arXiv:1612.03120v2 [math.RT] 21 Feb 2017

A Fock space model for decomposition numbers for
quantum groups at roots of unity

Martina Lanini email: lanini@mat.uniroma2.it
Arun Ram email: aram@unimelb.edu.au
Paul Sobaje email: sobaje@uga.edu

February 22, 2017

Abstract

In this paper we construct an “abstract Fock space” for general Lie types that serves as a
generalisation of the infinite wedge g-Fock space familiar in type A. Specifically, for each pos-
itive integer ¢, we define a Z[q, ¢~ !]-module F, with bar involution by specifying generators
and “straightening relations” adapted from those appearing in the Kashiwara-Miwa-Stern
formulation of the g-Fock space. By relating F; to the corresponding affine Hecke algebra we
show that the abstract Fock space has standard and canonical bases for which the transition
matrix produces parabolic affine Kazhdan-Lusztig polynomials. This property and the con-
venient combinatorial labeling of bases of Fy by dominant integral weights makes F; a useful
combinatorial tool for determining decomposition numbers of Weyl modules for quantum
groups at roots of unity.

0 Introduction

The classical Fock space arises in the context of mathematical physics, where one would like
to describe the behaviour of certain configurations with an unknown number of identical, non-
interacting particles. It is a (non-irreducible) representation of the affine Lie algebra gﬁ The
book [MJD], for example, is an inspiring and friendly tour of applications and connections
between this representation, integrable systems, hierarchies of differential equations and infinite
dimensional Grassmannians.

Combinatorial models have proven to be incredibly useful in studying the representations of
various algebraic objects, such as affine Lie algebras, algebraic groups, Lie algebras, quantum
groups and symmetric groups. Often the goal is to express simple modules in terms of “standard”
modules (modules whose dimensions and formal characters are computable).

In a wonderful confluence of these two points of view, Lascoux-Leclerc-Thibon [LLT] pre-
dicted a connection between Hayashi’s ¢-Fock space [Ha] and decomposition numbers for repre-
sentations of type A Iwahori-Hecke algebras at roots of unity. The LLT conjecture was proved in
work of Ariki |Ar] and Grojnowski |Gr]. The book of Kleshchev [KI| shows how successful these
methods have been in the study of the modular representation theory of symmetric groups.

This paper arose from an effort to produce an object analogous to the ¢-Fock space that will
play the same role in other Lie types, in particular which will be related to the decomposition
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numbers for representations of cyclotomic BMW algebras in the same way that the type A case
is related to representations of cyclotomic Hecke algebras.

In this paper, we provide a construction of an “abstract” Fock space Fy in a general Lie
type setting. Our construction is given by simple combinatorial “straightening relations” which
generalize the Kashiwara-Miwa-Stern [KMS] formulation of the ¢g-Fock space from the type A
case. Adapting the methods used by Leclerc-Thibon [LT] for the type A case, we prove that
our abstract Fock space picks up the parabolic affine Kazhdan-Lusztig polynomials for the
corresponding affine Hecke algebra of the affine Weyl group (thus generalizing type A results of
Varagnolo-Vasserot [VV]). By a combination of the results of Kashiwara-Tanisaki [KT95] and
Kazhdan-Lusztig [KL94] and Shan [Sh|, these parabolic affine Kazhdan-Lusztig polynomials
are graded decomposition numbers of Weyl modules for the corresponding affine Lie algebra at
negative level and for the quantum group at a root of unity.

A combinatorial study of the same parabolic affine Kazhdan-Lusztig polynomials was car-
ried out also in [GW], where the authors provided an efficient algorithm which generalizes the
algorithm appearing to [LLT] to arbitrary Lie type. The focus of [GW] was the combinatorial
understanding of such polynomials rather than the construction of a tool that can play the same
role for other Lie types that the infinite wedge space takes in the type A case.

In Section 1 we give the simple construction of the general Lie type “abstract Fock space”
F¢. We then explain exactly how this general construction relates to the classical type A setting,
the framework of Kashiwara-Miwa-Stern and the familiar formulations in terms of semi-infinite
wedges, partitions and Maya diagrams. In Section 2 we give an expository treatment of modules
with bar involution, general bar-invariant KL-bases, and the construction of KL-polynomials
for Hecke algebras, including the singular, parabolic and parabolic-singular cases. Although
this material is well known (see, for example, [Soe97]) it is crucial for us to set this up in
a form suitable for connecting to the abstract Fock space so that we can eventually see the
parabolic affine KL-polynomials in the abstract Fock space F;. In Section 3 we review the results
of Kashiwara-Tanisaki, Kazhdan-Lusztig and Shan and concretely connect the decomposition
numbers for Weyl modules of affine Lie algebras at negative level and quantum groups at roots of
unity to the parabolic and parabolic-singular KL, polynomials that have been treated in Section
2. In Section 4, we prove that a certain module with bar involution which is constructed from the
affine Hecke algebra is isomorphic to the abstract Fock space Fy. This is the key step for proving
that the abstract Fock space picks up the appropriate parabolic and parabolic-singular affine
KL-polynomials. Finally, at the end of section 4 we tie together the results of Section 3 and 4 to
conclude that the abstract Fock space, a combinatorial construct, computes the decomposition
numbers of Weyl modules for quantum groups at roots of unity.

Our construction is an important first step in providing combinatorial tools for general Lie
type that are direct analogues of the tools that have been so useful in the Type A case. There is
much to be done. In particular, we hope that in the future someone will complete the following:

(a) Development of the combinatorics of F; in parallel to the way it is used in the type A
case (see, for example, Kleshchev’s book [KI|) to provide a “theory of crystals” for other
types which applies to the representation theory of the cyclotomic BMW algebras in the
same way that the classical crystal theory applies to the modular representation theory of
cyclotomic Hecke algebras.

(b) Provide operators on F; analogous to the quA[g action on Fy in the type A case. Taking
the point of view of [RT] these operators are the (graded Grothendieck group) images of
translation functors for representations of the quantum group at a root of unity. There is
significant evidence (see, for example, [ES13], [BW], BSWW]| and [FLLLW]) leading one



to expect that in the type B, C' and D cases these operators will provide actions of coideal
quantum groups on JFj.

(c) Elias-Williamson [EW] introduced the diagrammatic Hecke category Dgg over a field,
which in characteristic zero provides a generators and relations presentation of the Soergel
bimodule category. It is expected [RW) Conjecture 5.1] that a regular block Rep,(G(F,))
is equipped with an action of the category Dgg over F,. This conjecture can be viewed as a
(categorical) extension of the project described in (b). Indeed, our abstract Fock space F,
is designed to be a decategorification of Rep(G(F,)). For the type A case, Riche-Williamson
[RW] have used the U (é\[p)—action on F, (in its infinite wedge space formulation) to prove
their conjecture and hence to show that the p-canonical basis corresponds to the indecom-
posable tilting modules in Repy(G(F,)). It is possible that our abstract Fock space F,
could be a useful tool for generalizing the results of [RW] to other Lie types in a uniform

fashion (taking care also of singular blocks).

It is a pleasure to thank all the institutions which have supported our work on this pa-
per, including especially the University of Melbourne, the Australian Research Council (grants
DP1201001942 and DP130100674) and ICERM (Institute for Computational and Experimen-
tal Research in Mathematics). M.L. would like to thank the University of Edinburgh, which
supported her research during the final part of this project.

1 The abstract Fock space

1.1 Fock space F;

Let Wy be a finite Weyl group, generated by simple reflections s1, ..., s,, and acting on a lattice
of weights a7. For example, this situation arises when 7' is a maximal torus of a reductive
algebraic group G,

ay, = Hom(T,C*) and Wy = N(T)/T, (1.1)

where N(T') is the normalizer of T' in G. The simple reflections in Wy correspond to a choice of
Borel subgroup B of G which contains T'. Let R™ denote the positive roots. Let a,...,a, be

the simple roots and let oy, ..., be the simple coroots. The dot action of Wy on a}, is given
by
woA=w(A+p)—p, where p:%Za (1.2)
a€ERT

is the half sum of the positive roots for G (with respect to B).

Fix ¢ € Z~o. The Fock space Fy is the Z[t%,t_%]—module generated by {|\) | A € a},} with
relations

—|)\>, if <)\—|—,0,0é;/> GKZZO,
si 0 A) = { —t2|\), if 0 < (A+p,a)) <?, (1.3)
1 1
—t3[5; 0 XY — XDy — 3| \),if (A4 p,af) > £ and (A + p, ) & (Z,

where A1) = X\ — ja; if (\+p,a)) =kl +j with k € Zegand j € {1,...,0—1}. t
The following picture illustrates the terms in (|1.3)). This is the case G = SLy with ¢ = 5,
(w1,ay) =1 and a1 = 2w; and, in the picture, A corresponds to the third case of (1.3]), u to the



first case and v to the second case.
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Define a Z-linear involution : F; — F; by

and  |\) = (—1)%w0) (4= 2 )0wo)=Nx 40 6 ). (1.4)

(S
Bl

t2 =1

where wy is the longest element of Wy, ¢(wy) = Card(R") is the length of wy, and N, =
Card{a € R" | (A + p,aV) € (Z}.

1.2 F,is a KL-module

The dominant integral weights with the dominance partial order < are the elements of

()" ={ ea) | A +p,af)y>0fori=1,2,...,n}

with w< A\ if peX—=> . cr+ Lxoa. )
In combination, Theorem and Proposition [2.1] below give that F, has bases
{IN [ Ae(@p)™  and  {Cx|Ae(az)"} (1.6)
where C), are determined by
Cy=C\ and Cy= |\ + Zpu)\|”>v with p,x € t%Z[t%]. (1.7)

HFEA

Theorem 1.1. Let F; be defined as ([1.3) and let £ = {|X) | X € (a})*}. Then, with the
definition of KL-module as in Section 2, L is a basis of Fy and

(@) ", Fo, £, : Fy— Fy) s a KL-module.

Proof. (Sketch) If X € (a})* then there are only finitely many p < X with the property that u
is also dominant (see [St, Cor. 1.4]).
Let i € {1,...,n} and let A € a}, be such that 0 < (A + p, /). Write

A+ p,a))y =kl + 7, with k € Z and j € {0,1,...,0 —1}.
When j # 0 define
M) =X —ja; and AUHD = (AOHD),
Then induction on k using the third case in (|1.3)) gives

A

[sioA) = (=t2)|A) +
—t3)\) +

IADY 4 (—£2)]s; 0 AD)
|

|
| AW)

+ (—t2)(—t2)



More generally, for A € a}, such that (A + p, ) # 0 for i € {1,...,n} let AT be the dominant
representative of Wy o A and let

R(\) ={a€eR"| (A p,aY)€Zp},

Ri(A\) ={a€eR" | (A+p,aY) elZp}. (1.9)
Then iterating (1.8)) produces ¢, € (tf% — t%)Z[t%] so that
) = (_1)Card(R(/\))(t%)Card(R(/\))—Card(Rg()\)) IAT) + Z c“]/ﬁ) ) (1.10)
nte()+
pt <t

With in hand all steps in a direct proof of Theorem are straightforward except proving
that {|AT) | AT € (a%)*} is a basis of 7 (the linear independence is the issue). To prove this
directly the unpleasant step is to show that if AT € (a)" and w € W then |w o AT) defined by
|woA™) =|s;, 0(si, 00 -0(s;, 0AT))) for a reduced decomposition w = s;, s, - - - $;, will produce a
well defined element of F; (independent of the choice of reduced decomposition). Alternatively,
it is possible to use a Grobner basis argument using the ordering < on a7 given by

w= A if u™ < A" in dominance order and
uo AT <wvo AT if u <wv in Bruhat order,

where u™ denotes the dominant representative of Wy o . However, we will not complete this
sketch here as Theorem [I.1] is a consequence of the realization of F; provided by Corollary

41 O

1.3 F, as a semi-infinite wedge space for the case G = GL

Fix ¢ € Z~o. The semi-infinite wedge space considered by Kashiwara-Miwa-Stern [KMS| (43)-
(45)] is

(1.11)

Fe= A=V = Cospan {val ARC AN a finite number of j, a; = —j +1

aj € Z and, for all but }

where v, a € Z are symbols, and if a < b then

—(vg A p), if a —b e lZ>,

ft%(va/\vb), if0<a—0b</,

ifa—-—b=kl+jwithkeZ
and j € {0,1,...,0—1}.

Vp N\ Vg =
1 1
—t2 (Up4j A Va—j) = (Va—j A Vbyj) — 12 (Va A0p),

From the point of view of and , this is the case G = GL(C) with a, = Z-span{eq, e2,...}
and Wy the infinite symmetric group generated by si, So, s3, .. ., where s; is the simple transpo-
sition that switches €; and ¢;41. This framework illustrates that the straightening laws of
are generalizations of those that appear in [KMS| (43-45)] and [LT), Prop. 5.11].

In the semi-infinite wedge space setting of the bar involution appears in [Lel, §3.6], and
[LT), Prop. 5.9 and (85)]. Kashiwara-Miwa-Stern [KMS| already have the affine Hecke algebra
playing a significant role in their story; in retrospect, this is not unrelated to the role that the



affine Hecke algebra takes for us in Corollary Leclerc-Thibon [LT] also have the affine Hecke
algebra playing an important role, essentially the same as in this paper.

The correspondence between partitions, semi-infinite wedges and Maya diagrams appears
in [MJD!| §4.3 and Fig. 9.3] (see also [Le, §2.2.1] and [Tinl Fig. 1]). Following [Le, §2.2.1], the
partition

A=A > > - >A>0) = (A, N\o,...,25,0,0,...) corresponds to
the semi-infinite wedge |A) = Un—141 AUng—241 Ao e
The p-shift which appears in also appears here since p can be taken to be
p=1(0,1,2,3,...) for the case of G = GLx(C).

In the picture below, when following the bold boundary of the partition A = (4,4,3,3,2,2,1,1,1)
the positive slope edges correspond to black dots in the Maya diagram and the black dots in the
Maya diagram correspond to the indices in the corresponding wedge |\) = v;; Avi, A---

A=(4,4,3,3,2,2,1,1,1) with |\) = v4Av3AV AVAV_2AV_3AV_5 A\V_gAV_7AV_gAV_19A" - - .

2 KL-modules and bases

The bar involution on the ring Z[t%,t_%] of Laurent polynomials in t2 is the ring isomorphism

[V
[NIE

1 1 1 1
cAt2, 2] — Zft2,t 2] given by  tz =t 2. (2.1)
A KL-module over Z[t%,t_%] is a tuple (A, M, {Ty}wer, : M — M) where

(a) A is a partially ordered set such that if w € A then {v € A | v < w} is finite,
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(b) M is a free Z[t%,t_%]—module with basis {T}, | w € A},

(c) : M — M is a Z-module homomorphism such that if m € M, a € Z[t%,t_%] and w € A
then

3

a-m=a-m, =1m, and E:Tw“‘ Zavam (22)

v<w
where @ is given by (2.1)) and the coefficients a,,, in the expansion of T, are elements of
1 1
Z[tz,t™2].

Proposition 2.1. Let (A, M,{Ty},™) be a KL-module over Z[t%,t_%]. There is a unique basis
{Cyw | w € A} of M characterized by

Cp,=0Cy and Cu, =T, + prTv, WIth Pyw € t%Z[t%] forv < w. (2.3)
v<w
Let dyy, be the coefficients in the expansion
1 1
Ty=Cu+ Y duwCy, with dy, € t2Z[t2] for v < w. (2.4)
v<<w
The polynomials pyyw and dy, = 0 are specified, inductively, by the equations pyy = dyw = 0

unless u < W, Pww = dww = 1,

Puw — Puw = Z CuzDzw and Ay — % = — Z duzaz,w. (25)

u<z<w u<lz<w

Proof. The matrices A = (ayw), P = (pow) and D = (dyy) defined by (2.2]) and (2.4]) are all
upper triangular with 1’s on the diagonal. Then

AA=1, P=AP, D=DA and DP=1=PD, (2.6)

since

v u,v
Cy + Z %Cv = 711} = au,wTu = Z au,wdvucv-
v<w u<w v<ulw
. _ 1
Lettlng f = Puw — Puw = ka(t2)ku
kEZ
f = Puw — Puw = (P _F)uw = ((A - 1)P)uw = (AF_?)uw = Z AuzPzw, (27)

u<z<w
and the identity
f = (Puw — Puw) = Puw — Puw = —f  implies  fr = —f, forkeZ.

Thus puw = Z fk(t%)k. The derivation of the formula for the entries of D is similar using

L k€Z <o
D—D=D—DA and a,,, = 1. ]



2.1 KL modules associated to Hecke algebras of Coxeter groups

Let W be a Coxeter group generated by sg, s1,...,S, so that
s? =1, and (sis;)™7 =1, fori#j (2.8)

(my; is allowed to be oo, in which case, the expression (s;s;)"% = 1 should be interpreted as
“s;s; has infinite order”). Let w € W. A reduced word for w is a sequence s;, - - - s;, of generators
with w = s;, -+ s;,. and r minimal. The length of w is {(w) = r if s;, ...s;, is a reduced word
for w. The Bruhat order < on W is given by v < w if there is a reduced word sj, ...s;,, for v
which is a subword of a reduced word s;, ...s;, for w.

The Hecke algebra of W is the Z[t%,t_%]—algebra H with generators Ty, T4, ..., T, and rela-

tions

T2=(tz —t 2)T;+1 and LTI =TT - (2.9)
—_— Y
m;; factors m;; factors

For w € W define T\, = Ty, ... T, for a reduced word w = s;, - --s;,. By [Bou, Ch. 4, §2, Ex.
23)], Ty does not depend on the choice of reduced word for w and

{Ty |weW} isa Z[t%,t_%]—basis of H. (2.10)

Define a Z-algebra automorphism : H — H by

=
eI

tz =t~ and T,=T1 forweW. (2.11)

w

By the first relation in 1D T '=T, - (t% — tfé), so that if w = s;, - - - 55, is a reduced word
for w € W then

T, =T, T, =T, T = (T, — (3 —t78)) o (T, — (1 — 1))
=Tw+ Y awTs,  with ayy € (t2 —t72)Z[t2 — 73],

v<<w

With standard basis as in (2.10)) indexed by the poset W and with bar involution as in (2.11)),
H is a KL.-module over Z[t%,f%]

and, from Proposition there is a unique basis {C,, | w € W} determined by

Co=0C, and  Cp= Y (-1)@Wp, (t2)T,, (2.12)

y<z
yeW

with Pyvx(t%) € t%Z[t%] for y < . The polynomials P, , are the Kazhdan-Lusztig polynomials
for H.

2.2 Singular and parabolic KL polynomials

2.2.1 The projectors

Let J,v € {0,1,...n} and let W, and W, be the subgroups of W generated by the corresponding
simple reflections,

W, =(s;|jeld) and Wy = (sk| k&), respectively. (2.13)



Assume that W, and W, are both finite. Let w, be the longest element of W, and let w., be
the longest element of W, and let

Wy(t)= > ¢ and W)= >t (2.14)
zeW, z€EW5
Then
1, = Z (t—Q)Z(wu)—K(z)TZ _ (t—%)ﬂ(wy) Z (t%)é(z)Tz’ and
zeW, zeW,
ey = 3 (03! HAT, = (—qz) ) N7 ()T (2.15)
zeWy zeWy
satisfy
1,=1,, 151, = tél,, for j € J, and 12 = (t_%)g(w”)W,,(t)ly,
Ey =€y, T, = —f%esv for k & 7, and 53/ = (—t72)" W, ()e,,
and
=Ty + Y hyyTe and e =Ty + > hew T,
r<<wy T<W~

with coefficients h,,, € t7%Z[t7%] and hy ., € t%Z[t%].

2.2.2 Singular block KL polynomials

Asin (2.13), let W, = (s; | j € J) and let W" be the set of minimal length coset representatives
of the cosets in W/W,,. The Z[t%,t_%]—module

H1, has basis {T,1, | u€ W"} and - :H1, - H1,, (2.16)

since 1, = 1,. The Bruhat order W is the restriction of the Bruhat order on W to WY and,
with these structures, H1, is a KL-module.
If p: H— H1, is the surjective KL-module homorphism defined by right multiplication by
1, then
H1, has KL-basis {C,1, | u € W"}, (2.17)

where {C, | w € W} is the KL-basis of H. With notation as in (2.12)),

.1, = Z (_1)5("15)*5(74)]%gg(té)Tyly7 for x € WV, (2.18)

)

y<z
yeWw

where the sum can contain several y < z which have the same coset yW, (and this is how
cancellation can occur in the sum ([2.18))). Since

T,1, = (t%)z(z)Tmly, for z € W,

the coefficients P, in

y?x
yEWV ZEWV

Col,= > (-1)™Wpr 11, are Py, = Z(—1)“?!)—[(93)(t%)f(ﬂpyz,m. (2.19)



Since CyTs, = —t73C,, unless ws; > w (see [Hu, Prop. 7.14(a)]), it follows that Cy,(Ts, +
f%) = 0 unless ws; > w so that

Cypl, =0, unless w e W”. (2.20)

In summary, right multiplication by 1, is a surjective homomorphism of Z[t % 7%]—m0dules

H — H1,

T, +—— (t%)f(”)Tuly, if w=wuv with u € W¥ and v € W,,, and

o Cul,, ifweW?, (2.21)
0, if we WY,

2.2.3 Parabolic KL polynomials

Asin (2.13), let W, = (si | k € ) and let YW be the set of minimal length coset representatives
of the cosets in W, \W. The Z[t%,f%}—module

eyH has basis  {e T, | u € "W} and e H — e H

since €, = £4. The Bruhat order "W is the restriction of the Bruhat order on W to "W and,
with these structures, e, H is a KL-module.

Let w- be the longest element of W, and let u € "W. Since Ts,Cy. .y = —t_%wau for simple
reflections s; € W, (see [Hul, Prop. 7.14(a)]), it follows that Cy,_ ., € e, H. Thus

eyH has KL-basis  {Cy o | u € "W}, (2.22)

where {C\, | w € W} is the KL-basis of H. In summary, there is an injective homomorphism of

KL-modules
esd — H

e Ty — T, (2.23)
Cwu = Cuu

where u € TW.
If x € YW then, from the second formula in (2.12)),

D=

1
Cuoyz = E (-1) Hwyz)— Z(y)Pvavx( 2)T, = E (—1)5(“’Wz)*£(w“fy)Pw7y7w7x(t
y<wym wryy<wAy T
yeW yeTW

)e T, (2.24)

where, by the second formula in (2.15)), if w € W and w = vu with w € "W and v € W,, then

E'yTw = EwTvTu — ( )E(’U)E'}/T — £(v) Z % (w~)— Z(z) Ty (225)
zeWy,

2.2.4 Singular block parabolic KL polynomials

As in (2.13),
let Wy=(sp|k¢&n) and let W, =(sj|jed).

10



Let wy be the longest element of W, and let e, and 1, be as defined in (2.15). The composite
of (2.21)) and ([2.23)

e’ —  H o — HI,
eIy — Ty — eyl has image e, H1,. (2.26)
wa z wa z wa 1y

Let YW be the set of minimal length coset representatives of the cosets in W, \W, and let W be
the set of minimal length coset representatives of the cosets in W/W,. From (2.20)), C\y1, =0

unless w € WY, and so, in (2.26)),
if u € "W then Cy 41, = 0 unless wyu € W".

By [Bou, Ch. IV §1 Ex. 3]), the elements of "W NW" are the minimal length elements of the
double cosets in W, \W/W,, and are a set of representatives of the double cosets in W, \W/W,,.
If W,aW, is a double coset in WW\W/ W, then there is a unique element u € W, aW, of minimal
length and
w =vuz, withv e Wy, ze W,
and l(w) = £(v) + £(u) + £(z).

Note that (2.27) does not imply that Card(W,aW,) = Card(W,,)Card(W,).

if we WyaW, then (2.27)

Proposition 2.2. Let u € "W NWY so that u is a minimal length element of a double coset in
WA\W/W,.

(a) If wyu ¢ WY then e,T,1, = 0.
(b) If wyu € WY then

ey Tul, = (—t23) W) = 2)fw) 5™ (g7 2) ) (42) )T, . (2.28)
vEW,,zeW,,

Proof. The group W, acts on the coset space W/W,. The coset space W/W, can always be
identified with the orbit Wwv for some element v € a*, where a* = az ®z R. Thus a W, orbit
is W, A for some A € a*. We may take A = ur where v is minimal length in the orbit W,uW,,.
Let Wy = Staby(\) = ulW,u~!. Since the stabilizer of the W, action on X is W, N W), the
elements of the orbit W, A\ are indexed by the set W7’\ of minimal length representatives of the
cosets in W, /(W, N W)y). It follows that

WouW, = {zuy | v € WVA, yeW,} with  Card(W,uW,) = Card(WW)‘)Card(Wy).

(a) Assume wyu ¢ WY. Then there exists s; € W, N W)y. So sju = us; with s; € W, and it
follows that

1 1 1 1
eIyl = (—t2)ey T, Ty 1, = (—12)eyTsu1y = (—12)eyTus; 1y = (—12)e T, T, 1, = —te, T 1y,

giving that ,7;,1, = 0.
(b) Continuing from the proof of (a), 47,1, # 0 only when W, N W, = {1} so that
Wv/\ =W, in which case Card(W,uW,) = Card(W,,)Card(WW,) and

WouW, = {zuy | x € W,y e W} and w,u e W”.
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Then

ey Tyly, = % (wy) Z U)T T, (t 3 Z(wv) Z % ) )

UGW@ ZEW@

= (—t2)Hw) (g 2)tw) Z (—t~2)! ) (2) AT, T, T,

veEWy,zeWy,
= (—t3)Hw) (43 )bw) 3 (—t73) ) (43)4 T,
UGMLWZEMG
where the first equality follows from (2.15) and the third equality follows from ([2.27]). O

Since 1, = 1, and &, = &, the restriction of : H — H provides
B eyH1, — e H1,, and eyH1, has basis {e,Ty1, | u € "W and wyu € W},

and the restriction of the Bruhat order on W provides a partial order on the set {u € "W | wyu €
W¥}. With these structures, ey H1, is a KL-module and, from (2.17)) and ([2.22)),

e4H1, has KL-basis {Cy 1, | u € "W and wyu € W"} (2.29)
and, using ([2.24) and Proposition

1
Cw'Yxll’ - Z (_1)£(wwz)7€(y)Pw'yyaw'y$( 5)6"/T 1,
wyySwyx
yeTWw

- Z (_1)f(wwm)*€(wwy)p5w7ww(

wryy<wry T
yETYWwyyeW?

MH

)esTyl,, (2.30)

where, as in (2.19)),

Pzz.yy,w.yx: Z( 1) L(wyy)— E(w—yyz)P Ly
ZEM@

3 Decomposition numbers via Hecke algebras

3.1 Affine Kac-Moody and v negative level rational

With Wy and a7 as in , let g be a finite dimensional complex reductive Lie algebra with
Cartan subalgebra a and Borel subalgebra b containing a such that the Weyl group is Wy, the

weight lattice is af, and the simple coroots are ay,...,a,,. Let g be the corresponding affine
Kac-Moody Lie algebra (see [Kad, (7.2.2)]),

g = (g ®c Cle,e ') ® CK @ Cd, with Cartan subalgebra h=a® CK & Cd (3.1)

and positive real roots R and integral weight lattice b%. Let ay,ay,...,ay be the simple
coroots of g with respect to the Borel subalgebra b = b & CK @ Cd @ (g ®c €Cle]) (see [Kac
Theorem 7.4]) and let

pED” such that (p,a)) =1, for i € {0,1,...,n}
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(see [Kac, (6.2.8) and (12.4.3)]). For v € h* define
AT(w)={a € R | (v+p,a") €7} and W) = (54 | a € AT(v)) (3.2)
and define the dot action of W on h* by
woA=w(A+p)—p, for w e W and A € h*. (3.3)

If v € b}, then W(v) = (sq | @ € RE) = W as defined in (3.2) is the full affine Weyl group.
For A € b* let

M(N) be the Verma module of highest weight A for g, and

L(\) the irreducible module of highest weight A for g. (3.4)

A weight v € b* is negative level rational if v satisfies:
(a) (negativity/antidominance) If i € {0,1,...,n} then (v + p, o) € Q<o,
(b) (negative level) (v + p, K) € Q<.

Given condition (a) the only additional content of (b) is that (v + p, K) # 0, (see the statement
of [KT96l, Theorem 3.3.6]).

Theorem 3.1. [KT96, Theorem 0.1] Let g be an affine Kac-Moody Lie algebra and let v € h*
be negative level rational. Let w € W be of minimal length in wW (v). Letting < denote the
Bruhat order on W, let € W(v) be such that

ifw e W and w' < wx then w'ov # wxov. (3.5)

Let ch(M) denote the character (weight space generating function) of a g-module M. Then

ch(L(wzov)) = Y (=)@~ pr (1)ch(M(wyov)), (3.6)

ygux

where €, is the length function, <, is the Bruhat order and P, are the Kazhdan-Lusztig poly-
nomials (see (2.12))) for the Coxeter group W(v), and the sum is over y € W(v) such that
Yy <y, .

This statement generalizes a conjecture of Lusztig [Lu90, Conj. 2.5¢|, proved by Kashiwara-
Tanisaki in [KT95]. It is a negative level affine version of the original “Kazhdan-Lusztig con-
jecture” of [KLT79, Conjecture 1.5]. A refinement of [KL79, Conjecture 1.5] is the Jantzen
conjecture, which was proved by Beilinson-Bernstein [BBl, Cor. 5.3.5]. The “Jantzen conjec-
ture” result generalizes to the negative level affine setting, as proved by Shan [Shl Proposition
5.5 and Theorem 6.4].

3.2 The Kashiwara-Tanisaki theorem in Hecke algebra notation

The purpose of this subsection is to repackage the result of Theorem (in the strong “Jantzen
conjecture” form) into the Hecke algebra notations of Section

Keep the notations of Theorem [3:1]so that g is the affine Lie algebra, b is the Cartan subalgera
as in and v € h* is negative level rational.

Let H be the Hecke algebra of the group W (v),
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where W (v) is as defined in (3.2) and H is as defined in (2.9)). Let
K (O]v]) be the free Z[t%,t_%]—module generated by symbols [M (z o v)]

for € W¥. Define elements [L(y o v)], y € W", by the equation

O(zov 1.
Mo =3 3 |22 g | (1hy ) Lo

i—1
y<z Z'GZZO M( )(xoy)

where [M : L(u)] denotes the multiplicity of the simple g-module L(u) of highest weight p in a
composition series of M and

M) =MNO > MDD is the Jantzen filtration of M (M),

see, for example, [OR], (2.5)].

Case R: regular v. Let v € h* such that (v + p,a)) € Q<p. Then Stab(r) = {1} under the dot
action of (3.3)). In this case the strong “Jantzen conjecture” version of Theorem (see [Sh|

Theorem 6.4 and Proposition 5.5]) is equivalent to a Z[t%,t_%]—module isomorphism

KOp) — H
M(yov)] +— T, where T, and C, are as in (2.12). (3.7)
[L(zxov)] — C,

Case S: singular v. Let v € h* such that (v + p, ;) € Q<¢ and let
J={je{0,1,....;n} | (v+p,a)) =0} so that W, =(sj|jeJ)

is the stabilizer of the dot action of W on v. Let 1, be the element of H defined in (2.15)). Then
the strong “Jantzen conjecture” version of Theorem (see [Shl, Theorem 6.4 and Proposition

5.5]) is equivalent to a Z[t%, t_%]-module isomorphism

KOl) - H1,
M(yov)] — Ty1, where Ty1, and C,1, are as in ([2.18)). (3.8)
[L(zov)] — C1,

3.3 Decomposition numbers for parabolic O

Keep the notations for the affine Lie algebra as in (3.1, and let eq, ..., en, fo,..., fn, @ and d
be Kac-Moody generators for g. Let v C {0,1,...,n} with v # () and define, following [Soe98|,
§7], a Z-grading on g by deg(d) = 0, deg(h) =0 for h € a,

0, ifie 0 if 1 €
deg(en—{l’ tig) deg(fz-)—{ P
) 117 0 4 117 -

Let
gy ={z €g| deg(x) =0} and by ={x €g| deg(z) > 0}. (3.9)

Following the first two paragraphs of [Soe98| §3], the parabolic category O (with respect to deg)
is the category (’)gv of g-modules M such that

14



(a) M is g,-semisimple,
(b) M is b,-locally finite, i.e. If m € M then dim(Ub., - m) < oco.

Let (a*)+ be an index set for the finite dimensional simple g,-modules {Lg (A) | A € (a*)T}.
The standard modules in (’)37 are

Agy (A\) =Ug Quve,, Lg,y(/\), for \ € (a*)i, (3.10)

where Ly (A) becomes a b,-module by setting zn = 0 if n € Ly (M) and 2 € g is homogeneous
with deg(z) > 0. The simple modules in Og are the quotients

A3 ()

(max. proper submodule)’

L(\) = for A € (a*)7.

Let W, be the Weyl group corresponding to v as in (2.13). Since v # () and g is an affine
Kac-Moody Lie algebra, the Lie algebra g, is finite dimensional and the integrable simple module
Lg. (M) for the Lie algebra g, has a BGG-resolution (see [Dx, Ex. 7.8.14]),

0— AV (wy0X) — - —» @ AV (z0X) — -+ — AP (A) — Ly (A) — 0. (3.11)
zEW.
=)=

where Ag” (1) denotes the Verma module of highest weight y for g, and w,, is the longest element
of W, (since 7y # () then W, is a finite Coxeter group and w, exists). (The dot action in
coincides with the dot action defined in since W, is generated by {s; | i € v} and both
actions satisfy s; o A = XA — ((\, ) + 1)a; for i & 7.)

As in [Soe98|, paragraph before Prop. 7.5], parabolic induction of the resolution tog
gives

0— Al(wy0A) — - — @ AR(zo ) — - — AJ(N) — A () — 0,  (3.12)
zeW.
(z)=i

where AJ(n) = M(p) is the Verma module for g as in (3.4). Thus the multiplicity of a simple
g-module L(p) in the standard module A () is

AL L] = 3 (~D) A8z 00) : L), (3.13)
zeWy

In the correspondence to the Hecke algebra as in ({3.8]),

[M(zyov)] = [Ag(zy ov)] = T,l,
(A, (wyy o v)] = ey Tyl,
[L(wov)] —  Cypl,

so that the identity in (3.13]) (which comes from the BGG resolution) corresponds to the Hecke
algebra identity (see (2.28))

eIl = Z (—t%)e(w”)_e(’z)Tmly, where w,, is the longest element of W,.
zeWy
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Let YW be the set of minimal length representatives of cosets in W, \W. Let
K(Og, [wy o v]) be the free Z[t%,t_%]—module generated by symbols [A§ (wyx o v)],

for x € YW such that wyz € W". Define elements [L(wyov)], for y € YW such that wyy € W,
by the equation

A, (wyz o v)® 1y
[ASV (wyzov)] = Z Z AS (w0 )+ t L(wyyov)| (t2)" | [L(wyy o v)],

ySm i€Z20

where [M : L(u)] denotes the multiplicity of the simple g-module L(u) of highest weight u in a
composition series of M and

A (A) = A3 W@ > Agw()\)(l) o is the Jantzen filtration of A§_ (\)
(see, for example, [Shl §1.4, §2.3 and §2.10] for the Jantzen filtration in this context).
Case PR: Parabolic O, regular v. Let v € h* such that (v + p, ;) € Q<. Let v C{0,1,...,n}
and let g, be the corresponding “standard” Levi subalgebra of g as defined in (3.9) with Weyl

group W, = (s | k € ) as defined in (2.13). Then Theorem (or (3.8))) combined with
(3.13]) and (2.23) is equivalent, in the strong “Jantzen conjecture” form (see [Sh, Theorem 6.4

and Proposition 5.5]) to a Z[t%,t_%]—module isomorphism
K(OF [wyov]) — e,H
[AG, (wyyov)] +— &T, (3.14)
[Lwyzov)] — Cy

Case PS: parabolic O, singular v. Let v € h* such that (v+ p, ;) € Q<o. The maps in and
(3.14) can be packaged into a single statement as follows: If v € h* is such that (v+p, ;) € Q<o
and W, = Stab(v) is the stabilizer of v in W under the dot action then
K(Og [wyov]) — e,HL,
[Ag7 (wyyov)] +— e,Ty1, (3.15)
[L(wyzov)]  — Culy

3.4 Decomposition numbers for quantum groups

In 1989 and 1990, Lusztig made conjectures that the decomposition numbers for representations
of quantum groups can be picked up by Kazhdan-Lusztig polynomials for the affine Weyl goup.
Let ¢ € C* and let Uy(g) be the Drinfel’d-Jimbo quantum group corresponding to g. Let

M,(N) the Verma module of highest weight \ for Ug(g),
Aq(N) the Weyl module for U,(g) of highest weight A,
Ly(N) the simple module for Uy, (g) of highest weight A,
the conjectures [Lu90), Conj. 2.5] and [Lu89, Conj. 8.2] are
Ly(zov)= Z (—1)£(”)+Z(w)Py,x(1)Mq(y ov), if ¢ =1 or ¢? is not a root of unity,
yeWy
y<z

Ly(xov) = Z (—1)Z(”)+e(“’)Py’z(1)Mq(y ov), if ¢% is a primitive /-th root of unity,

yeWw
y<z

Ly(xov) = Z (—1)2(”)+Z(W)Py7x(1)Aq(y ov), if g2 is a primitive /-th root of unity,

yeWw
y<z
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where, with h and ¢V as in (3.17) below, v is an element of
Ay p={veay;| (v,¢Y) > —Cand (v,a)) <0forie{l,...,n}}. (3.16)

These conjectures motivated Theorem below [KL94, Theorem 38.1] which had been previ-
ously conjectured by Lusztig [Lu90, Conjecture 2.3].

Theorem [3.2] provides a connection between the representations of affine Lie algebras and the
representations of quantum groups. Let us first sketch this relation on the level of weights. Keep
the notation for affine Lie algebras as in —. Following [Kac, §6.2] and coordinatizing
h* = CAp + a* + C§ with (a*, K) =0, (a*,d) =0,

(Ao, K) =1, (Ag,a) =0, (Ag,d)=0, (0,K)=0, (4,a)=0, (0,d)=
then ¢ € a and the dual Cozeter number h are such that
af = —¢’ + K, and p=p+ hAo, (3.17)

where p € b* and p € a* are as in (3.3) and (1.2), respectively. Let ¢ € Z~o. Weights of
g-modules that are level —¢ — h are elements of (—¢ — h)Ay + a* + CJ, Restricting modules in
O, to the subalgebra g’ = [g, g| loses the information of Cé, and in the diagram

(—0—h)Ag+a*+C6 — (—L—h)Ag+a* «— a*

¢
(—f—R)Ao+A+a6 — (—0—I)Ag+A — A (3.18)

the second map is a bijection. Using the definition of negative level rational from just before
Theorem

{veby | v+ pislevel —¢ and v is negative level rational}
={veby | (v+p,K)=—Cand (v+p,a)) € Qcq for i € {0,...,n}}
=(—l—h)Ao+{veaz| (v—"_IA )) € Qcp for i € {0,.. n}}
=(—l—h)Ao+{veag| (v—"_IAy,—p" + K) € Q<o and <V,04;/)e@SoforiE{l,...,n}}
=(—l—h)Ao+{veaz| (v,e’) > —Land (v,a)) <0 forie{l,...,n}}
= (=l —h)Ao+ A_p—p,

and, in light of Theorem below, the “source” of the alcove A_;_p in is the negative
level rational condition for weights of the affine Lie algebra.

Next we compare the dot action from to the dot action from . Following [Kac|
(6.5.2)], the action of a translation ¢, on h* = C§ + a* + CAy is given by

tu(ad + X +mho) = (a— (A, 1) — 3m{p, 1)) + A+ mu +mAg, and
w(ad + XA+ mhAg) = ad + wA + mAg, for w € Wy, the finite Weyl group.

Thus, if A € a* then

(tyw) o (A+ (=€ —h)Ao) = (t,w)( AN+ (=L —h)Ag+p) — p

(tpw)(A+ (=€ —h)Ao + p+ hAo) — (p + hAo)
=tu(w(A+ p) = LAo) — p — hA

= (w(A+p) — Ao — Lp) — p — hAg mod §

(

=(wo ) —Llu+ (—¢ — h)Ay mod 6,
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where it is important to note that that the o on the left side of this equation is the dot action
of and the o on the right hand side is the dot action of . This computation is the
basis for using to obtain an action of the affine Weyl group W on a* and define the level
(=€ —h) dot action of W on a* by

(tpw)o X = (woX) —Llpu=wA+p)—p—Lu, (3.19)

Now let us state the Kazhdan-Lusztig theorem relating representations of affine Lie algebras
to representations of quantum groups at root of unity. Let

o' =[0.0] =g @c Cle,e '] + CK.
In the context of (2.13)) and (3.9), let v = {0} so that

gy =80 = é and €y = &0 = Z (_t%)e(wo)—e(z)Tz’
weWy

where wyq is the longest element of Wy, the Weyl group of g. By restriction, the modules in Ogo
are g’-modules.

Theorem 3.2. [KL9J, Theorem 38.1] There is an equivalence of categories
{ﬁm’te length g’—modules} ~ {ﬁm’te dimensional Uq(ﬁ)—modules}

of level —0 — h in O, with ¢?* =1
AL((~—h)Ao+N)  — Aq(N)
L((=¢—h)Ao+ N) — Ly(N)

This statement of Theorem is for the simply-laced (symmetric) case. With the proper
modifications to this statement the result holds for non-simply laced cases as well, see [Lu94]
§8.4] and [Lu95|.

Let

K (fdU,(g)-mod) be the free Z[t%,t_%]-module generated by symbols [Ag4(N)],

for A € a3. Define elements [L(woy o v)], for v € A_;_p, and y € "W such that woy € W, by
the equation

o=

wopx oV (’L)
Aglwpron) =3 [ 30 [0 gy on | (@

Aq(woz o v)(it1) )" | [Lg(woy o v)],

y<z \i€Zxg
where [M : Ly(p)] denotes the multiplicity of the simple g-module L,(p) of highest weight p in
a composition series of M and
Ag(N) = Aq()\)(o) 2 Aq(/\)(l) DI is the Jantzen filtration of A,(\)
(see, for example, [Shl §1.4, §2.3 and §2.10 and Cor. 2.14] and [JM, §4] for the Jantzen filtration
in this context).

Case QG: quantum groups, integral weights. The maps in (3.15)) combined with the result of
Theorem [3.2) can be packaged in terms of the affine Hecke algebra as follows: Let v € A_y_p
and let W, = Stab(v) is the stabilizer of v in W under the level —¢ — h dot action. Then

K(fdUy(g)mod) — P eoHL,
VEA_y_p
3.20
Agwoyor)] — Tyl (3.20)
[Ly(wozov)] — Cuozly



4 The Fock space Hecke KL-module in the general setting

Keep the notation for the finite Weyl group Wy, the simple reflections sy, ..., s, and the weight
lattice a¥, as in (1.1]). The affine Weyl group is

W ={t,w|peaz,we Wy}, with ¢ty = tuq, and wi, = tyuw, (4.1)

for p,v € aj, and w € W.
Let ¢ € Z~o. Following (3.19)), the level (—¢ — h) dot action of W on a}, is given by

(tpw) o A= (woA) —Llu=w(A+p) —p—Lp, (4.2)
for p € az, w e Wy and A € aj.

4.1 The affine Hecke algebra H

Keep the notation for the finite Weyl group Wy, the simple reflections s, ..., s, and the weight
lattice af; as in (1.1). For ¢,j € {1,...,n} with i # j, let

m;; denote the order of s;s; in Wy

so that s? = 1 and (s;s7)™#% = 1 are the relations for the Coxeter presentation of Wy. The affine
Hecke algebra is o
H =7Z[tz,t"z]-span{ X*T,, | u € az,w € Wy}, (4.3)

with Z[t%,t_%] basis {X*T,, | p € aj,,w € Wy} and relations

1 1
(Ty, —t2)(Ts, +72) =0, Ty Ty, Ty ... =Ty, Ts,Ts, ..., (4.4)
m;; factors myj ;;ctors
At s Xy u A siA 1o (X - xR
X = XX s and Tle - X Tsi = (t2 —t 2) ﬁ y (45)

for i, € {1,...,n} with i # j and A, u € a3. The bar involution on H is the Z-linear automor-
phism : H — H given by

[SIE
[NIES

t2=t"z, T, =T, and X*=T, X", (4.6)

fori=1,...,nand A\, € a}. For p € a;, and w € Wy define
X = XMTy )™t and T = To X" (Ty1y) 7, (4.7)

where pt is the dominant representative of Wou and x € Wj is minimal length such that
— oyt
p=xur.

Remark 4.1. Formulas (4.6) and (4.7)) are just a reformulation of the usual bar involution and
the conversion between the Bernstein and Coxeter presentations of the affine Hecke algebra (see
for example [NR), Lemma 2.8 and (1.22)]).
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4.2 Definition of Pfé_h
Following (3.16)) and (3.20]), define

Ao p={vea;| (ve')>—Land (v,a)) <0 forie{l,...,n}}. (4.8)
and
P, = @ coH1,, (4.9)
VEA_ 4 p

where €9 and 1, are formal symbols satisfying gy = €9, 1, = 1.,
eolw = (—t_%)f(“’)eo for w € Wy and T,1, = (t%)g(y)ly fory e W,

where W,, = Staby () under the level (—¢ — h) dot action of W on a. It is important to note
that here that the 1, are formal symbols (and not elements of the Hecke algebra as in the case of
(2.15)) so that 1, # 1, if v # 7 (even though it may be that W, = W,,). Define a bar involution

BE Pjﬂ—h — Pfg_h by cohl, =¢eohl,, forve A_y,_, and h € H. (4.10)
For A € a} define
(T3] = [Twoyor] = €0Ty1, and [X)] = [Xwovor] = €0X"1,, (4.11)

where
A = wopy oV = wov oV, with v € A_,_p, and (4.12)

(T) y € W is such that Ty, = T,/ T, for any u € W,, and
(X) v € W is such that X% = X"T,, for any u € W,,.

The condition (T) is equivalent to y being a minimal length representative of the coset yW,, i.e.
yewr.

4.3 The straightening laws for [7}]

The following Proposition is a special case of the situation in Proposition As in Proposition
when A € (a})" (X is a dominant integral weight) then the element [T)] has an expansion
in H as a sum over the double coset WouW,,, where AT = wou o v with v € A_,_} and u is
minimal length in WyouW,. The properties in Proposition determine [T}] for A € aj, (all
integral weights).

Proposition 4.2. Let A € a}. Let \* be the mazimal element of Wy o X and let X~ be the
minimal element of Wy o A in dominance order. Let uw € W and x € Wy be of minimal length
such that

AT =uov and A=zo\".

Then [Ty] = (—t~2)!®@[Ty+] and

T = eoTyly, if A\T+p,a)f) #0 forie{l,...,n},
A 0, otherwise.
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Proof. As in , let y € WY be such that A = woy o v. Then
AT =uov and AT =wouov and y= (wozwy)u,
since A = x o AT = zwou o v = wo(wozwp)u o v. Thus, using the definition in ,
[Ty+] = [Twouor] = €0Tuly, [Tx-] = [Tuov] = [Two(wowyor] = €0Tm1y,
where m is the minimal length representative of the coset wouW, and
(T3] = [Towg (wozwo yuor] = €0Twozwouly = €0TwozwoTuly
= (—t72)Hworwo) g 1, = (—¢72) @y T,1,,.

Ifi € {1,...,n} and (\* + p,a)) = 0 then s; € W,- where s; = wgs;wp. Since W - =
Wyor = uW,,u_l, then Sua; = u_lsju € W,. Since v € A_y_;, then u_lsju = Sua; = Sk with
k€ {0,...,n}. Thus sju = usj and

1 1
[T/\-s-} = 50Tu11/ = (—t2)€0TSjTu1,, = (—t2)60Tsju1,/
1 1 1,1
= (—t2)eoTys, 1v = (—t2)eTyTs, 1, = (—t2)t2e0Ty1, = —t[Th+],
so that [T\+] = 0. O

Remark 4.3. The following “straightening laws” for [T3] follow from Proposition Let
Ae€ajyandletie {1,...,n}. Then

[Ts00] = {_tgm]’ i (A +p,0/) <0, (4.13)

0, if (A +p,a)) =0.
4.4 The straightening laws for [X,]

In parallel with the case for [Ty], the properties in Proposition determine [X,] for A € a7,
(all integral weights) in terms of [Xy+] for AT € (a%)* (dominant integral weights). Proposition
is the same as [GH) Prop. 6.3(ii)] (see also [LT, Prop. 5.11]).

Proposition 4.4. Let A € a}, and let AT and A\~ be the dominant and the antidominant repre-
sentatives of Wy o X\, respectively.

(a) Ifi € {1,...,n} and (\+ p,a)) =0 then [X,] = 0.
(b) If A+ p,af)y #0 forie€{1,...,n} then [X)+] = [Th+].
(c) Letie {1,...,n}. Then

—[Xl; if (A +p,aff) € Lo,
[Xsion] = { —12[X,\], if0< (A pa)) <,
1 1
_ti[Xsio)\(l)] - [X/\(l)] - tﬁ[XA]a Zf <>‘ + P, Oé;/> > { and <>‘ +p, 04;/> ¢ BZ;

where

MY =X—ja;  if M4p )y =kl+7], withkeZsoandje{1,...,0—1}.
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Proof. Define [X,] = €9 X"1, as in and let 1 € aj and w € Wy to write
v =t,w. Then [Xy] = €0XV1, = o X1, = o X*(T)—1) 11, (4.14)
The weight A is the —lwqu-translate of the element (wow) o v since
A = wov o v = wot,w o vV = ty,,(wow) o v = —Lwop + (wow) o V. (4.15)
Keeping i € {1,...,n} as in the statement of (c), let
s =wos;wg  and o = wo(ay). (4.16)

(a) follows from the first case of (¢): If (A\+p, @) = 0 then s;0\ = X and [X,] = [Xs,00] = —[X)],
so that 2[X,] = 0.

(b) Assume (A + p,a)) # 0 for all ¢ € {1,...,n}. Let w € W be of minimal length such that
A~ =wuov. Then At = wou o v and, by the definition in , [(Xo+] = [Xwouor] = €0X¥1,.
Write u = t,+z with pt € ay and x € Wy. By (4.15), pt is dominant since A~ is in the
antidominant chamber, and then gives that X" = T,,. Thus

[X)\+] = [Xwouou] = 50Xu1y = 50Tu11/ = [Twouou] = [T)\+]-

(c¢) The proof depends on the following identities in H, which we refer to as “lifted straightening
laws”. The equality 0 = 50(75% + T szl) is used to establish the “right half of the hexagon lifted
straightening law”: If spw > w then

0= eo(t? + T )(X*M + XP)(Tp1) ! = eo(X*W + XP) (87 + T )T

= co(X T+ XTI XPT L 42 XET L), (R)

The equality

Sk

0 = Ty, X0 — XobtenT 1 T XH=% — XHT, 1 (4.17)
is proved by the computation
Ty, Xkl — XSepter ol T XH—or — XPT 1

= Ty X0 — XORHFOR (T, (13 — 7 3)) 4 Ty XP~0% — XH(T,, — (7 —172))

Sk XYM p—Qp Y SkHtog
R e T T B O e X

+ XH(t2 —177)

1— X~ 1— X~
1 _1
— (fQ _Xt—:k) (XS’““ — XH 4 (1 _ X—Oék)XM + XHT%% X SkHtag + (1 _ X—ak)XSku—f—ak)
=0.

The identity (4.17)) is the source of the “left half of the hexagon lifted straightening law”: If
spw > w then

0 = eo(Te, XM — XSkkrorT L Ty XH—k — XHT DT
1 — — 1 — — —
= co(—t R XL - XOMORT L T X L XTI ). (L)

(spw)~1

)

Case 1R: 0 < ({(—wop), ) — € < ({(—wop), )y < A+ p,af) < (U(—wop), o)) + £.
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First assume that (¢(—wop), ) — € < (((—wop),a)) < (A + p, ) < ({(—wop), ) + L.
Then (see the upper picture for Case 1R)

[Xsio/\] == EoXsk”T(;kw) Vs [X)\] == EoX‘uTJ_ll ]-1/;
[Xsio/\(l)] = 50X8kuT1;}11V’ [X/\(l)] - 5OXMT(SMU) v-

Since
(wov+ p,ay) = (wowo v+ p,a) = (A — L(—wop) + p,af} > 0

then spw > w and so equation (]E) gives

0 =eo( XTI L L+ XL p XPTCL L XTI,

(spw (skw)

1 1
= [Xsioal + 2 [ X oyl + Xy + £2[X5]. (1Rreg)

In the limiting case (¢(—wou), ) — € < (((—wop), ;) = (A + p, ) < ({(—wop), ) + ¢,
then (see the lower picture for Case 1R)

[Xoor] =0 X7 11,  and  [X)]=eoX"T 11, (cen)

Since
(wov+p,ay) = (wowov+p,a) = (A = £(~wop)) + p,a;’) =0
then s, € Wyor and w™tsyw € W,. Let
5j = wlspw € W, and T = SpW = WS;,

so that spx > x and xs; > x and

XMLy Tt = XA, and XSRRTL S Tt = XOHT L
spw)” (spw) Sj w

Since spx > = then equation (]ED gives

eo(XHTL 4t XET +XMT(*1 - +t%X“T111)1

(
E()(XSk'uT_ L+ XS _1T + XK1 )1 +tXHT _1 )11,
(

(k)™ (sk

c XSWT 1 ) —I—tXS’“”T(;sj)fl‘FX T(s;x),l +t XM 1]_),1)11/

— EO(XSWTU;1 XS 4 XPTOL XL,
= (14 t)([Xs,0n] + [XA])- (1Rsing)

(zs

Case 110 < ((—wo), ) ~ £ < (\-+ ) < (6w, 0¥) < (o)) + ¢
First assume that ({(—wou), o)) — € < <)\ +poa)) < (U(—wop), ) < (U(—wou), ) + .
With z = spw, (see the upper plcture for Case 1L)

[Xsio/\(l)] Xsk”+o‘kT(; )~ L, X0l = EoX“_aka__llly,
[Xsio)\] - EO)(SMJJT —11 11/7 [XA] = EOXHT(;::C)—I 1,.

Since
(wov+p,a)) = (wowov+p,a)) = (A —€(—wop)) + p,a) <0
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then spw < w and so x < spx. Then equation gives

1 _ — _1 _ — —
0= eo(—t 2 XHT L — XoWibard | — 72 XHT T — XPT L)1,

x)~
= 73 ([Xoior] + 12[X,.n0] + [Xaw] + 2[X3)). (1Lreg)

In the limiting case (¢(—wpy),a)) — € = A+ p,a)) < ({(—wo7), ) < (L(—woy), ) + ¢
with
V= ptak, (bdy)

then (see the lower picture for Case 1L)
[Xs,'o)\] - EOXSkuiakT;_ll 1, = E()Xsk’yTuj_ll 1, and
[X)\] = 8O‘X!LT;—ll 1, = 50X77akT1;_11 1,.

Since
(wo v+ p,ay) = (wowo v + p,a¥) = (A= L—wop) + p,a)) > 0

then spw > w. Since
(wov+p,ay) — £ = (wowo v+ p,a¥) — £ = (A= L(—wom)) + p,ay) =€ =0
then s_q, 45 € Wiyor and sg = ws_ak+5w_1 = Sw(—ap+s) € Wu. Then

Xt = XWT LT, and  XOT) = X0 LT,

and equation gives

_ _ _1 _ — —
0= eo(—t 2 X! o XerteR el X T  — XOT )L,
eo(— —EXSWTU;1 — XS T — 4R XORT L X ee T )1,
= eo(—tTIXTTY, — p XOTY XL X,
1
2

—(t77 +17)([Xoion] + [X]). (1Lsing)

Case 2R: 0 = ({(—wop), ) and 0 = (((—wop), o)) < (A+p,a)) <€ = ({(—wop), )+ ¢. This

case is really a special case of Case 1R, with

Skl = [, since 0= ({(—wou), ) = €(—p, ).
In the case that 0 < (A + p, ;) < £ then (see the top picture in Case 2R)

[Xsio)\] = e’;‘oX‘uT_l 1, and [X)\] = E()X“wall

(spw)~!
and (1Rreg)) becomes
_ 1 _ _ 1 _
0= eq(XMT o + 2 XL+ XHT L+ 2 XPT L)1,
1 1 1
= [Xsior] +12[X0] + [Xson] +12[X0] = 2(22[X)] + [X;0n])- (2Rreg)

For the limiting case where 0 = (X + p, o) < ¢ (this is analogous to (cen]))

[X)\] = [XSZOA] = E.OXMTUT,Il 11/.
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and ([1Rsing]) becomes

0=eo(XHT L +tX T L 4 XPT L+ tXPT )1, = (14 6)2[X)]. (2Rsing)

Case 2L: £ = ({(—wop), ) and 0 = ({(—wop),af) — € < (A + p, ;) < ({(—wop), ) = £. This
case is really a special case of Case 1L, with

Skl = [t — g, since 1= 3£ = F{(—wop), ;) = (—p, ).
In the case that 0 < (A + p,a;) < £ then (see the bottom picture in Case 2L)
[(Xson] = coX* T 41, and  [X)]= eOX#T(; NS P
and (1Lreg) becomes
_1 . _ S SN
0= eo(—t7 2 XSHT L — XHFORT L — T2 XM X“T(sim) DL
_1 _1 _1
=—t 2 [Xsio)\] — [X)\] —t 2 [XS.O)\] — [X)\] = -2t 2 ([Xs'o)\] + t2 [X)\]) (2Lreg)
For the limiting case where 0 = (XA + p, o)) < ¢ (this is analogous to (bdy]))
[X0] = [Xsioa] = €0 XPT Ly 11 = 00X 7T L1, = 69X 0T
and (1Lsing)) becomes
0=eo(—t 2 XTI Y — 3 XY, — 3 X0 T L xR L,
—(t72 +12)2[X,]. (2Lsing)

Together these computations complete the proof of part (c): the third case follows from

(1Rreg) and (LLreg)), the second case from (2Rreg)) and (2Lreg)), and the first case from (1Rsing))
and (1Lsing)), with (2Rsing)) and (2Lsing)) specifically treating the statement in (a). O

Remark 4.5. If A € faj, — p then there is a unique p € aj such that
A = Lwop — p = twgp © (—p) = tuguwo © (=p) = woty o (=p),

so that A = wov o v with v = —p and v = t,,. Since v = —p then 1, = 1 with T§, 1y = télo for
i€ {l,...,n}. Thus,
[T\ =eoTi, 1o and  [X)] =eoX"1,.

so that the [X,], for A € fa}, — p, are the elements A, studied in [NR} §2]. In this case the
first case of Proposition (c) is the straightening law and this coincides with the equality
Agn = —A, proved in [NR], Prop. 2.1].

Remark 4.6. Following the definition of [X,] in (4.11)),
if A=wovov then wpo A = wo(wyv) o v = wo(wovw,) o v
and we have [X)] = 0 X"1, and [Xy,0n] = €0 X“0"*»1,. With XV = X% then
X0 = Xt = X0(T 1)) = XAT,, = Ty X P Ty Ty = T XUOPT L,
= Ty Xtwon(wow) — o xwov — - xwovwwrp,

0

By the previous computation, X0V = ngol XVTJV17 <o that
[(Xugor] = €0 X0V 1, = eoT ' XVT, 11, = (—t~ 5)=two) (43 )~twn) g X1,
= (1)) (¢ ) )+ R, = (1)) (¢~ Hm) ) ]

Hence

[X0] = (—1)feo) (g2 o)~y o). (4.18)
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4.5 Relating the KL-modules P', , and F,

In this subsection we tie together our components: the module with bar involution be ,, from
(4.9) which was built from the affine Hecke algebra and the abstract Fock space Fy from (|1.3).
Because of the way that we arrived at Pfgfh from representation theory (see (QG) at the end

of Section 3) the isomorphism between Pfg_h and F; will allow us to prove that the abstract
Fock space Fy captures decomposition numbers of Weyl modules for quantum groups at roots
of unity.

Theorem 4.7. Let < be the dominance order on the set (a5)" of dominant integral weights.

Let P, ., with basis B = {[X)] | A € (a})"} and bar involution as in (4.10), and
let Fo with basis L = {|\) | XA € (a})T} and bar involution as in (1.4)).

Then Pfgih is a KL-module and

[X)\] — |A)
Proof. By definition (see ([4.9)), P*, , = = D,ea_, , c0H1l,. By & each summand is a
KL-module and so 7337 5 18 a KL-module.

The Z[t%,tfé]—module Fy is generated by |\), A € aj,. By definition, these symbols satisfy
the relations in (1.3)). The Z[t%,t_%]—module P+, , is generated by the symbols [X,], A € a.
By comparison of the relations in (1.3 with those in Proposition (c), there is a surjective
Z[t% , f%]—module homomorphism

®: Fr— P, , given by ®(|\)) = [X,], (4.19)
for A € aj,. This homomorphism respects the bar involution since, by (1.4) and (4.18),

is a KL-module isomorphism.

B(IA)) = B((—1)"0) (7 2) )N a0 3))

= (— 1)) (47 2)1w0)=Na @ (jug 0 \))

= (— 1)) (= 2) A= X, ]

= (—1)fwo) (4= wo)=No (1) wo) (4= 5 ) ~¢wo)+lw ) T ]

= (—1)fwo) (472 Awo)=No (1) o) (4= 3 ) ~Hu0) +Hw ) G(]R)) = B([N)).

If A € (a})" then [X,] = [T3]. Thus, by Proposition (see also Proposition , the set
{[X)] | X € (a})"} is a basis of P_y_;. Since the ®, image of {|A) | A € (a3)"} is linearly
independent in P_y_j this set must be linearly independent in F; and ®; is injective. Since Fy
is spanned by {|A) | A € (a})"} then @, is a KL-module isomorphism. O

The KL-module F, has

standard basis  {|A) | A € (a})"} and KL-basis {Cy | A € (a})"}. (4.20)
For y, A € (a3)" define py, dy, € Z[t2, 2] by
Cu=lm+> puald),  and  [\)=Ch+ ) dyCh. (4.21)
1 u

The following theorem relates the p,\ to affine KL-polynomials and the d, to decomposition
numbers of Weyl modules for the quantum group at an ¢th root of unity. It is a generalization
of a type GL,, statement found, for example, in [Sh, Thm. 6.4].
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Theorem 4.8. Fiz { € Z~o and let ¢* be a primitive Lth root of unity in C. Let Uy(g) be the
Drinfeld-Jimbo quantum group corresponding to the weight lattice a7, the Weyl group Wy and

the positive roots RT. Let Ly(u) be the simple module of highest weight p for the quantum group
Uqy(g) and let

AN =2,092>2A,NYD-.. be the Jantzen filtration

of the Weyl module Ay(X\) of highest weight A for Uy(g).
Let W be the affine Weyl group and let X\, € (a})t and let pyx and dy, be as given in
@21).

(a) If X and p are not in the same W-orbit for the level (—¢ — h) dot-action of W on aj, then
dyy = 0 and p,\ = 0.

(b) If X and p are in the same W-orbit then let v € A_y_p, and x,y € W be such that
A = wox oV, W= woy o v, T,y € ‘W and wox, woy € WY,

where wq is the longest element of the Weyl group Wy, W, is the stabilizer of v under the dot
action of W, WV is the set of minimal length representatives of cosets in W/W,, and "W is the
set of minimal length representatives of cosets in Wo\W.
Then

puA(Afl)g(wa) t(woy) pv (t%

WY, WoT and

)
D= > tjdim<Hom( g§;>]+1),Lq<u)>) :
JE€Z>o

where P, (t%) is the (parabolic singular) Kazhdan-Lusztig polynomial (see (2.30))) for the

wWOY,WoT

affine Hecke algebra H corresponding to W (see (2.12) and (4.3)).

Proof. By definition (see (4.9)), P, , = D, A_,_, €0H1,. The analysis in & applies to

each of the summands egH1, to give that, for A\, p € (a})™,

(I)(|/\>) = [XA] = [T)\] = EQTyly and (I)(CM) = Cwox].y,

where ®: F; — Pfﬁ_h is the KL-module isomorphism from (4.19) and z,y € W and v € A_,_y,
are as defined in the statement of (b). In particular, by (2.30)), the transition matrix between
these bases is given by

B(C,) = Cugoly = Z (—1)fwor)=twor) pr (4 t3)eoT, 1,
woylwoz
yeOW,wgyew?
1
= Y (—)f e Py e (E)R(N),
woy<wox
yEOW,yEWV

and, since ® is an isomorphism, this establishes the formula for p,». The formula for dy, is then
a consequence of the isomorphism of (QG) given at the end of Section 3. O

27



LUUIH

e
\

\\//
AV
AVAN

\

S; WL = Wols, y\Sil DoV = wot,w

N
A P
\/

[ X021 = EOXSWT(_ 1, - fo-X”Tr;hlv = [X,]
oot ) <> Wot s W)
[Xssa,l(l)] =G X L LT go XF 1 11, =[X,m)]

wot wgt

-
§ .

ot i0-=|wot ,(s;x)
oXPE |1, = g XA T 111, = [X)]

SkH

[

worsk,u(skx

[Xopea] = X417,

VAVAVAVAVA'
/NN NENEN NENIN Y

|
—

VAVAVAYS

Case 1R: 0 < ({(—wop), o)) — € < (L(—wop), o)) < (A + p, ) < ({(—wop), ) + £ and
0 < (U(—wop), )y — € < (U(—wop), ) = (A + p, ey < (L(—wop), ) + £.
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[Xsin,l(l)] = gL

w{]f = w{]f

~

SpH—

/

Wot,
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SkY
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<
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\
ot (5 W) = Wot,_ 4, WS
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Case 1L: 0 < ({(—wou), o)) — € < (A + p, o) < (l(—wop), o)) < ({(—wop), ) + £ and
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} 4! U ) — Ur#w
[X,.1] = % XTI, = [X)]
Case 2R: 0 = ({(—wop) + p,a)f) < A+ p,a)f) <l = <€( wop) + p, ) + € and
Case 2L: 0 = ({(—wou) + p,a)) — € < (A + p, o)) < €= (L(wop) + p, )
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