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Abstract

This paper is a supplement to [GR21], containing examples, remarks and additional material that
could be useful to researchers working with Type GL, Macdonald polynomials. In the course of
our comparison of the alcove walk formula and the nonattacking fillings formulas for type GL,,
Macdonald polynomials we did many examples and significant analysis of the literature. In the
preparation of [GR21] it seemed sensible to produce a document with focus and this material was
removed. This is paper resurrects and organizes that material, in hopes that others may also find

it useful.
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0 Introduction

This paper is a supplement to |[GR21], containing examples, remarks and additional material that
could be useful to researchers working with Type GL,, Macdonald polynomials. In the course of our
comparison of the alcove walk formula and the nonattacking fillings formulas for type GL,, Macdonald
polynomials we did many examples and significant analysis of the literature. In the preparation of
IGR21] it seemed sensible to produce a document with focus and this material was removed. This is
paper resurrects and organizes that material, in hopes that others may also find it useful.

1.

4,5,6.

The material in Section 1: Several colleagues have asked us questions about permuted basement
Macdonald polynomials and KZ-families (the permuted basement Macdonald polynomials are
called relative Macdonald polynomials in this paper). These questions are helpfully considered
in the context of the results of the two paragraphs following equation (6.6) in Macdonald’s
Séminaire Bourbaki article [Mac95] and Sections 5.4 and 5.5 of Macdonald’s followup book
[Mac03] treating the fully general case. In hopes of making these results more accessible, in
Section 1 we have recast these completely in the type GL,, and included their proofs (which are
not difficult). These results are the H-decomposition in Section symmetrization statement
in Proposition and the KZ-family characterization in Proposition We hope that these
type G L, specific expositions of these results can be helpful to the community.

The material in Section 2: This section has a focus on counting the number of alcove walks and
the number of nonattacking fillings, in order to compare the number of terms that appear in
alcove walks formula and the nonattacking fillings formula for Macdonald polynomials. Some
explicit formulas for these counts, which may not have been widely noticed before, are included.

The material in Section 3: This section explains how to recast the alcove walks and nonattacking
fillings into path form and pipe dream form. Pictures are provided.

The material in Sections 4, 5 and 6: These sections provide explicit examples of the main results
of [GR21]: the inversions and the box-greedy reduced word for u, proved in [GR21], Proposition
2.2], the step-by-step and box-by-box recursions for computing Macdonald polynomials in [GR21],
Proposition 4.1 and 4.3] and some specific examples to help support the exposition of the type
GL,, double affine Hecke algebra (DAHA) given in [GR21), Section 5].

The material in Section 7: In this final section we provide additional explicit expansions of
Macdonald polynomials for special cases: n = 2, n = 3, a single column, partitions with 3 boxes,
and explicit nonattacking fillings and their weights for E,, where p has less than 3 boxes.

. Section 8 contains some brief remarks about the queue tableaux and multiline queues which

appear in [CMW18| Section 1.2 and Definition A.2].

A small warning: Even though they all have a Type A root system, type SL, Macdonald poly-
nomials, type PG L, Macdonald polynomals and type GL, Macdonald polynomials are all different
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(though the relationship is well known and not difficult). We should stress that this paper is specific to
the GL,-case and some results of this paper do not hold for Type SL,, or type PGL,, unless properly
modified.

We thank L. Williams and M. Wheeler for bringing our attention to [CMWI§| and [BW19], both
of which were important stimuli during our work. We are also very grateful for the encouragement,
questions, and discussions from A. Hicks, S. Mason, O. Mandelshtam, Z. Daugherty, Y. Naqvi, S.
Assaf, and especially A. Garsia and S. Corteel, which helped so much in getting going and keeping up
the energy. We thank S. Billey, Z. Daugherty, C. Lenart and J. Saied for very useful specific comments
for improving the exposition. A. Ram extends a very special and heartfelt thank you to P. Diaconis
who has provided unfailing support and advice and honesty and encouragement.

1 Symmetrization, H decomposition of C[X] and KZ-families

Let q,t% € C*. Following the notation of [Mac, Ch. VI (3.1)], let T,-1 ,, be the operator on
Clait, ..., 2] given by

rrn

Ty g W1, 2n) = h(z1, ..o 201, q ta,).
The symmetric group S,, acts on C[mfl, e ,:L’,jfl] by permuting the the variables x1,...,x,. Define
operators 11,...,T,_1, g and g on (C[:L"lﬂ, .., o by
_1 tr; — Tir1
T, =t 2(15—17%(1—8@-)), g=s5152- 8 1Ty-1, , ¢V =x1Ty - Th_1, (1.1)
Ti — Ti41
where s1,...,8,_1 are the simple transpositions in S,,. The Cherednik-Dunkl operators are
Vi=gTy 1T, Yo=T,'WNMT7Y, Ya=T,"W1T,"' ..., Y, =T,V 1T, (1.2)
For 1 € Z" the nonsymmetric Macdonald polynomial E, is the (unique) element E, € ClzT!, ... 2]
such that
Y,E, = q_“it_(”“(i)_l)+%("_1)E#, and the coefficient of z{* ---zh" in E, is 1, (1.3)

where v, € S, is the minimal length permutation such that v,u is weakly increasing.
Let = (p1,...,un) and let z € S,,.

The relative Macdonald polynomial E7, is B, = f%(g(w;l)fz(”;l))TZEu. (1.4)

Let A= (A1 >+ > \,) € Z™

The symmetric Macdonald polynomial Py is P, = Z téf(z”)TzuEA, (1.5)
vESKA

where the sum is over rearrangements v of A and z, € .S, is minimal length such that v = z, A.

1.1 The H-modules C[X]*

Let H be the algebra generated by the operators T1,...,T,—1 and Y7,...,Y, (so that H is an affine
Hecke algebra) and let

t73(1—1t)

1-Y, Y

forie{l,...,n—1}.

4
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As H-modules

Clait, ... 2t = @C[X]’\ where C[X]* = span{E, | u € SpA},

and the direct sum is over decreasing A = (A1 > -+ > \,,) € Z™. A description of the action of H on
C[X]* is given by the following. Let yu € Z" and, with notations as in (T.3)), let

D, — (1 — tay)(1 — tag,)

au — qﬂi_ui-‘rltv#(i)_vu(i'i_l), d
o - ap) (1 —as;,)

Qs = gHitr—Higou (i) —vu(0)

Assume that p; > pi41. By using the identity Es,, = t%TivE,/ if viy1 > v; from |[GR21) (3.5)], the
eigenvalue from ([1.3) and [GR21l Proposition 5.5 (5.23)], it is straightforward to compute that

_ 1 1 _ -t
Y, i By = a,B, t37Y By, = By, t2TE, = — 1=, By + B,

_ and 1.6

Y; 1)/:L'+1E81',LL = asi,uEsi,u, t%TivEsi/,L = D“EM, t%,—TiEsiu = D,uEu + l—la;sthsiﬂ' ( )
Now assume that p; = pir1. Then v, (i + 1) = v,(i) + 1 and a, = t~! so that

Y, Wi E,=t"E,,  (t2r)E,=0, and (t2T))E, = tE,,. (1.7)

These formulas make explicit the action of H on C[X]* in the basis {E,, | u € S,A}. The formulas in
(1.6]) are the type GL,, special cases of [Mac03, (5.4.3),(5.6.6)].

1.2 Symmetrization of £, for y € Z"
If z €5, and

zZ =8 ---8;, is a reduced word, let T,=1T  --T1;,.

£

Let wg be the longest element of S, so that
we(i)=n—i+1, fori e {1,...,n}, and K(wo)::<n>.

Following [Mac03, (5.5.7), (5.5.16), (5.5.17)], let

1o=¢30 3" 34T, sothat  Tilg =103 =t31y forie{l,....n—1},  (L8)
ZESh

and
13 = Wo(t)lo, where Wo(t) = Z tf(z) (1.9)
zESh
is the Poincaré polynomial for S,.
For p € Z™, the symmetrization of E, is (see [Mac03) (5.7.1)] and [Mac95, Remarks after (6.8)])

F, = 10E, =t~ 2/w) 3 43 (0(2)—L(zv ) +(v ) Ez, (1.10)
2€Sn

so that F,, is a (weighted) sum of the relative Macdonald polynomials E7, defined in (1.4)). The
following Proposition shows that F), is always, up to an explicit constant factor, equal to the symmetric
Macdonald polynomial Py (defined in ) Proposition is the specialization of [Mac95, remarks
after (6.8)] and [Mac03, (5.7.2)] to our setting.
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Proposition 1.1. Let p = (p1,...,1n) € Z". Let X = (A1,...,A\n) be the weakly decreasing rear-
rangement of u and let z, € Sy, be minimal length such that p = z,\. Let

Si={yeSalyr=2 and  Wy(t)= ) '@
yeSH

Then

PRI | i S
WA N et 1~ T
Proof. The proof is by induction on £(z,). The base case z, = 1 has p = X and vy = wpz) so that
F\ = 10Ey = t—%“ww( D t%MH“wTITy) E\
UESy /Sy vESH
=730 (N7 BT )W () By = W) Py,

’U,ESn/S,\

where T,E) = tée(y)Ey is a consequence of (1.7) and the last equality is (1.5)). For the induction
step, assume that u is not weakly decreasing and let ¢ € {1,...,n — 1} be such that u; < p;y1. Then

Zoyu = Sizy and (zg,,) = 0(z,) — 1. Using E, = t%TiVESm and 1o7T; = 10t% from (1.6) and (1.7) gives

1 1 1—1t 1—1¢
F,=1FE, = 1pt27;, Ey,, = 10(t2Ti + 7)E8m =1 (t + 7>E5m

1-Y i 1-Y, i
1— tYlei+1 1 — tqti+r—Higou(ith)—vu(i) 1 — gritr—Higon(i+)—vu(D)+1 .
-0y Y;ilYi—H fip 0= gttt —Ragou (D) —va (@) T g —pa o (i) —ou () T
and the result follows by induction (see Section for an example). O

1.3 The KZ-family basis of C[X]*

For pp € Z™, let A = (A1 > --- > \y) be the decreasing rearrangement of 1 and let z, € S,, be minimal
length such that p = z,\. Define

It follows from the identities in the last column of (1.6) that

{fu| u € S,A} is another basis of C[X]*.

The following Proposition says that the {f, | p € Z"} form a KZ-family, in the terminology of [KT06),
Def. 3.3] (see also [CMW18, Def. 1.13], [CAGW15| (17), (18), (19)], [CAGW16, Def. 2]).

Proposition 1.2. Let = (u1,...,un) € Z%,. Leti € {1,...,n— 1} and let T; and g be as defined

in (1.1). Then

1 Jsir  of i > piva, _
t2T;f, = ‘ and =q Hn .
i {ffu, if Wi = fit1, 90w = 7 S eopin)

Proof. Assume pi; > ;1. Then z,,, = sz, and £(z,,,) = £(2,) + 1 so that

t%Tifu = t%Titég(zu)TzHE)\ = tée(zsi”)Tzsqu)\ = fsi,u-

6
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Assume f; = pi1. Then there exists j € {1,...,n — 1} such that s;A = A and s;z, = 2,5; (so that
sipt = siZu A = 2,5A). Then

3T, f, = t3Tit 2" Co)T, By = t3'G0T, 3T, By = t3'GOT, tEy = tf,.

(c) Let = (p1,...,un) and let 7 and j be such that A; is the first part of A equal to y,, and A; is the
last part of X equal to . Thus p, = X\;j = N\jp1 = --- = Xj. Write 2z, = 2s,,—1---5; with 2z € S,,_1
and let ¢, = s1+--sp—1. Then, using vx(j) =14+ (j —i)+n—j =n—i+ 1 from |[GR21, Proposition
2.1(a)],

9fu = gt3'CT, By = gt3'OT 00T, o TiEy = 12D g3 O T, g7 g T, - Ty
Ln i), .1 _ _ _
= 2000 (12T, 1Ty - 'T‘j*l(,-rj—ll Ty Ty - Ty) By
= t%(n_j)(tée(z)Tancgl)Tl - Tj_1Y;Ey,

= t%(n*j)(t%@(Z)T )Ty - Tj_lq*Ajt*(vx(j)*l)Jr%(n*l)E)\
CnzCn

L) (n—it1—1)+ L (n—1) /. L
= g Mtz (ni)—(n—itl-1)+3(n 1)(t2g(z)Tcnzc;1)T1"‘T%flTi“'ijlE)\
— q*ﬂnf%j“*%(t%@(z)]’

Cn2Cn

DVAREE j’i_lt%(j*i)E)\

_ 1 1 _ _
=4 e (tQZ(Z)Tcnzc )tQ(z I)Tl T T%*lE)‘ =49 'unf(kivulv---vﬂnfl) =4q 'unf(lln»llla---vltn—l)’

—1
n

where the next to last equality follows from s1---8;1(A1,.. ., A\n) = Ay Ay ooy Aim1, Aig 1y -5 An)
and ancgl()\i, ALy ooy Nie1y Nigly - - ,)\n) = ()\i,/,l,l, . 7,U,n_1). ]
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1.3.1 Examples of the elements £, and f, in C[X]Z10),

1-t¢
E@i0) = iy + (1_7@52>q$1$2$37

1t
Egon = wirs + (1—7qt)$%x2 + (q)qxlxzﬂﬁ?ﬂ

E(12,0 = x5 + (11_ ;t)x%@ + (11_;7)(1931562933,
Blop1) = w523 + (11— ;)xlx% + (1 1— q;ﬁ)ﬁx?’ + (1 : Qtt2> (11— tt)w%”
1—1¢ 1—1¢ 1—1¢
* ((1 — qt) + (1 — q2t2> (1 - qt>q>x1x2x3,
B2 = w15 + (11— ;t)x%l‘?’ * (1 1— q;t2>$1x% + (11— 2tt2) (11— t )”ﬁx?
1—¢ 1—t 1—1t
+ ((1 - qt) + (1 —q2t2) (1 - qt>q>x1x2x3,
B(o,1,2) = @223 + (11— ;t):chg * (11— ;)xlx% + (11— 2tt2) (11— t )x%x?’
( 1—1 )thx +( 1—-t¢ )(1_t>2x2x
1—q22) 12 -2/ \1—qt) "1
1=t \/1—t N
(1 2t2)( 1—qt )th1m2+ <1 2t2)(1 qt>$1$2
1— 1—1¢
(=) =2+ (7= ) (

1—
1-— t )< 1—1t ) n < 1— )
1— 2t2 qri1T2x3 1— r1T223,

_l’_

+

+

1-—t¢
)qtﬂclﬂ?zﬂﬁ:a

_l’_

—qt

1—1t
fe1,0 = Eei0) = CL“%HEQ + q(i—qﬂ)xlxﬂg’
1 (1 =t)qt?
1,2,0) = s149(2,1,0) = 122 T oy L1223,
fa20) = t2Ts E2,10 5+t 1((1(3;12)
1 (1 =t)qt?
f(2,0,1) = tQTszE(Z,l,O) = 37%963 +t 1((1_;2)9613323?37
1—t
f(1,0,2) = t%TsszlE(Zl,O) = 3313?§ + (i—qtl)xlxﬁg’
1—t
fo21) = 2T T, Eg 1 o) = 2375 + (i—qtl)xlxﬁg’
1-—t
f(o 1,2) = t2T51T52T51E(2 1,0) = 902333 + t(iqtl)xlﬂiﬂ&

1.3.2  Pj31,) as a symmetrization of E )

When n = 3 then

(1-#)01-#)
fEUFEDR

)= M =14t+t+2+2+85 = (1+0)(1+t+17) =
wES3

lo=t "3+t 3T 4+t 3Ty +t 3TV Ty + t 3 ToT) + TV ToT).

and
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Since W(Q,I,O) = {1} then W(Q,I,O) (t) =1 and

Njw

t
Poro)= —
@.1.0) Wi2,1,0)(t)

and, with f(271’0), f(1,270), ceay f(071,2) as in Section

10E(210)—t210t % Tle \/17

Poioy =1+ 3T + 2Ty + 3T\ Ty + t2 o Ty + t%T1T2T1)E(2,1,0)
= fiz,1,0) T f20) + feon) + fa02) + fo21) T fo12)

1—1¢ 1—1¢ 1—1¢
= (55%332 + ql(_qtg))l'lmﬂ??;) + (17175% + qt(i—qtl)xlw:@') + (951353 + qt(iqtl)$1$2$3)
(1—1) (1—1) (1—1)
+ (1‘11‘3 + mxlif%%) + (xgifz‘. + m$1$2$3) + ($233;2», + tm$1ﬂf2x3)

1-t)1—-¢*) (11—t (1—4g%
) (1 aB) " (g (0 )

2 2 2 2 2 2
= x{x2 + 125 + T{x3 + T123 + T5T3 + Tox3 + <

1.3.3 Symmetrizations for p with distinct parts when n = 3.

For example, if n = 3 and Ay > A2 > A3 then W) = {1} and W, (¢) = 1 and wy = s1s251 and ¢(wp) = 3.
So

3
Founans) = 2L0E 0\ x0s) = Py agas)

Fogang) = 2 (11 _t;:_;;tt;_ll)P(Aw\w\s)

F(MJ\SJQ) = t% (11 _ q):\j ):\33;33 22>P>\17/\2:>\3

Fogra ) = 2 <11 >:\11 :’;3 11> (11 >:\11 ):\22;22 11)P(>\17>\27>\3)

F(/\37)\17>\2) = t% <11 _ q):\ll :;3;33 11> (11 _ q:: ijttj 22) ()\19\27)\3)

Foapen) = t2 <11 _ q)il ::tt; 11> (11 _ q: ijttj 11) (11 _t;LQ—_;jttsg—_;>P(>\17/\27)\3)

since, for example, using

() =3, 0a(2) =2, wa@B) =1, and Y, VB sy = ¢ OO EL
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and v(i) — 0r(j) = (n—i+ 1) = (n—j+1) =i—j,

i v 1 (1—1t)
Foeang) = Lot27m0 By ag 09) = 10(t2T1 T Y71Y2>E<A1,A27A3)
1

(1—1) 11—ty 'Y,
0 1 _ Yl—ly'Q ()\1:)‘2»)\3) 0 1 _ Y1—1Y2 ()\1,>\27)\3)

1— tq)\lf)\zt271 1— tq)\lf)\zt2fl
- 10( 1— q>\1—>\2t2—1 )E()‘lv)‘27>‘3) - ( 1— q)\l—)\th—l )P(/\lv)‘27>‘3)

F, = 1ptarytarVE =1 tarVE
(/\2,)\3,)\1) 0 2 1 ()\1,>\2,)\3) 0 1 ()\1,/\2,)\3)

1— thl_)\Stig_l

1—tY; 1y, 1
71>E()‘17>‘27)‘3) = 10t27—1\/( 1— q/\1—>\3t3—1 )E()‘I:)\Qy)‘S)

1-Y7 'y,

— 1oty (

1 _ tq)\1f)\3t371 1 _ tq)\lf)\zt27l
- ( 1 —ghi—Asg3=1 ) ( 1 —gh—A2g2-1 )P(AWM

1.3.4 Examples of the gf, condition for a KZ-family.
Let n =3 and A = (2,1,0). Then v)(1) =3, vx(2) =2 and v)(3) =1 and

(v (i) — Lo
YiEp 10 =q it O DT0-UE, o).

Then
Vi=ghT, Yo=T, g0, Ys=T,'T ",
Since
fe10 = Ez)(z,Lo), fa,2,0 = téTlE(Q,l,O)a f2,01) = téTzE(z,Lo),
Jo21) =t2TT2Ex ), fa,02 =t2T2T1E@3 10, fo1,2) = t2TT2T1E;5 1 o),
then

91,0 = 9FE@10) = T1T2(T2_1T1_19)E(2,1,0) =TN12Y3E;310) = qfotlTszE(zl,o) = f0.2,1)
9fa20 = gt%TlE(Q,l,O) = t%T2gE(2,1,O) = t%T2tT1T2E(2,1,o) = f(0,1,2)s

9fe01) = gt%T2E(2,1,o) = t%TlelgTQE(Z,LO) = t%T1Y2E(2,1,0) = t%qu_lt_HlE(z,l,o) = q_lf(1,2,0),
9fo21) = gt%T1T2E(2,1,O) = t%TQQTQE(Q,l,O) = t%T2T1q_lt0E(2,l,0) = q_lf(1,0,2)7

9fa02) = t%QTZTlE(Zl,O) = thlE(Z,l,O) = t%q_Qt_ZHE(Q,Lo) = q_2f(2,1,0),

gfo12) = t%9T1T2T1E(2,1,0) = t%T19T2T1E(2,1,0) = t%qui%ilE(Z,l,O) = q72f(1,2,0)-

2 Boxes, arms, legs and counting terms

2.0.1 Common terminology.

2 ={p= (1, tn) | i € Z>0} is the set of weak compositions,

22y ={p = (1, pbn) | ti € Zo} is the set of strong compositions,

Z" ={p=(p1,...,pn) | pi € Z} is the lattice of integral weights,

(Z™)T ={(1y -y pin) €Z™ | i1 > g >+ > i} is the set of dominant integral weights,

(ZgO)Jr ={(p,-- s pn) €EZ% [ 1 > p2 > -+ > pn} is the set of partititions of length < n.

10
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2.0.2 Examples of box diagrams.

If A= (5,4,4,1,0) and p = (0,4,5,1,4) then

dg(A) = and  dg(p) =

To conform to [Mad, p.2], we draw the box (i,7) as a square in row ¢ and column j using the same
coordinates as are usually used for matrices.

The cylindrical coordinate of the box (i,7) is the number i + nj.

2.0.3 Formulas for #Nleg,(i,j) and #Narm,,(i, j)

Using cylindrical coordinates for boxes define, for a box b € dg(u),

attack,(b) = {b—1,...,b—n+ 1} Ndg(n), (2.1)
Nleg,,(b) = (b +nZxo) Ndg(p) and
Narmy,(b) = {a € attack,(b) | #Nleg,(a) < #Nleg, (b)}.

As in [HHLO6, (15)], the number of elements of Nleg,, (7, j) and Narm, (i, j) are
#Nleg, (i, j) = #{(i,5') € dg(u) | 5 > j} = pi — J,
#Narm, (i, §) = #{(0, ) € dg(u) | 7 < and < i} + #4(5 —1) € dy) | # > i and oy < pu),

where dg(u) = dg(11) U {(1,0),...,(n,0)}.

2.0.4 Relating HHL arms and legs to Macdonald arms and legs.
If p is decreasing so that @ > pe > -+ > u, then p is a partition and

#Narm,, (i, §) = ps_q — i =leg,(i,j — 1) and #Nleg,(i,5) = pi — j = army,(i, ).
If p is increasing so that p; < pg < -+ < u, then wop = (pp, ..., p1) is a partition and

#Narm, (i) = (woly —(n—1) . #Nleg (i) = ps—j = (Wi — J
= legwo,u,(n_ivj) = armwou(n_ivj)

(see [HHLOG, remarks before (17)] and [Hgl06, p. 136, remarks before Figure 6]).

2.0.5 Formulas for the number of alcove walks #AW7 and nonattacking fillings #NAF),

The motivation for computing #AW}, and #NAF), is that the alcove walks formula and the nonat-
tacking fillings formulas for the relative Macdonald polynomial E are, respectively,

E:= ) wit(p) and Ej= )  wt(T).

PEAWE TENAF?,

11
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(see [GR21, Theorem 1.1]). The number of terms in the first formula is #AW7}, and the number of
terms in the second formula is #NAF.
For a box (i, j) € dg(n) define w,(7,7) by the equation

uu(i, ) + 1 =n — #attack, (¢, 7).
Since #attack,(i,7) = #{i' € {1,...,i =1} | p > j} +#{ € {i+1,...,n} | py > j — 1} then
wa(i, ) =" € {1, i =1 [ po <j <p}+ AT € i+ 1, oond | pe < j—1< ).
Let p1 = (p1,..., pn) € Z5q and z € Sp,. By [GR21,, Prpoposition (2.2)] and the definition of alcove
walks and nonattacking fillings in [GR21l, (1.11) and (1.7)],
#AW? = 2/w) = TT 207 and  #NAF; = [ (uu(i,§) +1). (2.4)
(i,5) e (i,5)en

(The right hand side does not depend on the choice of z.) For example (as in [CMW18| Table 1]),

1-3.5.7
1-3-5
1-3-5

. 1-3-5

#NAF 555000000 = | 1.3 — 3189375,  for z € Sip.
1-3
1
1

2.1 The column strict tableaux formula for P,

Let A and p be partitions such that A O g and A/u is a horizontal strip. Following [Magd, Ch. VI §7
Ex. 2(b)], define

(quz‘—,ujtj—i—i-l; q)oo(qki—kj+1tj—i+1; q)oo(q)\i—,uj—i-ltj—i; q)oo(q,ui_AjJ,-l"l‘ltj—i; Q)oo

U/ =
" 1<i<3116(u) (g H T 7 @)oo (@A ) oo (¢ THIET L @)oo (g A1 L ) o

where the infinite product (2;¢)e = (1 — 2)(1 — 2¢)(1 — 2¢?)---. A column strict tableau of shape A
is a filling T': dg(\) — {1,...,n} such that

T(i,j) <T(,j+1) and TG, 7)<T@+1,7).
For a column strict tableau T define
Yr =[] vsopmen  where XD ={uedg(\) | T(u) < i}.
i=1
Then [Mac, Ch. VI (7.13")] gives

n

P, = Z Yl where 2! = xf(ls inT), . g#nsinT) (2.5)
T

By [Mad, Ch. 1 §3 Ex. 4], this formula for Py has

n + c(b)
h(b)

¢(b) is the content of the box b,
h(b) is the hook length at the box b.

terms, where
beX

12
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2.1.1 Comparing numbers of terms in formulas for P,.

Let A = (A1,...,\,) be a partition and write A = (0"01™12™2...) so that m; is the number of rows
of A of length 7. Then number of elements of the orbit S, A (the number of rearrangements of \) is

|
Card(SpA) = l, where my! = mo!mylma!--- .
my!
By (L.5), the symmetric Macdonald polynomial is given by Py = - ¢ y Ef, and using the alcove
walks formula for £ and the nonattacking fillings formulas for £ provide formulas for Py with

n! n!

- #AW3 terms, and a #NAFS terms, respectively.

my! m
Alternatively, by Proposition there is a constant (const) such that

if A= (A, .y Ak, 0,...,0) with A #0

Py = (const) Z Ereu(n) where then rev(A) = (Mg, ..., A2, A1,0,...,0).

vESRA

Then using the alcove walks formula for ij(/\) and the nonattacking fillings formulas for Efev( N
provide formulas for Py with

n! n!

. #AWiev(/\) terms, and - #NAF?

rev(y) terms,  respectively.

m/\! m)\!

Let A\ be a partition. TLet A" = (X},...,)}) be the conjugate partition to A so that X is
the length of the jth column of A\. For A = (A1, Ag,..., A, 0,...,0) with Ay # 0 let rev()) =
(Aks -5 A2,A1,0,...,0). Then ux(4,1) = Upep(r)(i,1) = 0 and if j > 1 then uy(i,j) = n — )\;»_1 and
Upep(r) (i, 7) = n — A} Thus

#AWy = [[ 2%, #NAFx= J] (0= Ny +1), #NAF,0= [] (v—X;+1),

(3,5)EX (i,5)EX (4,7)EN

j>1 j>1 i>1
and
on=Aj_1 n—MN+1
—nl. )\ — - — J
) =nt- [T =X+, = ]I T W= 11 P
(i,5)EX (i,7)EX J (i,7)EX J
j>1 j>1 j>1

are formulas for the values provided in the table in [Len08| end of §3] (Lenart assumes that the parts
of A are distinct so that my! = 1). For example, if A = (5,4,2,1,0) as in the last row of Lenart’s table
then

20.91.92.93.93 1

20.91.92.93 1-3
1-2.3.4-4 20 . 21 1-3-4-4
1-2.3-4 20 1-3-4-4-5

=58 11 )= 2314y 0 "Weraasaay

1 1-2-3-4 1-2-3-4

1-2 1-2

1 1

13



Type GL,, Macdonald polynomials

so that t(A) = 552960, c(\) = 122 ~ 14.222 and r(\) = 2 = 7.5. To compare this with the number of
column strict tableaux of shape A = (5,4,2,1,0) (the number of terms in the formula for P in (2.5))),

5.6.7-8-9

4.5.6-7

3.4
H”+C(b)— 2 —5.7-3.5-7=3675.  and 222200 _ 150 465,
L h(b) 8:-6-4-3-1 3675

6-4.2-1

3.1

1

3 Converting fillings and alcove walks to paths and pipe dreams
3.0.1 Hyperplanes and alcoves

Let R" = ap =Rey +--- +Rey,. For i, j,k € {1,...,n} with i < j and ¢ € Z define

aa;/—&‘;-/-i-fK — {(

f1s- s i) € R™ | iy — py = —€},  and
et = {(p, . ) €R™ | g, = — 1} (3.1)

The union of these hyperplanes is

H={(p1,....,pun) €R" |if 4,5 € {1,...,n} and i # j then p; ¢ Z and p; — p; & Z}.
An alcove is a connected component of

R™ —H, the complement of the hyperplanes listed in (3.1]).

The fundamental alcove is

Av={p= (1, o) €ER™ | i1 — pn € Ryp and if i € {1,...,n} then p; € R_; )}

For n = 2, some pictures of these hyperplanes and paths in ap = R? are in section m

3.0.2 Bijection W + W - 1p + {alcoves}

Let W be the group of n-periodic permutations and define an action of Wgr, on R™ by

77(//'17-”7//%) = (/’Ln+17,u’17'”7,un)7 (32)
and Si(f1y s fin) = (W1y - oy im1y it 1y iy ik 1y - -+ fin), Tor i € {1,...,n—1}.

Let

p=(5t 08 2y -2, 1,0) - 251(1,1,.. 1), (3.3)

Then the maps
W «— W-ip «— {alcoves}
w

1

ijecti 4
—  cwp wA; are bijections, (3.4)

and so we can identify W with the set of alcoves and with the orbit W - %p. The statement in ([3.4))
holds because the stabilizer of £p under the action of W on R™ is {1}.

14



Type GL,, Macdonald polynomials

3.0.3 Reflections in W.
For any pair (j, k) € Z x Z with j # k define
si(j) =k, sjp(k) = (j), sj(i) =1ifi# jmodn and i # k mod n..
Ifie{l,....n—1} and t,v = ((11)w(1)s (H2)o(2)s - - - » (Hn)o(n)) then
SitpV = (1) u(1)s - - s (Bim1)w(i=1)> (Hit1)v(i+1)s (Bi)v(iys (Bit2)o(it2)s - - - > (Hn) o))
so that, in extended one-line notation, s; acts by switching the ith and (i + 1)st components. The

hyperplane a?” between t,vAy and s;t,vA; has root BY = EZ(H_I) — 5Z(i) + (i — pit1) K.

3.0.4 Paths.

A path is a piecewise linear function v: Ry 5 — R", where a € Ryp and Rg g = {t € R | 0 <t < a}.
The concatenation of paths y1: Rygq — br and y2: Rjgp) — by is the path

7 (t), if i € R[O,a}v

: Rig gup] — b iven b t) = .
N2 Roate) 7 IR 8 v (m)l) {'}’1((1) + 2t —a), ift€Ryqqpy

3.0.5 Paths corresponding to nonattacking fillings.

The straight line path to 0 — ¢; is
T R[O,l] — R”
t —  te;
If T is a nonattacking filling of type (z, 1) then the word, or path, of T is

I = H TP () taken in increasing order of cylindrical coordinate.

The path, or word,
a_c’T:xila:i2-~-xiz is 0—>5i1—>(5i1+5i2>_>"'_>5i1+"'+5i4

as a sequence of straight line segments.

3.0.6 Paths corresponding to alcove walks.

Define paths w: Rpp,;) = R™ and cq: Rjg ;) = R™ and fo: Rpp,1; = R™ by

t ta ifo<t<i

wt)=—(1,1,...,1), co(t) =ta and t) = ’ -

(1) = ) calt) falt) {(H)m izt
Letﬂz(ul,...,un)ezgo and z € S,. Let sy = m and let i, = s;, - -- 55, be a reduced word for u,.

An alcove walk of type (z,1,) is
a sequence p = (po,p1,-..,pr) of elements of W such that (3.5)
po = z; if s;, = m then py = pr_17; and if s;, # 7 then py € {pr_1,pr—15i, }- The path corresponding
to p is
fpkqaik: if pp = pr—1,
Y81 VBes where V6 = 4 Cor—rcu > if pr = pr—15i,, (3.6)
w, if p = pg—1,
See for pictures in R?, for n = 2. The pictures of paths for n = 3 in sections and are
projections from R? to the plane {(y1,72,73) € R | 71 + 2 + 73 = 0}.

15
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3.0.7 Pipe dreams corresponding to nonattacking fillings

Let p € Z%,. A filling of dg(n) is a function T': dg(p) — {1,...,n}. If the filling is nonattacking,
then it satisfies the column distinct condition,

if j € Zs and (i, ), (i',5) € D then T(i, j) # T, ), (CD)
and so the filling 7" can be converted into a pipe dream P: {1,...,n} x Z>o — {1,...,n} by setting
P(k,j)=1i ifand only if  T(i,j) =k, (3.7)

and putting P(k,j) = 0 if there does not exist i € {1,...,n} such that T'(¢,j) = k. (This bijection is
given in (5.10)] and J[CMW18, Definition A.6]. In [CMW18| Definition A.6] the pipe dreams
are the multiline queues and the fillings are the Queue Tableaux and in [BW19, (5.10)] the pipe dreams
are the p-legal configurations.) The column distinct condition on T is exactly the condition that P
obtained in this way is a function.
For example,
111 1 3 3
212 2 1 2
3

W DN =
[N
W =

111 111
2|2 2|2
3 3
are the 4 nonattacking fillings of = (2,2,0). Converting these to pipe dreams gives
111 1 171 1 111 2 111 0
212 2 212 0 212 1 212 2
310 0 3|10 2 310 0 3|10 1

The example in [BW19, Figure 5] has

1 112 2 2 0 0
211 1 1 2 2/0 5 0 2 0
filling 3|3 with corresponding pipe dream 313 05 5 0
414 4 5 4 4 414 4 0 4 4
515 2 3 3 55 0 4 0 0
and the picture of this pipe dream from [BW19, Figure 5] is
1 3 25 4
|
5
s E _l 5 |5 5
0) 0 0 0 0
4 4 4 4 4
4 e
1 -1 -1 -1 -1
3 3 3
s L it [ (9
2 -2 -2 2 -2
2 2 2 2 2
2 5
3 -3 -3 3 -3
1 1 1 1 1
1 p 2 y
M -4 -4| L4 4

16
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([BWT9] index rows bottom to top instead of top to bottom). The example in [CMWIS, Figures 3
and 12] has

=N O Ot

nonattacking filling T = and pipe dream P =

0 N~ O
G —= 00 O W N
Uk kH OO O Wi
SO NP = O WwWwOo

(=il eNoNal =N

T WO I~

and the picture of this pipe dream (multiline queue in the terminology of [CMW18]) from [CMWTS|,

Fig. 3] is

O,

{

3.0.8 Alcove walks, nonattacking fillings and paths for E(3)

the multiline queue

The explicit expansion of E3 ) is

1-t¢ 1-1¢ 1-1¢ 1-1¢
Fao =i+ (7)ot + (T )+ (o) (T ) ot
(3,0 =21+ 1= g% q r125 + 1— gt q+ =) \1o )7 ) e

The nonattacking fillings, words, paths, alcove walks and corresponding weights for E(3 ) are

1(1 1 1 171 1 2 1711 2 2 1/1 2 1
2 2 2
111 T1T1X9 T1T2X9 T1T2X1
©0,0) 0,0) X 0,0) » ©,0)
7 7 7 7
7y 7y 73 G-3
TS1TS1 syl wlwsym mlwlmw

1—t 2f 1-t 2 1-t 1-¢
1 q(lfqt) q (17(121&) q (17(17&)(17(17&)
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The first row contains the nonattacking fillings. The second row contains the words of the nonattacking
fillings. The red paths are the paths corresponding to the words of the nonattacking fillings, and the
blue paths are the paths corresponding to the alcove walks. We used a shortened notation for the
alcove walks so that

wsymsym  represents the alcove walk (1,7, ws1, w$17m, TS17TS1, TSI TSITT),
1,7 7I‘81,7T517T TSI, TS172),

(1,
wsimlm  represents the alcove walk (1,
mlmsym  represents the alcove walk (1,7, 7r 7r231,772317r)
mlrlmr  represents the alcove walk (1,

The last row contains the weights of the alcove walks (which are the same as the weights of the
nonattacking fillings to illustrate that the factors of the form (%) are in bijection with the folds
of the blue path.

3.0.9 Alcove walks, nonattacking fillings and pipe dreams for E )

In the orthogonal projection from R3 to the plane

{(71,72,73) € R® | 71 + 2 + 73 = 0}

(so that we can draw 2-dimensional pictures), the straight line paths x1, z2, 23 to €1, €2, €3, respectively,
are pictured as

X
X2
X3
The explicit expansion of Esq 1) is
1> +1—t —I—tl_t n 1—-¢t 1—-1¢
= 1232 T1Tox ———T1T32% —— T T2T
(2,0,1) 12371 1_(]75121 ql—qt2132 ql—qtl—qt2123
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The nonattacking fillings, words, paths, alcove walks and corresponding weights for E; o 1) are

11

1 1/1 1 111 2 111 3

2 2 2 2

313 3|2 313 312

2 3 1 2 3 1 2 3 1 2 3 1
3 I 3 3 I 3 I I
2 2 e 2 e 2 et
1 1 1 1

TS1TSLT wlwsym syl mlrwlmw

where we have used the same shortened notation for alcove walks as in the table in Section B.0.8l The

sections of type w in the paths corresponding to the alcove walks (see (3.6))) are not visible in these
pictures since the pictures are in a projection orthogonal to the direction of w.

3.0.10 Alcove walks, nonattacking fillings and pipe dreams for E( 5

The explicit expansion of E(q 3 0) is

1—t (1—qt?) (1-1)
Eq2,0) = 1170272 + —— 217271 + ¢ T1T9T3
(1,20) 1—qt (1—qt) (1—qt?)
The nonattacking fillings, words, paths, alcove walks and corresponding weights for E(; 5 ) are
171 171 171
212 2 212 1 212 3
3 3 3
:Ii 1 2 ? 1 2 :Ii 1 2
3 -—I 3 _-I 3,__l |_|
2 2 2
1 1 I—,‘— 1
TwS9S1T Trlsym mrllmr Tmsolm
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where we have used the same shortened notation for alcove walks as in the table in Section B.0.8 The
sections of type w in the paths corresponding to the alcove walks (see (3.6))) are not visible in these
pictures since the pictures are in a projection orthogonal to the direction of w. For this example, there

are 4 alcove walks and 3 nonattacking fillings.

4 Reduced words and inversions

4.0.1 Examples of the inversion set Inv(w).

Define n-periodic permutations 7w and sq, s1,...,5,—-1 € W by
w(i))=i+1, forieZ,

SZ(Z) =1+ 1,

sili+1) =i, and s;(j) =4 forje{0,1,...,0—1,i+2,...,n—1}.

An inversion of a bijection w: Z — 7Z is
(jyk) € ZxZ with j <k and w(j) > w(k).

and the affine root corresponding to an inversion

(i,k) = (i, +¢n) withi,j€{l,...,n} and ¢ € Z, is szey—sjv—l—ﬂ(.

Let n = 3. The element
w=s1s2 has w(l)=2, w(2) =3, w(3)=1,
and w(1) > w(3) and w(2) > w(3) and
Inv(w) = {ag, spay'} = {e3 — &5, ] — 3}

The element
w =281 has w(l)=3, w(2)=1, w(3)=2,

and w(1) > w(2) and w(1) > w(3) and
Iv(w) = {oy, s105} = {e] —e3,e] — 3}

These are examples of [GR21), (2.11)].

4.0.2 Relations in the affine Weyl group W

The following relations are useful when working with n-periodic permutations.

Proposition 4.1. Then

50 = tey ey Sn—1-" 525182 Sp1, tey = TSp_1--" 5251,

and t.y = sitgiv Si, Tsm L = Sit1,

i+1

forie{l,...,n—1}.

20
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Proof. Proof of (4.4): If i ¢ {1,n}
ts¥,€x8n_1 8981892 Sp— 1( )tsl —eV (Z) == So(i).

If © =1 then
tev _eySn—1 828182 S$p—1(1) = toy_ov(n) =n —n=0=sp(1),

and, if 7 = n then '
tey _cySn—1- 828182 Sn—1(n) =ty _ov(1) =1+ n = s0(n),
Forie {2,...,n}
TSp—1--81(1) =7(i — 1) =i = tg, (), and TSp—1---81(1) =m(n) =n+1=1t,(1).

Proof of (4.5):
Sita\_/Si(i) = Sital\_/ (Z + 1) = Si(i + 1) =1= te\./ (7,),
sitevsi(i +1) = sitey (1) = si(1 + )—z+1+n_tv (i+1),
si(J) =

sitsg/si(j)zs 2/(3): (])7 1fj€{17an} andj¢{2,z—|—1}

teYys
Finally,
msim (i) = 7wsi(i — 1) =w(i) =i+ 1 = s;41(i), and
msim (i 4+ 1) =ms;(i) =w(i+1) =i 4+2 =510 + 1).

4.0.3 The “affine Weyl group” and the “extended affine Weyl group”
The type GL, affine Weyl group W is generated by si,...,s, and w. The group W contains also

so and all the elements ¢, for u € Z". The projection homomorphism is the group homomorphism
: W — S, given by
t,v =, for p € Z™ and v € S,,. (4.6)
The type PG Ly -affine Weyl group is the subgroup Wpqy, generated by so,s1,...,8n—1.
Wpar, = {tyv | p= (1, .., ptn) € Z" with py +--- + pp, =0 and v € Sy}, and
Wer, =W ={tyw | peZ veS,} = {z"w | h € Z,w € Wpgr, }.

Then
War, =Z" % Sy = Qx Wear,,  where Q={x"|hecZ} with Q=7

The symbols x and x are brief notations whose purpose is to indicate that the relations in (4.5)) hold.
The group Wpgar, is also a quotient of Wy, , by the relation # = 1. The type SL, affine Weyl
group is the quotient of W, by the relation 7" = 1. This is equivalent to putting a relation requiring

ty=1t, if 4 = v; mod n fori € {1,...,n}.

As explained in [St67, Ch. 3, Exercise after Corollary 5], there is a Chevalley group G for each positive
integer d dividing n. The group Gy is a central extension of PGL,, by Z/dZ (so that G; = PGL,, and
Gy = SL,,). Each of these groups G4 has an affine Weyl group W¢,. The group W, is the quotient of
Wear, by the relation 7% =1, and is an extension of Wpg L, by Z/dZ. The group Wpgr, is sometimes
called the “affine Weyl group of type A” and the groups Wgr,, and Wg, for d # 1 are sometimes
called the “extended affine Weyl groups of type A”. We prefer the more specific terminologies “affine
Weyl group of type PGL,” for Wpgy,,, “affine Weyl group of type SL,,” for Wgy, , “affine Weyl
group of type GL,” for Wgy,,, and “affine Weyl group of type PGL,, x (Z/dZ)” for W¢, (the symbol
x indicates a central extension).
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4.0.4 The elements u,, v,, z, and t,.

Let o= (o1, in) € Z% and let uy, be the minimal length n-periodic permutation such that
U“(0,0,...,O) = (:ulw"?/*j’n)'
Let A = (A, ..., \,) be the weakly decreasing rearrangement of p and let

2, € S, be minimal length such that z,A =p, and let

v, € S, be minimal length such that v,u is weakly increasing.
Let t,,: Z — Z be the n-periodic permutation determined by
tu() =1+np, tu(2)=2+nps, ..., tu(n)=n+nu,. (4.7)

4.0.5 Relating u,, v,z to uy, vy, 2).

Let A= (A1,..., ) € Z" with A\ > --- > \,,. Let Sy = {w € S,, | wA = A} be the stabilizer of A in
Sy. Let

wp be the longest element in S,,, wo = wrwy and
w) the longest length element in Sy, and so that
w?™ the minimal length element in the coset wyS), (%) = l(wo) = L(w*) + £(wy).

Let p € Z™ and let A be the decreasing rearrangement of A. Let z, € S, be minimal length such that
=z, A. Then z) =1,

ty = uuvy = (Z4ux)vy and t) = u\v) = U)\(w)‘)fl, with

U(tn) = €up) + L) = Lz) + L(up) +L(vy) and £(tx) = L(up) + £((w) 7).

Using that z#t,\zljl =t,,\ = t, gives that the elements u, and v, are given in terms of z,, u) and w?

by
uy = zyuy and v, = v,\z;1 = (w>‘)_lz;1 = (zw?)

= (Zuwow/\)_l = W \WoZ,

since vy = (w*) 7! and vy = vz, with £((wy) 1) = L(vy) = £(v,) + £(z,).

4.0.6 Inversions of t.,, t_., and t.,

Let ¢, be as in (4.7)) and let ¢; = (0,...,0,1,0,...,0) where the 1 appears in the ith position. Then

tm:(ll,og,...,on):<n}r1 ; N Z)zﬂsn_1...81,
tslz(—ll,Og,...,On):<1in 3 o Z>:31"'8n17r_1a
t5151:(02,11,03,...,0n):@ 1in g - Z):mn_l...@,

site, = (12,01,03,...,0,) = <2in f g Z) S TSy 1 51,
tEQ:sltalsl:(01,12,03,...,On):(1 2—}2-11 g Z>:817T5n_1-.-52,
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and
Inv(ts,) = {(1,2),(1,3),...,(1,n)}
={af,s103,...,81Sp_oa, 1} ={e] —ey,ef —e¥,....e] —¢.}
Inv(t_e,) ={(2-n,1),3—=n,1),...,(n—n,1)} ={(n,1+n),(n—1,14+n),...,(2,1+n)}
= {ma,) |, TSp_10, 9., TSy_1- - S20] }
={en — (el —K),eng — (6] = K),...e5 — (ef = K)}
Inv(te,s1) =4{(2,3),...,(2,n)}
={ay,s00,..., 80 Sp o0, 1} ={ey —e¥,e5 —e),...,e5 —¢.}
Inv(site,) = {(1,2),(1,3),...,(1,n),(1 —n,2)} = {(1,2),(1,3),...,(1,n), (1,2 +n)}
={aY,s10,...,81 - Sp_o0) 1,51-" sn_gsn_lﬂ'_lacY}
={ef —ey,ef —¢ey,....,ef —&., (] + K) — ey}
Inv(t.,) ={((2,3),...,(2,n),(2—n,1)} ={((2,3),...,(2,n),(2,1 + n)}
={ay, 500, ...,82  Sp_o0, 1,89 " sn_gsn_m_la}/
={ey —eg,e5 —ef,... 65 — e, (3 + K) —ef},

where we have used
st suam Y = sy s m (Y — ) =1 ((e) + K) —2)) = (e} + K) <Y, and
s9-Spam oy =89 s, 1((ef + K) —e)) = (6§ + K) — &Y.

4.0.7 The elements u, and v, for ;= (0,4,5,1,4)

Let w,, v, 2, and t, be as in Section If £ =1(0,4,5,1,4) then A\ = (5,4,4,1,0), and

2, = 898451525354 since  (5,4,4,1,0) 723 (0,5,4,4,1) 3 (0,5,4,1,4) 3 (0,4,5,1,4),

vu(l) =1=1,
L2 3 45 vu(2) =3=1+#{1},
U#:545253:<1 35 o 4> with vu(3) =5=1+4#{1,2} + #{4},
va(4) =2=1+#{1},
0u(5) =4 =1+ #{2.4}

Then Uy = (01, 03, 05, 03, 04) and
IIlV(’UM) = {(27 4)7 (37 4)> (37 5)} = {0{:\3/’ 83055/7 8382a>1/} = {62’1/ - EX? 55/ - €>1/7 5;{ - €g}
Then, with n = 5,

1 (12345

Y =\1 4 2 5 3

m ) = (01,04,02,05,03) and

o (12 3 4 5 \ (12 3 4 5
e =ty _(01’43’55’12’44)_<1 A+n 2+44n 5+4n 3+5n)  \1 5 10 25 28

Then

b-4)+(B-4)+(B-1)+(5-0)
R O D A = 26 = £(t) = ) + £(v,)
+(1-0)

23



Type GL,, Macdonald polynomials

with
Ou,) =6+7-2+3=23, L(v,) =3, £(z,)=6.

The decreasing rearrangement of u = (0,4,5,1,4) is A = (5,4,4,1,0) and

AN = ]-a W) = 82, U) = WoS2

4.0.8 The box greedy reduced word for u,.
If p=(0,4,5,1,4) then the box greedy reduced word for w,, is

S1T S1T S§981T S§981T
uE = (5177)6(525177)7(5352517T) =||s1m s $981T | | S9817 | |S389817 (4.8)
S1T

S1T S§981T S§981T S§981T

and the length of u, is

g(ul/«) =6+14+3= 23, since f(ﬂ') =0 and ‘6(51) =1

|

Using one-line notation for n-periodic permutations, the computation verifying the expression for u,

is

1

(01a437557 12744) g (43a017557 12744) 7;
a1
(01,55, 12,44, 33)) = (55,01, 12,44, 33))
1
(01, 12, 44,33, 45)) = (12,01, 44, 33,45)) —
1
(0 44533745702)) g (4 701a33a457 2)) 7r_>
T —1
(01,33, 45,02,34)) = (33,01,45,02,34)) =
1
(01,45, 02,34, 23)) > (45,01, 02,34,23))
7r,1
(0 0273472?”35)) g (0 734a02a237 5)) (34701702723735)) -
1
(01,09, 23, 35,24)) 3 (01, 23,09,35,24)) > (23,01, 02,35, 24))
1
(0 02735724713))3 (0 735702a247 3)) (3 017027247 3))7r_>
T —1
(01,02, 24,15,25)) 3 (01,24, 02, 13,25)) = (24,01,02,13,25)) =
1
(01,02, 13,25, 14)) %3 (01,13, 02,25, 14)) 2 (13,01,02, 25, 14))
1
(0 02525714703))3(0 25>02;14703)) (2 017027147 3))7r—>
T —1
(01,02, 14,03, 15)) 33 (01, 14,02,03,15)) = (14,01,02,03,15)) =
-1
(01, 02,03, 15,04)) 22 (01,02, 15,03,04)) 33 (01, 15,09, 03,04)) > (15,01,02,03,04)) = (01,09, 03,04, 05))
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4.0.9 Inversions of u,.

If p=(0,4,5,1,4) then the inversion set of u,, is

Inv(u,) =

ey —ey +4K | |ey —eY +3K| |ey —eY +2K| |y —ef + K
ey —ey +2K| |ey —ey + K
el —eY +5K | |ef —ef +4K | |e¥ —e) +3K| |ef —ef +2K| |ef —¢) + K
el —ey +3K| |ef —ey +2K| |ey —ey + K
V_ v
ey —&3 + K
ey —ef + K
ey —eY +4K | |ef —eY +3K| |ef —eY +2K| |ef —ef + K
el —ey +3K| |ef —ey +2K| |ef —ey+ K

The following is an example that executes the last line of the proof of [GR21l, Proposition 2.2]. The
factor of s; in the factorization uy, = s17u(g5,1,4,3) gives the root
- - -1 - -1
u(0%5,1,4,3)7r e —ey) = %0,5,1,4,3)7 e —ey) = “(0,5,1,4,3)((5%/ +K) —¢f)
= ”(0,5,174,3)75(_0%5,1,4,3) (e5 —&f + K) =v05143 (5 +3K — (¢f +0K) + K)

=ef —ef +4K,  since vs143)(5) = 3.

4.0.10 The column-greedy reduced word for u,,.

Let o= (1, pn) € Z%. Let J = (j1 < ... < jr) be the sequence of positions of the nonzero
entries of p and let v be the composition defined by
vi=p;—1 ifjeJ and v =0 ifk¢&J,

so that v is the composition which has one fewer box than p in each (nonempty) row. Define the
column-greedy reduced word for the element u, inductively by setting

r
r
Ut = ( H Sjm—l cee sm+1sm)7r ui,
m=1

where the product is taken in increasing order.
For example, if A = (5,4,4,1,0) then z) = 1, w) = s2, vy = wps2 and the column greedy reduced
word for wu) is

(4.9)

5251 5251 5251
S2| |8382| |8382
uﬁ = 774515253#3(5251535254537r3)2323177 = .
5453 5483
PSS 73 3 7r
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The computation verifying the expression for ui is

IN

™

5,4,4,1,0) &

w

P

%

w

(0,0,3,2,2) **°1282%4%3 (39.2.0,0)

w

( )
(0,4,3,3,0) “'3% (4,3,3,0,0)
(3, )"
(0,0,2,1,1) **%2%%4% (9.1.1,0,0)

(00200)5251(10000) ™ (0,0,0,0,0)

If p=(0,4,5,1,4) then the column greedy reduced word for u, is
i _

This follows from (4.8)) by using that ws;7~1 = s;11.

5 The step-by-step and box-by-box recursions

5.0.1 Examples of the step-by-step recursion
Examples illustrating [GR21l, Proposition 4.1(a)] are

(156234) (562341) (516234) (162345) (651234)
E(loo,l,o 0) — 1E(0 0,1,0,0,0)° E(1 0,0,1,0,0) — E(o 0,1,0,0,0)° E(loo,l,o 0)

An example illustrating [GR21), Proposition 4.1(b)] with zs; < z is

E(561234) E(516234) +( 1-1 ) t5,2t,3E(561234)
1

(0,0,1,1,0,0) — *(0,1,0,1,0,0) — qt52 (0,1,0,1,0,0)
_ p(516234) 11—t (561234)
= E010.1,0,0) 1— qt52 (0,1,0,1,0,0)°

with = (0,0,1,1,0,0) and z = (561234),

2t = (563412), ' =(125634), zuv,, = (513462), v, = (135624),

1% sw s/t

and

—3(0zv, ") — (o) = L(zugy) + Lvg)) = —3(12 =4 = T+5) = —§ -

An example illustrating [GR21, Proposition 4.1(b)] with zs; > z is

(561234) _ (651234) 1—-1 (561234)
101,00 = E(1,001,00 T (1 _ qt5*1> (1,0,0,1,0,0)

with 1 = (0,1,0,1,0,0) and z = (561234),

vl = (513462), v, ' = (135624), zv,l = (613452), v, ! = (235614),

iz H sw Usip

and

—5(0(zv, ) = b(v, ") = (zv;)) +0(v)) = =3 (T—5—-8+6) =0.

5.0.2 Examples of the box by box recursion

= x4

6

= 3132333477 5152545371'3 . 5251535254537r3 . 82818382848371'3 - 838981 T.

(512346)

(0,0,1,0,0,0)

—3.

An example executing the box-by-box recursion is provided just after Theorem 1.1. in [GR21].
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5.0.3 An example of a 277! to j term compression when j = 3
In order to check the powers of ¢ in [GR21, Lemma 4.2] compute 51y E-,
T By = Cgy(Ti+ fpy) By = C_gyTiEy + f 5y Cgy By
=C gyTEy+c pyf gy =(Ta+ fpy)TWEy +c_pyf g Ey
=Ty Ey + [ gyTiEy + 3 f g B,
= DT Ey +t2f 5y (t 2T Ey + 1 3E,).

Now replace Tp = Ty * + (t% - t_%) to get
1 2
TV Ey = (Ty ' + (87—t 2)TiEy + 13 f_gy (2T Ey + ¢ 2 )

= T3 T Ey + (t — L+ t3f g )t 2TVEy +t3f gyt 3E,
= T3 T By + 42 f_gyd gyt 3TiE, +13f gyt 3E,,
and then replacing T} in the first term by T3 = 7! + (t% — t_%)
YT Ey = Ty (IT + 475 (t — 1) By + 13 f_gyd_p,t 3TiEy +t2f gyt 2 E,
= Ty T By + 43 [ pyd_p,t STIE, +t 3(1—t)t 3B, +13f gyt 2E,
= Ty T By + 13 [ pyd_p,t 3TIE, + (t— 1442 f g0)t 2B,
= Ty T By + 43 f pyd_p,t TIE, + 3 f gyd gyt 2E,.

5.0.4 Check of the norm statistic in the step by step recursion

This is an example which is helpful for checking the coefficients in |[GR21, Proposition 4.3] and its
proof. Let

=(0,0,1,1,0,0),  ~v=(1,0,0,1,0,0), v=(0,0,1,0,0,0) and z=y = (561234).

Then

—1 = (125634), (vt =2+2=4,
yvu, ' = (563412), lyv, ') =44+4+24+2=12,

S =(235614), (v, ) =1+142+2=06,
ysasivy !t = (563412) U(ysasivy') =44+4+2+2=12,
ysivy ! = (513462) e(yslv ) =44+14+14+1=7,
yoy ! = (613452) ((yvy ) =5+1+1+1=28.

Then j = 3 and

EY = t—%(é(yvu)—é(v;1)—(3—1)TyTz\/TlvE _ t—%(12—4—2)Ty72\/TlvE%
Byt = (s DT By = 73T By = T, T,
Bt = t_%(é(yﬁv;l)_ oy )TyS1E’Y =173 G)TyS1E — 3T, yI1E,
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so that
t2EY = t3 EY5 4 d_guf g t2 BV 4t 2d_gu f_guts BY
p = PR A dopy oyt By AL Ay JopytP By
_ 48 YS2S i 5—2 rwys —t 5—2 vy
_t2E721+1_qt5 2t EvlJrl t572qt 1%
giving
By = EFPT A 1— g2 vt 1— qt52 qEY
as in the second line of the example in [5.0.2]
5.0.5 Check of the statistic for £Z where 2(j) =j+k
This is an example of [GR21) Proposition 4.3] with
N:5j, Y = €1, y:Sj—l-(k—l)"'Sj‘
Then
U}L:Sn—l'..sja v’yzsn_l...317 U;]-:Sj...sn_l’ U,;1:Sl"'3n—1-

Then yv, ' = sjp -+ sp—1 and L(yv,') = (n—1) — (j — 1) — k and

Uy, ) =L, ) = G- =((n=-D) =G -D=k—(n-1D=@G-1))=-k—-(G-1).
Then yeg 'ejv, ' = ((Sj4(h-1) "+~ 55)(Sa - 8j-1)(8j -+ $n-1) and
Uycg e )= =1+k=(G D)+ (G- ~(a=1)+(n-1-(-1))={n—1)~(a—1)+k
So

Uycg 'cjupt) = lyvy ") —Ucg'e) =(n=1) = (@~ + k= ((n=1) = (G = 1) k) = (( = 1) = (a— 1))

Thus

(1-1)

7—1
_ _ n 1.2k 2 len
By =By =2y B + 12 griton()—G-1) 2)752 B
a=

U () B
— xy(]) 1— ql‘jtvu(j)*(jfl) ZO SUy(a).

6 Type GL, DAArt, DAHA and the polynomial representation

6.0.1 Example to check the eigenvalues of Y; on E,

The box greedy reduced words for w1 0), u(2,0,1) and u( 20 are

LN ETIE

)
Ui2,1,0) = (2,0,1) (7]

U120 =[]

S1T
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Using u, = tlm;l to carefully compute v;lz

2
U(27170) =Ts1T = t518182t51818281t518182
= e, te, 51525152511, 5152
= t51t5282t51 51592

-1
= 19¢,4£4525152, SO V(2,1,0) = S25152.

U(2,0,1) = TSITSIT = te; 5152811, 5152518, 5152
= leyle3 5152515152811, 5152

-1
= 19¢, 4635152, SO V(g,0,1) = 5152

2
U(1,2,0) = T 52851 = le; 51521, 515252511¢, 5152
= le; 426, 51525152

— -1 —
= le, 42655251, SO V(1,2,0) = 5251

Using
—1 -1
U(2,1,0) = t(2,1,0)818231 = t(2,1,0)v(271’0)7 U(2,0,1) = t(2,0,1)3132 = t(2,0,1)v(2’071)7
-1 -1
U(1,2,0) = (1,2,0)5251 = £(1,2,0)V(1,2,0) U(0,2,1) = t(0,2,1)52 = 1(0,2,1)V(0.2,1)
U(1,0,2) = 1(1,02)52, = 1(1,02)Y(1,0,2) U0,1,2) = 10,1,2) = £(0,1,2)Y(0,1,2)

and the relations

ity =q¢ '5)Ys,  Yor! =7V,  Yar) =7V,
then
Y1E(271,0) = t_%YlT;T/T;r/Tl\/T;T/l = t_%q_lT;/YgTTYTlVTXI = t_%q_17‘7¥77\r/Y27‘1v7‘7\r/1
A R YL — R e L — e
YoE(21,0) = t_%YQTXTXTl\/TX]_ = t_%7'7\rlyl7'7\r/7'1\/7'7\r/1 = t_%q_lTXT;r/Yng\/TX1
A R AL — R R e Y — e
YsE21,0) = t_%}@,T,\T/T,\T/TlvT,\T/l = t_%T;/YgT,\T/TlVTT\r/l = t_%q_lTXTle'rlvT,\r/l
= t_%q_lTlTXTl\/YzT,\T/l = t_%q_lTXTT\r/Tl\/TXYﬂ = t_(l_l)"'%(?)_l)E(Q’Lo).
Then

3 3 1,—(2-1)+1(3—
ViEp0) = tQYlTlvE(zl,o) = 7527‘1vY2E(271,0) =q 142 D+306 1)E(17270),

1 1 el B
YoE12,0) = tzingl\/E(ZLO) = ‘[;27’1\/}/1E(2’1’0) —q 2t (3-1)+2(3-1)

N|=

E1,2,0
1 1 C0u (11l (3
Y3E 120y = t2Y3m) E10) = 127 Y3E5 1 0) = ¢ 0p=(1=1)+3 1)E(1,270)7

and v(120)(1) = s182(1) = s1(1) = 2, v(120)(2) = 5152(2) = 51(3) = 3 and v(12.0)(3) = s152(3) =
81(2) =1.
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6.0.2 The elements X“r.
Forie{l,...,n} let w;=¢1+---+¢&;. Then

Xwi = xatte = (gVyiT -t where w; = <

Wi

1« i i+1 - n
i1 - om 1 e

In W, the element t,, = 7lw;. There are two favorite choices of reduced word for w;, which are

w; = (S’i .. 'S’I’L—l)(si—l .. .Sn_z) PN (81 .o ’Sn—i) — (Si .. 81)(51+1 . 82) e (STL—]. .. 'Sn—i)
For example, if n = 6 then

W1 = $554535251,

wa = (84835251)(85545352) = (8485)(8354)(5283)(5152)

w3 = (535251)(545352)(S55453) = (835455)(525354)(515253)
wy = (8251)(8352)(5483)(8554) = (52538455)(51528354)

Wy = 5182535455

w6:1,
and
le — gnglleT_lT_lT_l
X = )P0 T T 0

Y)? s T T (T T (1T T

(T,
= (¢7)°(Ty

X9 = (gV)(Ty 1T2 N T Ty (T T T
= (9" (1 1T4 s T T T (T T T

X9t = (g Ty T ) (T M Ty (T Ty ) (T T )
= (g")N(T; 1T YO (T T T
(gV)5 IT IT IT IT 1
(g")°.

X =

Xwa \Y

g

6.0.3 Type GLo
For type GLa, X1 = ¢VT; ! and Xo = T1 X1T1 = T1g" and
X1Xo = (g")%, X'y = (9VT7 Y)Y, (Tg")F = X3

The box greedy reduced words for the first few cases are

o _ o _
U100 = o, = s1m
O 517 = = R
(2,0) (1,1) (0,2) s1m| [sim
0O S1T 81T
U0 =
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In this case the construction of E,, as E, = t%a”;l)nyul in [GR21l, Proposition 5.7] is

1 _ :
Blong) =t 2 () (/) /1 and Egpany = (7)) (m'm)", with Y = ¢V,

Let h € Z~o. The nonattacking fillings and words for E, o) and E(q ) are

111 4 -+ dp_1 1

204 o dpo1 ip

and with d1,...,4, € {1,2}.

L1Ljy ~ xih

7 Additional examples

7.0.1 Formulas for £, when n = 2.

E@0 =1,

E(1,0) = 1,

Eon =+ (11—;)931’
E(1,1) = X122,

Ego =21+ (%)qxl$2a

Bon =3+ (=) + (T=) + (T=m) (T=)9)
= — |z —_— T
02 =2 (T g2 ) 1—qt 1— 2t/ \1—qt)1)" "
1-1 1-t¢ 1—-t¢ 1-1¢
_ .3 2, 2 2\ .2
E@o =21+ 1—q2t>q x1x2+((1—qt)Q+<1—q2t)<1—qt)q >9U1332-

Then [Mac03, (6.2.7) and (6.28)] provides the general formula as follows. Let

e = (1 — V1 — 21— 2d®) e (ma). = (Do [S] _ (60)s
(@) = (=) )L =) s () Grge M (40 (4:@)s—r

Let k € Z~o and let t = ¢*. Then

k+m]™! k+i—11[k+34] ; ,
ran =[] 2 [T

i+j=m J
k+m] ! k+i—1Tk+4] 5 o1
e[ ] s

i+j=m

Since t = ¢*, it appears that ¢t must be a power of q. But this is not really the case since we may
rewrite these formulas using

[k+m] @ Dkim (6 0De(0™ D@ Do (@Dt Doe (D m
m (GO G Dr (P QDoo(@ Doo(@ Do (0™ Q)00 (G Voo (G @)m

and

[kﬂ— 1] [kﬂrj] (@5 9)eo(td @)oo (5Dt Doe (05 @) 0o(@5 @)oo (tq Y5 ) o0 (5 0) oo

i il (N Qee(@ Do (1075 0)00(@ Do (43 D)oo (@5 @)oo (t07 15 @)oo (t7; @)oo
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7.0.2 Some small E, for n = 3.

Eo,0 =1,
E(1,0,0) = 1,
1—1t
Eq1,0) =22+ (1 — th)xl’
o n ( 1—t >( +a1)
=z — ) (zo+
(0,0,1) 3 1—qt 2+ 11
E(1,1,0) = T1X2,
1—1t
E@0,1) = 7173 + (1_7#)901@,
o n < 1-—1t )( n )
= Tox — ) (z123 + 112
(0,1,1) 273 1= gt 173 172),
s 11—t
E(27070) =x]+ (1_7@)(](1‘1.%'3 + 561.%'2),

1-t 1t
Ea,00) = 5'3%95% + <1_7q752>q$%$2$3 + <1 )qu%m,

— qt2
and E(Q,l,())’ E(270’1), E(1,2,0)7 E(O,Q,l)’ E(1,0,2)7 E(O,l,?) are given in section Addltlonally,

Papo) =m1 = x1+ 22 + 73,

(1—¢*)(1-1)
(1-q)(1—tq)
P10 = m2 = 2122 + 1123 + 2273,

Plo0) =mz + me,

where my =3 g \ " is the monomial symmetric function so that my = z? + 23 + 23.

7.0.3 FE), and P, when )\ is a partition with 3 boxes.

Letting z9amma = z]" - - - zpyn if v = (1,..., ), let

Z x7, be the monomial symmetric function (orbit sum).
YESRA

Proposition 7.1. Lete; = (0,...,0,1,0,...,0) where the 1 appears in the ith spot. Then

1—1t 1—t 1—t
_ .3 2 2 2
B () S mate ()04 (e T e

2,...,m €{2,....,n}
1—1¢ 1—¢ 9
1
* <1—qt)<1—q2t>( +a) Z TLTRELL,
{kL}C{2,...,n}
1—¢
Eoeyvey, = $%$n + (1_7(]#)%!171»@23% + -+ zxoxs + T1T2T3),

E51+EQ+€3 = I122T3,
(1-¢°) (1- (1-¢°) (1—¢*) (1 —t\2
Pio, = (i) (7=5) e
BT ) T T ) (g 1) ™
1-#)1-g¢*)  (1-t) (- q2)>

3,

(1—gt)(1—qt?) * (1—q)(1—qt)/ "
P, icotes = mys = e3, where e, denotes the elementary symmetric function.

P\ yey = moy + (
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Proof. From [GR21, Proposition 3.5(b)],

1-1t 1-1t 1-t¢
— 2 2
Eoe, = o+ (1—q2t> Z Tt (1—qt> (1+ <1—q2t>q> Z Thn

ke{l,..,n—1} ke{l,..,n—1}

+ (11—_qtt> (11—_qgt> (1+4) > ThLe,

(k0 C{1,...n—1}

and applying |[GR21l Proposition 5.8(c)] gives the formula for Fs., = Ero,. Similarly, from [GR21],
Proposition 3.5(c)],

1-1¢

1—7qt2) (r1Zp—1+ -+ + 2123 + T122),

E51+€n = T1Tph + (

and applying [GR21], Proposition 5.8(c)] gives the formula for Eo, e, = Er( 4.,) in the statement.
The formula for E. i, ., follows from the first statement of Proposition
For r € Z>o and p € Z%) define

(z3)r=1-2)1—2q)(1—2¢°) - (1—2¢") and (2;0)u = (#Qu - (1 Qs

(when r = 0 then (z;¢9)o = 1). As proved in [Mac, Ch. VI equation (4.9) and Ch. VI §2 Ex. 1], if
r € Z~o then

Petoite, = €r =myr and P = E
|pl=r

By [Mac, Ch. VI (4.3) and (4.10)], the formula for P, ., follows from the formula for P ¢y in 3
variables given at the end of section [1.3.1 O

7.0.4 Macdonald polynomials £ and P, when p is a single column.
Proposition 7.2. Letr € {1,...,n} and let w, =1 + -+ &;.
E€1+...+€r = X1x2 """ T;.

Let W¥r be the set of z € Sy, such that z is the minimal length element of its coset z(Sy X Sp—y) in
Sn. If z € W then

1 2 -~ r r+1 .- n . <ty <---<ip and
z=|. . . . . with . ; .
1 2 1 o In—r 1 <J2<-:<Jn-r
and ) )
tié(z)TZEwT =T ... T, and P, = Z t#(z)TzEwr = e,
zeWwr
1s the rth elementary symmetric function.
Proof. Since
_ 1 oo or4+1 oo on . _
1 1
e = (b 00 TN i k) = e

and Ug 4.4, = T then

Eeppooge, = 72070 ( )11 = 472 (707 (V)1 = (X X T 1,=m1 .

e1t-ter
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A reduced word for z is z = (8j;,-1 -+ $1)(Siy—1--82) - (Si.—1 -+ Sr). Then

t2'OTE,, = (13T —1) - (t2T0)) - (12 Tiy—1) -+ (¢2T%)) - (2T 1) - -~ (2 T3)) (w12 - - - )
= ((t2T3,1) - (3T0)) - (t2Tipmr) - (£3T)) -~ (83T 1) - (2 To)) (w122 - - 2127,

= ((t2Ti,1) - (3T0)) - (42 Tipmr) - (£3T)) -+~ (835, 1) -+ (2 Tos)) (21202 - - - 2oy, 5,
The last equality then follows from . O

7.0.5 Ej for a single box
Proposition 7.3. Let j € {1,...,n} and let z € S,,. Then

EZ = cja) + o+ o) Az

where -
(m)qtc(a)a if 2(j) < 2(a),
11—t
Cq = C(a) ; ;
(1—qt" a+1)t o 2) > (),
1, if 2(§) = 2(a).
with

Cla) = {{k e{j+1,....n} | z(k) < z(j) < z(a) or 2(j) < z(a) < z(k)}, if 2(j) < z(a),
{ke{j+1,....,n} | 2(j) > z(k) > z(a) }, if 2(j) > z(a),

Proof. The proof is by induction on ¢(z). If z =1 then T, = 1 and the formula is the same as given
in [GR21} Proposition 3.5(a)] for E.,. Let r € {1,...,n — 1} such that s,z > 2. Recall

Tpil, if £ =r,
t%TT(mg) = te, + (t—Dzpyy, fl=r+1, (7.1)
tzy, otherwise.
t= oy, ifr=4,
t_%Tr(.CI}g) = a,+ (1 —tHa,yq, ifl=r+1, (7.2)
L Ty, otherwise.
Write .
SRR RY -
i=1
Then

1
t2T(cExy + cary1) = Copg1 + cp(tar + (t — V)apg1) = tegay + (et — 1) + 2 )xpt1,
giving ¢ = tcf and ¢;"* = ¢ (t — 1) + cZ.

1
t 2T (Cay + CGaryr) = t_lcz:prﬂ + iz + (1 — t_l)xrﬂ) = ciar + (g (1 — t_l) + t_lcz)mrﬂ

giving ¢§* = ¢f and ¢;"* = cf(1 —t 1)+t 1.
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Let
a=zYr)yand b=2"1(r+1) sothat b= (s,2)"'(r) and a = (s,2) 1 (r+1).

Assume s,z > z so that a < b.

111 z(j)<r a<j b<j &=ct multiply b f%Tr crF = =c?
( J j j a=q ply by . ) =
11 z(j) <r a<j b>j =0 multiply b, 3T, 5F = 0, % =t"1¢?
g J J J G y by a b a
lgg) z(j) <r a>j b>j =c=0 multiply by tIT, 5rF = ¢ =
a b a b
ele) z(j)=r a=j b>j ¢ =1, ¢ =0 multiply b 3T, 57 = 0, % =1,
J J J G b y by a b
fif z(j)=r+1 a<j b=j =1 multiply by f%Tr
b
(gll) z()>r+1 a<j b<j c=c multiply by 3T, ot =cp =cl
(glg) z(j)>r+1 a<j b>j ¢g=0 multiply by tf%Tr crr =0, gF=t"1c
(ggg) z(j)>r+1 a>j b>j c¢t=c;=0 multiply by t7 2T, ¢* =¢""=0

Now we need to show that the statistics C'(a) provide the same recursions.
In the case (fif), 7 +1 = 2(j) > z(a) = r with C(a) =0 and r = (s,2)(j) < (sr2)(a) =r+ 1 and
C(a)=n—7j. So

1-1¢

z Z
G=1l = (1 —gtn—it1

1—1t .
)to and C;TZ =1, ¢* = <71 )qt”fj
q

since

1-t
- 1 1 0
rf=1—-t"")+t (1 T 1)75

1-t -1 n—j+1 -1y _ 1-t n—j
(1—qt”*j+1)(7t (1-qt )+t )_<1—qt”*j+1)qt ’

Some examples are

(1-¢)

N[

1
2Ty (k1)) -+ (2 T5) Eey, = @i + (@i + -+ 21),

1 1
(t*ETFk) .. (t*ETi_I)E&_

1-t n—i
( ) ) (qt (@i + @1+ + T g—1)) + (@) + 0 5131))7

BT o))

7.0.6 The nonattacking fillings for ..

The box greedy reduced word for u,, is

u : 1
: 1|1 1|k
ug = I:‘ Si—1--- 81T with ¢ non-attacking fillings,
: n n
I:‘ P>k
1—t
(l—qtn_(i_l) )
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7.0.7 The nonattacking fillings for EZ .

If 2(i) = i + k then the ¢ non-attacking fillings are

1+ k

t—k

If z(i) =i — k then the ¢ non-attacking fillings are

i>i>i—k
( (1—t)qtn7i )
1_qtn7(i71)

7.0.8 The nonattacking fillings for Es.,

The box greedy reduced word for uy, is

o _
'U’QEZ' -

(Si—l . o 317T)<3n_1 . o 317'() =

-
]
]

z(n)
1>j52>1
1-t
17qtn—(i—1)

( )

i—k>j5>1

(=ge=c=7)

1—qtn—(—1)

‘Si_l...slﬂ-‘ ‘Sn_l...slﬂ—

The case Es, has i-n nonattacking fillngs and 2"7~2 alcove walks. There are no covid triples for any of
the nonattacking fillings so that t°V'dT) = ¢0 = 1, and ¢"%(T1) = ¢! = ¢ exactly when T(i,1) < T'(i,2).

1 1
n n
k<1

(

1-t )
17q2tn7(i71)
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1 1 1
ik 7 110 k i |k /
n n n
k<i, £>1 {k, 0} C{1,...,1—1} {k, 0} C{1,...,1—1}

1—¢ 1t 1—¢ 1t 1—t 1—t
() (8 )0 (i) (58 () ()
7.0.9 The nonattacking fillings for Eej tej,-

Let j1,j2 € {1,...,n} with ji < j2. The box greedy reduced word for ue; te; is

Sjl—l cee 81T

Sj2—2 ce e 81T

Ee; +e;, has j1(j2 — 1) nonattacking fillings and 2717125272 alcove walks.

1 1 1 1 1
Ji|J1 Ji| k Ji g Ji |k Ji g
J2 | Jo J2 | J2 Jo | ¢ Jo | Jo | k
n n n n n
1<k<ji—1 J1+1<l<jp—1 1<k<i—1 1<k<ji—1
(1= (tm=ta=) (=) (=) it
1T_qt"—I1 1_qtnG2—2 1—qtn=31 ) \1—gtn—(2—2) 1—qtn—(G2-2)
1 1 1
Ji |k Ji |k R4
Jo | 4 Jo | £ Jo | k
n n n
ke{l,... j1—1} . .
U1 ke OV C 1. g —1 kY C {1 g —1
DO SN (00 R (NS | SR () R (NP R
1—t 1—t 1—t

1—qtn—(2—2) ) ( 17;15_”t*j1

( 1—gtn—(2—2) ) ( 1—qt™—J1
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8 Queue tableaux

8.0.1 An instance of compression of NAFs — Motivation for Queue Tableaux.

In [GR21], Proposition 3.5(c)], if j1 = j2 — 1 then the third and fifth summands disappear to give

E%“%”:%Tw”+<1qw(nl>§:m%2 ( W%@QJ(Lﬂﬂjzl
1-1 1—t
+< n—(J: )( ')(1+t) Z Ty
— qtn—0(2=2) J\1 — gtn—i1
b ! {k.03CA1, 522}
B <1 gtn—(2=1 ) Z Tk </—W) (1 gtn—(2—1
1t 1—t
+ (1 — qtn—(j2—2)> (1 _ qt"_(j2_1) ) (1+¢) Z Ty

{k}C{1,....j2—2}

Jj2—2

)}:xmml

Jj2—2

) EE: Thlja—1

which is an example of the additional cancellation that occurs when there are adjacent rows of equal
length and illustrates the the difference between nonattacking fillings and queue tableaux.

8.0.2 Queue tableaux

Following (and slightly generalizing) [CMWI18 Definition A.1], a queue tableau of shape (z,u) is a
nonattacking filling 7" of (z, ) such that

= pi_r then T(i,§) ¢ {T(i—1,j —1),...,T(i —

Taj - 1)}

If the parts of p are distinct then a queue tableau is no different than a nonattacking filling. More

generally, if p; # pipq fori e {1,...,

filling.

8.0.3 Multiline queues

n — 1} then a queue tableau is no different than a nonattacking

The multiline queue corresponding to a queue tableau T is the pipe dream P corresponding to T'
under the map given in (3.7), namely

Plk,j) =i

The example in [CMW18|, Figures 3 and 12] has

queue tableau T =

TU s W oo N~ O

O I~ O

38
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3

and pipe dream P =

T = 00 O W N

Tl m O O O Wi

O ON = B O WO
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The picture of this pipe dream from [CMWIS8|, Figures 3] is

the multiline queue

8.0.4 Compression not captured by NAFs or QT
Let AW, = AW;?, NAF, = NAF;?, and QT,, = QTi?. The example
#AW 221100 =16, #NAF(221100 =9 and #QT 221100 =7
is provided in [CMW18| Figure 4]). The equalities (see (see [GR21l Proposition 5.8])
B0y (71, 72,735 ¢, 1) = ($1$2$3)2E(1,2,0)(~’U§1,$51,$f1§C]at), and
Eo20) (21, 72,73, ¢,1) = q_lE(Q,O,l)(fE3>$1>$2§ q,t)

indicate that if one provides a formula for E; 3 ) then there are formulas for E(3 ¢ 1) and E(3 2 ) with
exactly the same number of terms. For these cases,

#AW(1,2,0) =4, #NAF(1,2,0) =3, #QT(l,z,o) =3.

#AW(2,0,1) =4, #NAF(2,0,1) =4, #QT(2,0,1) =4

#AW 00y =4, #NAF20 =4, #QT(220)=3.
Thus p = (2,0,1) is a case where possible compression is not realized by either the NAFs or the QT.
8.0.5 Comparing #NAF and #QT for (r,0,...,0) and (r,...,r,0).

Since u(0,..0) = T(Sp-1" " s1m)" ! and U(rypyr0) = 7" sy m) = D=1) then

#AW(T,O,O,...,O) = (Qn—l)r—17 #NAF(T,O,O,...,O) = nr—17 #QT(T70707'”70) = nr_l,
#AW(T,T,...,T,O) = (anl)rfl’ #NAF(T,T,...,T,O) = (2n71)r717 #QT(T,T ,,,,, r,0) — nril-
To see the last equality: In a queue tableau of shape (r,r,...,r,0), for each column after the first, we

get to choose the position of the j € {1,...,n} that did not appear in the column before (n choices
total for each column).
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