y=2 1) (1-Y%) (1-Y 2T

-1y -2
ol

+

+evy < ) E_ o

B (1-t)(1—-¢* (1—q ) (1=t
Bl = Bms T T2 0=t U —tgm ) (A= tgmeD) !
1-t) (Q-¢"Hl-¢™) (A-t¢" "1 -t
1 —tg®) (1—tgm )1 —tgm ) (1 —tgm 1)1 —tgm) "
(1-g" A —g" HA—g™) ([1-¢"2)(1 ¢
(1 —tgm=2)(1 —tgm (1 —tg™) (1 —tqgm 2)(1 —tgm™1)
-1 -¢) (QA-¢™Hl-¢™) (Q-t2¢")
T —t) T —tg™)(1 —tg™) (1 —tgn1) "™
(-0 (-gm
(1—tg?) (1—tgnt2) "7

= Eni3+ {i}q’tevm ( ((i : i/__l;;:i)) ) ((11__?//__225)))Em+1

+{2} eVm<(1—t—1Y—2q—1)(1—t—1Y—2) (1—tY2¢1)(1 - tY—2)>E

+

E—m+3

+q

2) g1 1-Y2)1-Y 2 ) (1-Y2H ?)
(1—t7Y 21—ty 2 H(1 — 7Y =2 (1—tY2¢72)(1 —tY 2¢7}) 5
+evn( I Y221 Y2 )(1-Y2) (1Y 221V 2 R
2 11—ty 2¢H(1 -t ty=2)  (1-tY—2)
+q{1}qtevm( 1-Yy)1-Y2 ( —Y—Zq—1)> Bt

2 (1—-t71y—2)
2

m| =5 ) E-m-1-
+4q {2}q7tev ((1—Y—2q2)) 1
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7.9 General formulas for E£,P,, and E_,P,,

The general formula for EyP,, with £ € Z~ is

Ey(x) P ()
_ — (-1 Y (1 — 7Yy 240001 — ty—2qé—2j..é—l—j)>E @
a s J q,te "V (1 =Y 2gi ) (1 - Y 2200 150) m+(—2j\¥
{—1 . N
-1 1 — ¢ty 2~ (=i=1-0y(1 — 4y =24~ (t=20)--1)
+ qj{ . } eVm . i i - E_m —924\T
=0 I J gt ( (1 -Y2gi=(t=3=D0) (1 — Y =2¢= (== 1)1 > +-24(®)
{— _ o (i _ e
N (A
ol G (Y=2q775q);(Y 2¢"%7); e
- I o
n 1qj{€—1} oy ((t 'Y 2q I ) (1Y 2gm 1);Q)z-j_1)E e ()
= I e TN (Y22 g) (Y2 I ) B
-1 -1 ,
=5 Vn(AD V) Epggj(2) + > v (B (V) E_nye—2j(@),
J=0 =0
where

and

AO (v = {5 - 1} ('Y 2q U Di9);(tY %¢" s q);
i Jae (Y 72q77:q);(Y2%);

=1 (Y P (1Y 2 R )

j }qt (Y 2q= 72705 q) 5 (Y2705 q)gja

BY(v) = qj{

The general formula for E_,P,, with ¢ € Z>( is

E_(z) P ()

Lo(e 1—t7 Y2000y (1 — ¢ty —2¢0+1-200-7)
L oevy, ( . — > E_vioi(x)
= . (1 _ Y—2q—j..—l)(1 _ Y—2q€+1—2j..€—]) J

J

J

(¢ 1—¢ly- q—(é—j)..O)(l S q—(€+1—2j)..]—1)
. q’ .
I e e e E e R L
j: k)

Z _ _ (i _ 9
:Z{E} evm<(t R .1);q)j(ty 2qé+l- 2J;q>j>E_m—e+2'($)
) g (Y=2q775q);(Y ~2¢"F172)); ’

(4 (1Y =270 @) pyq— i (1Y 2~ (20 ¢)
t-q’ m k J ' ; g B, ‘
+j§::0 q{j}qva ( (Y24~ C29); q),_, (Y 2D q),, ) En12()

l l
= > v (AT O B iyay (@) + Yt evin(BY TV (V) B rin (@),
j=0 Jj=0
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7.10 Examples of products £ ;.1 P,

(1-4¢") (1-t7'v?)
E()Pm - E—m + tmEm - E—m + t- evm<W>Em,

1-t) (1-¢™) (1-tq™)
(1—tq) (I—tgmt) (1—tgm)

1-g¢"") A-¢™) (Q-t¢"" -t (1-q™)
Tt ) (I —tg) (Q—tgm ) T g =gy o

1 (1—t7'Y"2) (1-tY?)
—Femort {1}q¢evm(< Y2 ) (1-Y?) B
(1—t 1Y 271 (1—t—1Y—2) ( —tY 2 —1)

1 (1—t—1Y—2)
¢ (—)E ,
" q{l}q,fVm (1—v2g) )+

1-H1-¢) (1-¢™) (- tzqm”)
(1-q)(1—t¢*) (1—tgmt) (1- tqm“)
(1-1) (1-—¢™H1—¢™) (Q-t¢™")
)

2

E—lpm =F p1+ —m+1

+1

E 2Py =FE_ o+

1— t2 m)

(
(1-
)(1 t2 m— 1)
)

(1—tq%) (1—tgm=2)(1—tgm-1) (1—tqmt
(1 -1 - g™ H(1 —q¢™) (1 —t3¢qm™

A At )0t A=t )t ) "
+t.q(1—t)(1—q2) C(=¢mHa-gm)  (Q-t¢™)

1-g)(1—t¢®) (1 —tgm 1)1 —tgm) (1 —tgmtt) ™
JPICES YL I

(1 —tg?) (1 —tgm+?)

- 2 1-t7'Y"?) (1-ty 2
=F_ 9+ {1}q’tevm((1 — Y_2 _1 . 1 —v- 2q) >E_m
2 A—t'Y 2 H -ty 1ty 2 H(1 -~
+ {Q}q,tevm< (1 _Y—2q—2)(1 —Y—2 _1) ( -Y- 2 )(
D i VO e e ) W ) i L) G R N
—I—t-evm< (1—Y—2tq‘2)(1—Y_th_l)(l—y_2) (1-Y- 2 _2)(1—Y—2q—1) > m—2

2 -tV 2 Ha—t7'Y ) (1 -tV )
”'q{l}q,fv’”( I—Y g H)(i-v7?) (1-v- 2q>)E

2 (1—-t71y—2)
teq (—)E .
" q{2}q,f“” A—v—2g) )2

)))E—m—i-z

38



Clebsch-Gordan for Macdonald polynomials, Bhattacharya-Ram, version: October 18, 2023

7.11 Examples of products P, P,

The general formula is

Zevm Prto- 2j( )
where ' o
C(@(y) B / . (1 _ t—ly—2q—(]—1)..0)(1 _ ty—2q€—2j..€—]—1) .
J j ot (1 _ Y—2qé—2j+1..€—j)(1 _ Y—Zq—j..—l)

The first few cases are

(1—q™) (1—t2¢gm 1)
PP, = P, P,
! BT T ) A=t ™
11—ty =) (1 -ty 2¢7 1)
(1-Y=2) (1-Y~2¢1

= m+1—|—ev(( )Pm—la

_ 1-¢)H-t) (1-q¢m) ([1-t4¢™)
Pl =Pzt )0 =) Gt ) (U —tgn ) "
(1—g™H1-¢™) Qg™ )1 -t*¢")
(1 —tgm1)(1— tq ) (1 —tgm2)(1 - tgmT)

_|_

m—2

= Ppyo + [2} tev<(1 LA B Ul L

1 (1-Y2) (1- Y—2q—1)>Pm
(1—t7'Y2¢H(1 —t7'Y=2) 1 -ty 2¢2)(1 —tY2¢7 Y
1-Y 2 H1-Y2)  (1-Y22)1-Y 2T

—I—ev(

1-t1-¢) (1—¢™) (-t
(1—-q)(1—1tq?) (1 —tgmt?) (1 —tgm1)
I-t1-¢) (A-g¢g"H1-g™) @t H(1-t¢")
(1-q)(1—tg?) (1 —tgm)(1—tgmt) (1—tgm2)(1 —tgm1)

PBPmZPm+3+

Pm+1

_|_

)Pm—27

Pm—l

(1—g" A —g" H1—g™) (1 —t2g")1 2" )1 — 2"

(1 —tgm2) A —tgm 1) (A —tg™) (1 —tg"?)(1 —tg™?)(1 —tg™1)

3 ( y—?)
= m+3+[1Ltev<(1_Y_2 2) 1—Y 2_1> m+1
3 (1 -ty 2¢H(1 -ty - ) (1—tY2¢7 1)1 —tY—?)
" M ( 1Y 51-Y2)  (1I-Y 21—V 2

(1 _ t—ly—2q—2..0) ‘ ( _ tY q 3..—1)
(1 _ Y—2q—2..0) (1 _ Y—2q—3..—1)

+ ev( >Pm_3
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7.12 Proof of the ¢-t-binomial formulas for E, and F,
Proposition 7.1. The electronic Macdonald polynomials are given by

l

¢ ; 1 . .
1—t¢/ . -1 l—1—j 1 — tgd )
E_g(z) = H w:ne—zg and  Byz) = [f ' ] M$—Z+2j+2’
q,t

_ ¢ _ 401
= Ul (1 —1q") ‘ j (1 —tg" 1)

Il
o

and the bosonic Macdonald polynomials are given by
¢
L
=>o|] e

Proof. Following [Mac03, §6.2], where ¢* = t,

[kz + a} _ (q; Q)k+a _ (1 o qk+a—b+1) . (1 _ qk+a)
b (@ Do(@ QDkta—s (@ 9)s
_ (A —tgY (1 tg)  (tg" T Diqh
a (¢:9)b (g

Then, from [Mac03, (6.2.7)],

E_, = [k;m]_l 3 [k+§—1] [k;j]$i_j

i+j=m

(4 Q)m 3 (tg 10D g); (tg? =0, 14)i i

- m—(m—1). -q). .
(tgm= ) S (@30 (4:9);

:(qqmm tQmJ(tQaQ)ijj
(t¢; ) <= (@ Dm—j (4:9);

_ (1—t) q,q mz tQm] 1_tQ)(t;Q)j$m—2j
(1 —tq™) (t:q Jm—j (1—=1) (g:9);

_ f: [m} (1— tqj) L2

and, from [Mac03] (6.2.8)],
k+m] " k+i—11Tk+4] ; _irs Tom] (L—tgd) e
Em+1:[ . } Z [ . H ‘ }qaz +J+1:Z[l ﬁq Jp—m2j+1
+j=m J j=0 J g q

so that )

— .
Ep = [m ; 1] Ut normigmmiae,
j t (1 - tqm_l)
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From [Mac03| (6.3.7)],
1 . .
Pm:[k‘—i—m 1] Z {k—kz 1}[/&‘—1—]‘ 1}331'—3'
m i+j=m ¢ J

_ (¢ )m (tg" """ Viq) (b V") iy
(tgm—1=(m=1):q),, & (:9)i (:9);
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7.13 Examples of F;(X)1,

This page provides examples of the identities in ([3.:29). Since E1(X) = X and E_1(X) = X'+ ((11_;2) X
then

El(X)].() =X1p = T;/Tl_ll() = t_%T7\T/10 = t_%T;T/E()(X)].() = t_%nwlo,

E_1(X)1p = (X—l P Cat) X) 10 = (Tlr)/ L 4=y T;Tfl) 1o

(1—qt) (1—tq)
1 (=) 1 (=N
— (T 10= (T t2 By (X)1
(1“2(1—@)”0 (1”2(1—@)2 1(X)10
. 1—t —1t)¢% (1—t 1—t)g? v —
Since By(X) = X* + ({538 + (=i (1)) X + (g X' then

- (1-t)g (1—1t)¢?
= (0 (B0 A=0L 021
t

t73(1—t)tg?t2(1 — 1)
(I—t?) (I-tg) =

73 (1 —t)tg® t2(1 —t)
(I-t¢)) (1-tq) ~

+

- tqz) (1—tq
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7.14 Examples of the F;(X)1, expansion

Let
(1—1tY?) (1 —1t)(1 —tY2gh)
c(Y)=——= and Fy(Y)= .
M == R e e
Then
Eq (X)lo = t_%?’]ﬂlo = t_%?’]ﬂ?’]sl 15 = T]Déo) (Y)].(),
2
Ey(X)1o =t 2(ne(Y) + n=F1(Y))nlo
= t_%n2c(q_%Y)1o + t_%Fl(q_%Y_l)lo
2,2 (1Y% 2 (1-t)(1 —tg~'Y ?q)
=Pt e 1 t 1
Ty T Tty )
2,2 (1—tY?¢7) 2 (1-t)(1—t"1Y?)
=Pt L 14t 2 gt
T Ay T T T g =y
= 1" D" (V)10 + Di" ()10
and

E3(X)1o = 172 (ne(Y) + 0 B2 (V) (P D (V)10 + D{V 1)
=t 2e(q V) DY) (V)10 + 1t~ 2e(Y) DYV (V)14
+ 2 Fy(g 2y DD (v Y1 + 2 By(Y DM (v,
= 1’2 e(q~?Y) DGV (V)10
+ 72 (e(Y) DIV (V) + Ba(Y DY (v )1
+n e By (g 2y HDM (v 1,

(1-tY?q (1 —tY?q7")
(1-Y2¢2)(1 =Y 1)
Ly (2D - ) L= tY?) (1 —tqY?) 1

(I-tg®>)(1—¢q) "(1-Y?q)(1-Y2%q)
B Uil MR C —tY )1 —tY ¢! 1
(1—t¢*) (1-Y2q2)(1-Y2¢")
=D (V)10 + 1D (V)10 + n ' D (V)1,.

1
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