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1 Partition algebras

For k ∈ Z>0, let

Ak =
{
set partitions of {1, 2, . . . , k, 1′, 2′, . . . , k′}

}
, and

Ak+ 1
2

=
{
d ∈ Ak+1

∣∣ (k + 1) and (k + 1)′ are in the same block
}

.

For convenience, represent a set partition d ∈ Ak by a graph with k vertices in the top row,
labeled 1, . . . , k left to right, and k vertices in the bottom row, labeled 1′, . . . , k′ left to right,
with vertex i and vertex j connected by a path if i and j are in the same block of the set partition
d. For example,
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{
{1, 2, 4, 2′, 5′}, {3}, {5, 6, 7, 3′, 4′, 6′, 7′}, {8, 8′}, {1′}

}
,

and has propagating number 3. The graph representing d is not unique.
The composition d1 ◦ d2 of partition diagrams d1, d2 ∈ Ak is the set partition obtained by

placing d1 above d2 and identifying the bottom dots of d1 with the top dots of d2, removing
any connected components that live entirely in the middle row. For k ∈ 1

2Z>0 and n ∈ C, the
partition algebra CAk(n) is the associative algebra over C with basis Ak,

CAk(n) = Cspan-{d ∈ Ak}, and multiplication defined by d1d2 = n`(d1 ◦ d2),

where ` is the number of blocks removed from the the middle row when constructing the com-
position d1 ◦ d2. For example,
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since two blocks are removed from the middle row.
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Another basis of CAk(n) is

{xd | d ∈ Ak} given by d =
∑
d′≤d

xd, where (1.2)

d′ ≤ d if the set partition d′ is coarser than the set partition d.
Let k ∈ Z>0. For 1 ≤ i ≤ k − 1 and 1 ≤ j ≤ k, define
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2

=
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(1.3)

These elements satisfy relations

e2
i = ei, eiei±1ei = ei, and eiej = ejei, for |i− j| > 1.

p2
i = pi, pipi± 1

2
pi = pi, and pipj = pjpi, for |i− j| > 1/2.

s2
i = 1, sisi+1si = si+1sisi+1, and sisj = sjsi, for |i− j| > 1.

and

sipipi+1 = pipi+1si = pipi+1, sipi+ 1
2

= pi+ 1
2
si = pi+ 1

2
, sipisi = pi+1,

sisi+1pi+ 1
2
si+1si = pi+ 3

2
, and sipj = pjsi, for j 6= i− 1

2 , i, i + 1
2 , i + 1, i + 3

2 .

There are inclusions of algebras given by

CAk− 1
2
(n) ↪→ CAk(n)
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and

CAk−1(n) ↪→ CAk− 1
2
(n)
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(1.4)

giving
A0(n) ⊆ A 1

2
(n) ⊆ A1(n) ⊆ A 3

2
(n) ⊆ · · · .

The propagating number of d ∈ Ak is

pn(d) =
(

the number of blocks in d that contain both an element
of {1, 2, . . . , k} and an element of {1′, 2′, . . . , k′}

)
. (1.5)

The propagating number satisfies pn(d1 ◦ d2) ≤ min(pn(d1), pn(d2)) and so there is a chain of
ideals in Ak(r, p, n),

I1 ⊆ I1 ⊆ · · · ⊆ Ibkc, given by I` = span{d | d ∈ Ak(r, p, n), pn(d) ≤ `}.

The maps
CAk− 1

2
(n)⊗CAk−1(n) CAk− 1

2
(n) −→ CIk(n)

b1 ⊗ b2 7−→ b1pkb2

(1.6)
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are vector space isomorphisms.
Let k ∈ Z>0. Define linear maps

ε 1
2

: CAk → CAk− 1
2
, ε

1
2 : CAk− 1

2
→ CAk−1 and ε1 : CAk → CAk−1

by the equations

pk+ 1
2
bpk+ 1

2
= ε 1

2
(b)pk+ 1

2
, pkbpk = ε

1
2 (b)pk, and ekbek = ε1(b)ek. (1.7)

Pictorially

ε 1
2
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so that ε1 = ε
1
2 ◦ ε 1

2
, ε 1

2
(d) is the same as d except that the block containing k and the block

containing k′ are combined, and ε
1
2 (d) has the same blocks as d except with k and k′ removed.

There is a factor of n in ε
1
2 (d) if the removal of k and k′ reduces the number of blocks by 1.

Pulling the product in the ideal Ik back across the isomorphism in (???) gives

a product on CAk− 1
2
(n)⊗CAk−1(n) CAk− 1

2
(n) given by (1.8)

(b1 ⊗ b2)(b3 ⊗ b4) = b1 ⊗ ε 1
2
(b2b3)b4, and (c1 ⊗ c2)(c3 ⊗ c4) = c1 ⊗ ε

1
2 (c2c3)c4,

for b1, b2, b3, b4 ∈ CAk(n), and for c1, c2, c3, c4 ∈ CAk− 1
2
(n), k ∈ Z>0.

Define trk : CAk → C and trk− 1
2
: CAk− 1

2
→ C by the equations

trk(b) = trk− 1
2
(ε 1

2
(b)), and trk− 1

2
(b) = trk−1(ε

1
2 (b)), (1.9)

so that
trk(b) = εk

1(b), and trk− 1
2
(b) = εk−1

1 ε
1
2 (b). (1.10)

Pictorially trk(d) = nc where c is the number of connected components in the closure of the
diagram d,

trk(d) = .................
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...........................................................................................................
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....................................
..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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....................
...

, for d ∈ Ak. (1.11)

Martin’s Morita equivalence

The H colored partition algebra: color the vertices of each set partition by elements of a
group H and define two colorings of a set partition to be equivalent if, for each block, the product
of the colors on that block coincide. Define the product in the usual way except that the colors
multiply when they hit and propagate to the end of the edge and each floating block turns into
a factor of n|H|. Let W = IndGH,1,n

GH,1,n−1
(1) so that dim(W ) = n|H|. Then

Ak,H,1(n) ∼= EndGH,1,n
(W⊗k).
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2 Subalgebras of the partition algebra

A set partition is planar [Jo] if it can be represented as a graph without edge crossings inside
of the rectangle formed by its vertices. For each k ∈ 1

2Z>0, the following are subalgebras of the
partition algebra CAk(n):

CSk = span{d ∈ Ak | pn(d) = k},
CPk(n) = span{d ∈ Ak | d is planar},
CBk(n) = span{d ∈ Ak | all blocks of d have size 2}, and
CTk(n) = span{d ∈ Ak | d is planar and all blocks of d have size 2}.

(2.1)

The algebra CSk is the group algebra of the symmetric group, CPk(n) is the planar partition
algebra, CBk(n) is the Brauer algebra, and CTk(n) is the Temperley-Lieb algebra. Examples of
set partitions in these algebras are
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•...................................................................................
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........................................................

...........................................

................................................................................ ........................................

................................................................................ ∈ P7, •
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........................................................................................................................................................
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........................................................

...................................................................................

........................................................

........................................................ ∈ S7.

If B is a block of a set partition d define

κ(B) =
∣∣ (# of top vertices in B)− (# of bottom vertices in B)

∣∣
and let

Ak,r,p =
(r/p)−1⊔

`=0

{d ∈ Ak | for all blocks B of d, κ(B) = `(r/p) mod r}

Then
CAk,r,p(n) = span{xd | d ∈ Ak,r,p}

is a subalgebra of CAk(n). Then

CAk,r,p(n) ⊇ CAk,r,1(n), CAk,1,1(n) = CAk(n),

and
CAk,∞,1 = span{d ∈ Ak | κ(B) = 0 for all blocks B of d}

does not depend on the parameter n.
Let

fr = p1/2p3/2 · · · p(r−1)/2p1p2 · · · prp1/2p3/2 · · · p(r−1)/2 =
•
•

•
•

•
•

•
•

•
•

1 ··· r

•
•
.................
.................
......... · · ·

•
•
.................
.................
.........................................................................................................................................................................

................................................................................................................................................................ ,

The algebra Ak,r,1(n) is generated by s1, . . . , sk−1, p 3
2

and fr.

Is CCAk(r, p, n) = CAk(r, p, n)× Z/pZ?
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3 Schur-Weyl dualities

Let n ∈ Z>0 and let V be a vector space with basis v1, . . . , vn. Then the tensor product

V ⊗k = V ⊗ V ⊗ · · · ⊗ V︸ ︷︷ ︸
k factors

has basis { vi1 ⊗ · · · ⊗ vik | 1 ≤ i1, . . . , ik ≤ n } .

For k ∈ Z>0 let
V ⊗(k+ 1

2
) = V ⊗k ⊗ vn, a subspace of V ⊗(k+1)

(which is isomorphic, as a vector space, to V ⊗k). If b ∈ End(V ⊗k) let bi1,...,ik
i1′ ,...,ik′

∈ C be the
coefficients in the expansion

b(vi1 ⊗ · · · ⊗ vik) =
∑

1≤i1′ ,...ik′≤n

bi1,...,ik
i1′ ,...,ik′

vi1′ ⊗ · · · ⊗ vik′ . (3.1)

For d ∈ Ak and values i1, . . . , ik, i1′ , . . . , ik′ ∈ {1, . . . , n} define

(d)i1,...,ik
i1′ ,...,ik′

=

{
1, if ir = is when r and s are in the same block of d,
0, otherwise.

(3.2)

For example, viewing (d)i1,...,ik
i1′ ,...,ik′

as the diagram d with vertices labeled by the values i1, . . . , ik
and i1′ , . . . , ik′ , we have

i1 i2 i3 i4 i5 i6 i7 i8

i1′ i2′ i3′ i4′ i5′ i6′ i7′ i8′
•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

.................

.................

.........

.................

.................

.........

.................

.................

.................................................... ..............................................................................................................................................................................................................................................................

............................................................................

................
............................................................

..............................................................................................
........................................... = δi1i2δi1i4δi1i2′ δi1i5′ δi5i6δi5i7δi5i3′ δi5i4′ δi5i6′ δi5i7′ δi8i8′ .

It follows from (???) and (???) that for all d ∈ Ak,

(Φk(xd))
i1,...,ik
i1′ ,...,ik′

=

{
1, if ir = is if and only if r and s are in the same block of d,
0, otherwise.

(3.3)

The group GLn(C) acts on the vector spaces V and V ⊗k by

gvi =
n∑

j=1

gjivj , and g(vi1 ⊗ vi2 ⊗ · · · ⊗ vik) = gvi1 ⊗ gvi2 ⊗ · · · ⊗ gvik , (3.4)

for g = (gij) ∈ GLn(C). For any subgroup G ⊆ GLn(C),

EndG(V ⊗k) =
{

b ∈ End(V ⊗k) | bgv = gbv for all g ∈ G and v ∈ V ⊗k
}

.

Theorem 3.1. Let n ∈ Z>0 and let {xd | d ∈ Ak} be the basis of CAk(n) defined in (???).
Then the notation in (???) and (???) defines algebra homomorphisms

Φk : CAk(n) −→ End(V ⊗k) for k ∈ 1
2Z>0. (3.5)

giving a right action of the partition algebra CAk(n) on V ⊗k. View the symmetric group Sn as
the subgroup of GLn(C) of permutation matrices.
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(a) Φk : CAk(n) → End(V ⊗k) has

im Φk = EndSn(V ⊗k) and ker Φk = C-span{xd | d has more than n blocks}, and

(b) Φk+ 1
2

: CAk+ 1
2
(n) → End(V ⊗k) has

im Φk+ 1
2

= EndSn−1(V
⊗k) and ker Φk+ 1

2
= C-span{xd | d has more than n blocks}.

Proof. (a) As a subgroup of GLn(C), Sn acts on V via its permutation representation and Sn

acts on V ⊗k by
σ(vi1 ⊗ vi2 ⊗ · · · ⊗ vik) = vσ(i1) ⊗ vσ(i2) ⊗ · · · ⊗ vσ(ik). (3.6)

Then b ∈ EndSn(V ⊗k) if and only if σ−1bσ = b (as endomorphisms on V ⊗k) for all σ ∈ Sn.
Thus, using the notation of (???), b ∈ EndSn(V ⊗k) if and only if

bi1,...,ik
i1′ ,...,ik′

= (σ−1bσ)i1,...,ik
i1′ ,...,ik′

= b
σ(i1),...,σ(ik)
σ(i1′ ),...,σ(ik′ )

, for all σ ∈ Sn.

It follows that the matrix entries of b are constant on the Sn-orbits of its matrix coordinates.
These orbits decompose {1, . . . , k, 1′, . . . , k′} into subsets and thus correspond to set partitions
d ∈ Ak. Thus Φk(xd) has 1s in the matrix positions corresponding to d and 0s elsewhere,
and so b is a linear combination of Φk(xd), d ∈ Ak. Since xd, d ∈ Ak, form a basis of CAk,
im Φk = EndSn(V ⊗k).

If d has more than n blocks, then by (???) the matrix entry (Φk(xd))
i1,...,ik
i1′ ,...,ik′

= 0 for all
indices i1, . . . , ik, i1′ , . . . , ik′ , since we need a distinct ij ∈ {1, . . . , n} for each block of d. Thus,
xd ∈ ker Φk. If d has ≤ n blocks, then we can find an index set i1, . . . , ik, i1′ , . . . , ik′ with
(Φk(xd))

i1,...,ik
i1′ ,...,ik′

= 1 simply by choosing a distinct index from {1, . . . , n} for each block of d. Thus,
if d has ≤ n blocks then xd 6∈ ker Φk, and so kerΦk = C-span{xd|d has more than n blocks}.

(b) The vector space V ⊗k ⊗ vn ⊆ V ⊗(k+1) is a submodule both for CAk+ 1
2
⊆ CAk+1 and

CSn−1 ⊆ CSn. If σ ∈ Sn−1, then σ(vi1 ⊗ · · · ⊗ vik ⊗ vn) = vσ(i1) ⊗ · · · ⊗ vσ(ik) ⊗ vn. Then as
above b ∈ EndSn−1(V

⊗k) if and only if

bi1,...,ik,n
i1′ ,...,ik′ ,n

= b
σ(i1),...,σ(ik),n
σ(i1′ ),...,σ(ik′ ),n

, for all σ ∈ Sn−1.

The Sn−1 orbits of the matrix coordinates of b correspond to set partitions d ∈ Ak+ 1
2
; that is

vertices ik+1 and i(k+1)′ must be in the same block of d. The same argument as part (a) can be
used to show that ker Φk+ 1

2
is the span of xd with d ∈ Ak+ 1

2
having more than n blocks. We

always choose the index n for the block containing k + 1 and (k + 1)′.

The multiplication in CAk(n), in terms of the basis {xd} is

xd1xd2 =

0, if d1 ◦ d2 don’t exactly match in the middle,∑
d

cdxd, if d1 ◦ d2 exactly match in the middle,

where the sum is over all coarsenings of d1 ◦ d2 obtained by merging a top horizontal block and
a bottom horizontal block and

cd = (n− |d|)]d1◦d2], where (`)r = `(`− 1) · · · (`− r + 1),

|d| is the number of blocks of d and [d1 ◦ d2] is the number of internal blocks of d1 ◦ d2.
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Proof. Let n >> k so that CAk(n) ∼= EndSn(V ⊗k). Then

(vi1 ⊗ · · · vik)xd1xd2 =
∑

i1′ ,...,ik′
i1′′ ,...,ik′′

(xd1)
i1,...,ik
i1′ ,...,ik′

(xd2)
i1′ ,...,ik′
i1′′ ,...,ik′′

and∑
i1′ ,...,ik′

(xd1)
i1,...,ik
i1′ ,...,ik′

(xd2)
i1′ ,...,ik′
i1′′ ,...,ik′′

=
∑

interior blocks

1 = (n− |d)(n− |d|+ 1) · · · (n− |d| − (`− 1),

where the sum is over labeled interior blocks of d1 ⊗ d2 such that the labels on these blocks are
distinct and do not lie in {i1, . . . , ik, i1′ , . . . , ik′}.

For k ∈ Z>0 the following result is due to Tanabe [Ta, Lemma 2.1].

Theorem 3.2.

(a) Let T be the subgroup of GLn(C) of diagonal matrices in GLn(C) and let N = GC∗,1,n be the
normalizer of T in GLn(C). Then

Φk(CAk∞,1(n)) = EndN (V ⊗k) and ker Φk ∩ CAk,∞,1(n) =????

(b) Then

Φk(CSk) = Endgln(V ⊗k) and ker Φk ∩ CSk = the ideal generated by
∑

w∈Sk

det(w)w.

Proof.

Theorem 3.3. Let Ln−1 =
(
Gr,1,n × (Z/rZ)

)
∩Gr,p,n. Then

im Φk = EndGr,p,n(V ⊗k) and ker Φk = C-span{xd | d has more than n blocks},
im Φk+ 1

2
= EndLn−1(V

⊗k) and ker Φk+ 1
2

= C-span{xd | d has more than n blocks}.

Proof. In the case r = p = 1 this is a result of Jones [Jo] and Martin [Ma] (see [HR, Theorem
???]). A direct computation (which we will not do here) shows that if d ∈ Ak(r, p, n) then xd

commutes with each of the generators tp1, s1, s2, . . . , sn of Gr,p,n. Thus im Φk ⊆ EndGr,p,n(V ⊗k).
If a ∈ EndGr,p,n(V ⊗k) then a ∈ EndSn(V ⊗k) and so by the Jones-Martin Theorem,

a =
∑
d∈Ak

cdxd, for some cd ∈ C.

We shall show that if d 6∈ Ak(r, p, n) then cd = 0. Let d ∈ Ak and let

vt = vi1 ⊗ · · · ⊗ vik and vb = vi1′ ⊗ · · · ⊗ vik′

be such that ir = is if and only if r and s are in the same block of d. Then

cd = avt

∣∣
vb

,

the coefficient of the basis element vb in the expansion of avt. Choose a block B of d and let
` ∈ B. Then

cd = (avt)
∣∣
vb

= (t−p
i`

atpi`)
∣∣
vb

= ξpκ(B)cd.
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Hence cd = 0 unless κ(B) = 0 mod r/p. Now choose a pair of distinct blocks B1 and B2 in d.
Let ` ∈ B1 and m ∈ B2. Then

cd = (avt)
∣∣
vb

= (timt−1
i`

ati`t
−1
im

vt)
∣∣
vb

= ξκ(B1)−κ(B2)cd.

So cd = 0 unless κ(B1) = κ(B2) = 0 mod r. The same argument with

vt = vi1 ⊗ · · · ⊗ vik ⊗ vn and vb = vi1′ ⊗ · · · ⊗ vik′ ⊗ vn

applies to establish case (b).

If d ∈ Bk is a diagram choose a labeling of the blocks of d from with 1, 2, . . . , k by marking
one vertex in each block. An element σ ∈ Sk permutes the marked vertices to produce a new
diagram σd ∈ Bk.

PICTUREEXAMPLEHERE

Suppose n + 1 ≤ k. For a given element d ∈ Bk, the element of CBk(n) given by∑
σ∈Sn+1

(−1)`(σ)σd,

depends on the choice of the labeling of d, but the set ∑
σ∈Sn+1

(−1)`(σ)σd

∣∣∣∣d ∈ Bk


does not???.

If k > n let Sn+1 be the subgroup of Sk whiich fixes n + 2, . . . , k.

Theorem 3.4. (Schur-Weyl) Let n ∈ Z>0.

(a) Φk : CSk → End(V ⊗k) has
im Φk = EndGLn(C)(V

⊗k)

and ker Φk is the ideal of CSk generated by ∑
σ∈Sn+1

(−1)`(σ)σd

∣∣∣∣ d ∈ Sk has more than n blocks

 .

(b) Φk : CBk → End(V ⊗k) has
imΦk = EndOn(C)(V

⊗k)

and ker Φk is the ideal generated by ∑
σ∈Sn+1

(−1)`(σ)σd

∣∣∣∣ d ∈ Bk has more than n blocks


Need to define action of σ on d.
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Define linear maps

ε 1
2

: End(V ⊗k) → End(V ⊗k) ε
1
2 : End(V ⊗k) → End(V ⊗(k−1)) and

ε1 : End(V ⊗k) → End(V ⊗(k−1)) (3.7)

by

ε 1
2
(b)i1,...,ik

i1′ ,...,ik′
= bi1,...,ik

i1′ ,...,ik′
δikik′ ε

1
2 (b)i1,...,ik−1

i1′ ,...,i(k−1)′
=

n∑
j,`=1

b
i1,...,ik−1,j
i1′ ,...,i(k−1)′,`

. and

ε1(b)
i1,...,ik−1

i1′ ,...,i(k−1)′
=

n∑
j=1

b
i1,...,ik−1,j
i1′ ,...,i(k−1)′,j

, (3.8)

Then
ε1 = ε 1

2
◦ ε

1
2 and Tr(b) = εk

1(b), for b ∈ End(V ⊗k). (3.9)

The relation between the maps ε
1
2 , ε 1

2
and ε1 in (???) and the maps ε

1
2 , ε 1

2
, ε1 in (???) is given

by
Φk− 1

2
(ε 1

2
(b)) = ε 1

2
(Φk(b))

∣∣
V ⊗(k− 1

2 ) , Φk−1(ε
1
2 (b)) = 1

nε
1
2 (Φk(b)), and

Φk−1(ε1(b)) = ε1(Φk(b)), (3.10)

where, on the right hand side of the middle equality b is viewed as an element of CAk via the
natural inclusion CAk− 1

2
(n) ⊆ CAk(n). Then, for k ∈ Z>0,

Tr(Φk(b)) = trk(b), and Tr(Φk− 1
2
(b)) = 1

n trk− 1
2
(b). (3.11)

4 The tower Âk(r, p, n)

Let 1n be the trivial representation of G = Gr,1,n and let V = C-span{v1, . . . , vn} be the
reflection representation. Let

G = Gr,p,n = Gr,1,n ∩Gr,p,n and Ln−1 =
(
Gr,1,n−1 × (Z/rZ)

)
∩Gr,p,n.

The Gr,1,n−1 × (Z/rZ) module

χ = 1n−1 ⊗ χ1, where
χ1 : Z/rZ −→ C∗

ξ 7−→ ξ

is, by restriction, an Ln−1 module and for any G-module M ,

IndG
Ln−1

(ResG
Ln−1

(M)⊗ χ) ∼= M ⊗ IndG
Ln−1

(χ) ∼= M ⊗ V,

where the first isomorphism comes from the “tensor identity,”

IndG
Ln−1

(ResG
Ln−1

(M)⊗N) ∼−→ M ⊗ IndG
Ln−1

N

g ⊗ (m⊗ n) 7→ gm⊗ (g ⊗ n)
, (4.1)

for g ∈ G, m ∈ M , n ∈ N , and the fact that IndG
Ln−1

(W ) = CG ⊗Ln−1 W . Iterating (???) it
follows that

(IndG
Ln−1

(ResG
Ln−1

⊗ χ))k(1) ∼= V ⊗k and ResG
Ln−1

(IndG
Ln−1

ResG
Ln−1

)k(1) ∼= V ⊗k (4.2)
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as G-modules and Ln−1-modules, respectively.
This analysis allows us to build the Bratteli diagram of Ak(r, 1, n). This graph is constructed

inductively as follows:
Â0(r, 1, n) = {((n), ∅, . . . , ∅)}

If k ∈ Z>0 then there are edges

Âk(r, 1, n) : λy
Âk+ 1

2
: (µ,�i)

if µ is obtained from λ by removing a box from λ(i),

and
Âk+ 1

2
: (ν, �i)y

Âk(r, 1, n) : γ

if γ is obtained from ν by adding a box to ν(i+1),

where we make the convention that µ(r) = µ(0)).

4.1 The Bratteli diagram of the algebra CAk,r,p(n)

Recall that the simple Gr,1,n modules are given by

Gλ
r,1,n = span{vT | T is a standard tableau of shape λ}

with action

tivT = s(T (i))vT and sivT = (si)TT vT + (1 + (si)TT )vsiT .

Then Z/pZ acts on the Gr,1,n modules by

σ : Gλ
r,1,n −→ Gλ

r,1,n

vT 7−→ vσT

and, this action lifts to an action of Z/pZ on CGr,1,n by automorphisms

σ : CGr,1,n −→ CGr,1,n

tλw 7−→ ζ |λ|tλw
where ζ = e2πi/p.

Then V ⊗k is a Gr,1,n module and we can twist this action by any automorphism. So

ti ◦ vj =

{
ξζvi, if j = i,
vj , if j 6= i.

Then σ : V ⊗k → (σ∗V )⊗k as Gr,1,n modules and this operation commutes with the Gr,p,n action.
So

σ ∈ EndGr,p,n(V ⊗k).
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5 Murphy elements in CAk(r, p, n)

Let S ⊆ {1, 2, . . . , k} and let I ⊆ S ∪ S′. Define bS , dI ∈ Ak by

bS = {S ∪ S′, {`, `′}` 6∈S} and dI⊆S = {I, Ic, {`, `′}` 6∈S}. (5.1)

For example, in A9, if S = {2, 4, 5, 8} and I = {2, 4, 4′, 5, 8} then

bS =
•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

.................

.................

.........

.................

.................

.........

.................

.................

.........

.................

.................

.........

.................

.................

.........

.................

.................

.........

.................

.................

........................................................................................................................................................................................................................................................

............................................................................................................................................................................................................................................... and dI =
•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

.................

.................

.........

.................

.................

.........

.................

.................

.........

.................

.................

.........

.................

.................

.........

.................

.................

........................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................ .

Note that
dI = dIc , dS∪S′ = d∅ = bS , d{`,`′} = d{`,`′}c = bS−{`}.

For k ∈ 1
2Z≥0 and r ∈ Z>0

Zk,r =
(

n

2

)
+
∑
|S|≥1

(−1)|S|
(
(n− 1)bS +

∑
κ(I)=0 mod r

(−1)κ(I)(dI − bS)
)
,

where the outer sum is over S ⊆ {1, 2, . . . , k} such that S 6= ∅ and the inner sum is over I ⊆ S∪S′

such that dI ∈ Ak(r, 1, n) and dI 6= bS .

Theorem 5.1.

(a) For n, r ∈ Z≥0,

κr,n =
1
r

r−1∑
m=0

∑
1≤i<j≤n

tmi t−m
j sij

is a central element of CGr,p,n.

κr,n =
∑
b∈λ

c(b), as operators on G
(λ,j)
r,p,n,

the irreducible Gr,p,n-module indexed by (λ, j), where λ = (λ(0), . . . , λ(r−1)) is a multipar-
tition with n boxes.

(b) Let n, k ∈ Z≥0. Then,

κr,n = Zk,r and κn−1 = Zk+ 1
2
,r, as operators on V ⊗k.

(c) Let n ∈ C, k ∈ 1
2Z≥0. Then Zk(r) is a central element of CAk(r, p, n), and, if n ∈ C is

such that CAk(r, p, n) is semisimple then

Zk(r) =
∑
b∈λ

c(b), as operators on Aλ
k ,

where Aλ
k is the irreducible CAk(r, p, n)-module indexed by λ.

Proof. (a) The element κn is the class sum corresponding to the conjugacy class of the element
s12 in Gr,p,n and thus κr,n is a central element of CGr,p,n. The constant by which κr,n acts on
G

(λ,j)
r,p,n follows from Theorem ???.
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(c) The first statement follows from parts (a) and (b) and Theorems 3.6 and 3.22 as follows.
By Theorem 3.6, CAk(n) ∼= EndSn(V ⊗k) if n ≥ 2k. Thus, by Theorem 3.22, if n ≥ 2k then
Zk acts on the irreducible CAk(n)-module Aλ

k(n) by the constant given in the statement. This
means that Zk is a central element of CAk(n) for all n ≥ k. Thus, for n ≥ 2k, dZk = Zkd
for all diagrams d ∈ Ak. Since the coefficients in dZk (in terms of the basis of diagrams) are
polynomials in n, it follows that dZk = Zkd for all n ∈ C.

If n ∈ C is such that CAk(n) is semisimple let χλ
CAk(n) be the irreducible characters. Then

Zk acts on Aλ
k(n) by the constant χλ

CAk(n)(Zk)/dim(Aλ
k(n)). If n ≥ k this is the constant in the

statement, and therefore it is a polynomial in n, determined by its values for n ≥ 2k.
The proof of the second statement is completely analogous using CAk+ 1

2
, Sn−1, and the

second statement in part (b).

(b) Then

2κn(vi1 ⊗ · · · ⊗ vik) =
1
r

r−1∑
m=0

n∑
i,j=1
i6=j

tmi t−m
j sijvi1 ⊗ · · · ⊗ tmi t−m

j sijvik

=
1
r

r−1∑
m=0

n∑
i,j=1
i6=j

(1− Eii − Ejj + tmi Eij + t−m
j Eji)vi1 ⊗ · · · ⊗ (1− Eii − Ejj + tmi Eij + t−m

j Eji)vik

Expanding this sum, let

cS,I =

(∏
`∈Sc

δi`i`′

)
(−1)#({`,`′}⊆I)+#({`,`′}⊆Ic)ξm({`∈I,`′∈Ic}−#{`′∈I,`∈Ic})

(∏
`∈I

δi`i

)(∏
`∈Ic

δi`j

)
and

c′S,I =

(∏
`∈Sc

δi`i`′

)
(−1)#({`,`′}⊆I)+#({`,`′}⊆Ic)ξm({`∈I,`′∈Ic}−#{`′∈I,`∈Ic})

(∏
`∈I

δi`i

)(∏
`∈Ic

δi`i

)
so that 2κn(vi1 ⊗ · · · ⊗ vik) is equal to

1
r

∑
S⊆{1,...,k}

∑
i1′ ,...,ik′

r−1∑
m=0

n∑
i,j=1
i6=j

∑
I⊆S∪S′

cS.I(vi1′ ⊗ · · · ⊗ vik′ )

=
1
r

∑
S⊆{1,...,k}

∑
i1′ ,...,ik′

r−1∑
m=0

∑
I⊆S∪S′

( n∑
i,j=1

cS,I(vi1′ ⊗ · · · ⊗ vik′ )−
n∑

i=1

c′S,I(vi1′ ⊗ · · · ⊗ vik′ )
)
.

Here Sc ⊆ {1, . . . , k} corresponds to the tensor positions where 1 is acting, I ⊆ S∪S′ corresponds
to the tensor positions that must equal i, and Ic corresponds to the tensor positions that must
equal j.

When |S| = 0 the set I is empty and the sum in (???) is equal to

(n2 − n)(vi1 ⊗ · · · ⊗ vik) since cS,I = c′S,I =
( ∏

`∈{1,...,k}

δi`i`′

)
.

Assume |S| ≥ 1 and separate the sum according to the cardinality of I. Note that the sum for
I is equal to the sum for Ic, since the whole sum is symmetric in i and j. When I = S ∪ S′,

cS,I = c′S,I =

(∏
`∈Sc

δi`i`′

)
(−1)|S|

( ∏
`∈S∪S′

δi`i

)
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and the sum in (???) is equal to

1
r

r−1∑
m=0

∑
i1′ ,...,ik′

(n− 1)
n∑

i=1

cS,I(vi1′ ⊗ · · · ⊗ vik′ ) = (n− 1)(−1)|S|bS(vi1 ⊗ · · · ⊗ vik).

We get a similar contribution from the sum of the terms with I = ∅.
For each of the remaining subsets I ⊆ S ∪ S′ the sum in (???) contributes 0 when κ(I) 6=

0 mod r and

(−1)#({`,`′}⊆I)+#({`,`′}⊆Ic)(dI⊆S − bS)(vi1 ⊗ · · · ⊗ vik) = (−1)|S|+κ(I)(dI⊆S − bS)(vi1 ⊗ · · · ⊗ vik).

when κ(I) = 0 mod r.

For the second statement, since (1− Eii − Ejj + EiiEjj)vn =

{
0, if i = n or j = n,
vn, otherwise,

2κn−1(vi1 ⊗ · · · ⊗ vik ⊗ vn) =
1
r

 r−1∑
m=0

n−1∑
i,j=1
i6=j

tmi t−m
j sij

 (vi1 ⊗ · · · ⊗ vik ⊗ vn)

=
1
r

r−1∑
m=0

n∑
i,j=1
i6=j

tmi t−m
j sijvi1 ⊗ · · · ⊗ tmi t−m

j sijvik ⊗ (1− Eii − Ejj + EiiEjj)vn

=
(1
r

r−1∑
m=0

∑
i6=j

sij

)
(vi1 ⊗ · · · ⊗ vik)⊗ vn

+
1
r

r−1∑
m=0

n∑
i,j=1
i6=j

(1− Eii − Ejj + ξmEij + ξ−mEji)vi1 ⊗ · · ·

· · · ⊗ (1− Eii − Ejj + ξmEij + ξ−mEji)vik ⊗ (−Eii − Ejj)vn

+
1
r

r−1∑
m=0

n∑
i,j=1

tmi t−m
j sijvi1 ⊗ · · · ⊗ tmi t−m

j sijvik ⊗ EiiEjjvn

The first sum is known to equal 2κn(vi1 ⊗ · · · ⊗ vik) and is known by the computation proving
the first statement, and the last sum is zero since i 6= j. The middle sum is treated exactly as in
(???) except that now the sum is over S such that k+1 ∈ S and I such that {k+1, (k+1)′} ⊆ I
or {k + 1, (k + 1)′} ⊆ Ic.
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( n∑
i=1

tmi

)
(vi1 ⊗ · · · ⊗ vik) =

∑
i=1

(tmi vi1 ⊗ · · · ⊗ tmi vik)

=
∑
i=1

(1− Eii + ξmEii)vi1 ⊗ · · · ⊗ (1− Eii + ξmEii)vik)

=
∑

i′1,...,i′k

∑
I⊆{1,...,k}

(ξm − 1)|I|
( ∏

`∈Ic

δi`i`′

)(∏
`∈I

δi`iδi`′ i

)
(vi1′ ⊗ · · · ⊗ vik′ )

=
∑

I⊆{1,2,...,k}

(ξm − 1)|I|bI

= n + k(ξm − 1) +
∑
|I|≥2

(ξm − 1)|I|bI

= n− k + kξm +
∑
|I|≥2

(ξm − 1)|I|bI .
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