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1 Crystals

1.1 Paths
Let A € P. The straight line path to A is the map
pa: [0,1] — br  given by pi(t) = At.

Let 1,02 € R>o. The concatenation of maps pi: [0,£1] — b and py: [0,1] — by is the map
p1 ®@pa: 0,41 + o] — by given by
p1(t), for t € [0, ¢4],
@ p)(t) = {0 0.0
pl(fl) —I—pg(t — fl), for t € [51,51 + 52]
Let r,¢ € R>o. The r-stretch of a map p: [0,¢] — b is the map rp: [0,4] — by given by
(rp)(t) =r-p(t/r).
The reverse of a map p: [0,¢] — by is the map p*: [0,4] — by given by
p(t) =p(l —t) = p(l).
The weight of a map p: [0,¢] — by is the endpoint of p,
wt(p) = p(0).
Let Buniv be the set of maps generated by the straight line paths under concatenation,

reversing and stretching. A path is an element of Byniv. A crystal is a set of paths B that is
closed under the action of the root operators

€;: Buniv — Buniv U {0} and fz Buniv — Buniv U {O}, 1<i<n,

which are defined and constructed below, in Theorem 777 and in 777, respectively.
Let B be a set of paths (a subset of Byniv). The crystal graph of B is the graph with

vertices B
edges p’#p if p' = fip.
The character of B is

char(B) = Z X W),
pEB
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1.2 ¢-strings

Let B be a crystal. Let p € B and fix i (1 <7 < n). The i-string of p is the set of paths S;(p)
generated from p by applications of the operators €; and f;. The head of S; (p) is h € S;(p) such
that é;h = 0. The tail of S;(p) is t € S;(p) such that f;t = 0. The crystal graph of S;(p) is

el gt et g epp e R h
and the weights of the paths in S;(p) are
wt(t) = s;wt(h) = wt(h) — (wt(h), o Vi, ... , wt(h) — 20, wt(h) — a;, wt(h).

Let
d4(pa;) = (distance from h to p) and d_(pa;) = (distance from p to t),

where distance is measured in number of edges.

1.3 Highest weight paths
A highest weight path is a path p such that

eip =0, forall 1 <i<n.

A highest weight path is a path p such that for each 1 < ¢ < n, p is the head of the i-string
Si(p). Thus (p(t),a)) > —1 for all t and all 1 <4 < n (CAN WE PUT > HERE?). So a path

)

p is a highest weight path if and only if
pCC—p,  where C—p={u—p|lpeCh

PICTURES

If p is a highest weight path with wt(p) € P then, necessarily, wt(p) € P*. The following

theorem gives an expression for the character of a crystal in terms of the basis {s) | A € P} of
C[P]™.

Theorem 1.1. Let B be a crystal. Then

char(B) = Z Swt(p)>
peEB
pCC—p

where the sum is over highest weight paths p € B.

Proof. Fix i, 1 <1¢ <n. If p€ B let s;p be the element of the i-string of p which satisfies

wt(sip) = siwt(p).
PICTURE
Then s;(s;p) = p and
sichar(B) = Z Xoivtp) = Z X"P) = char(B).
pEB peEB

Hence
char(B) € C[P]".



Let
€= Z det(w)w, so that a, =e(X"), forpuec P.
weW

Since char(B) € C[P]V,
char(B)a, = char(B)e(X”) = e(char(B)X")
and

char(B) = ichar(B)ap = M

ap ap

_ Z e(X™P)tr) _ Z Awt(p)+p

a a
pEB P pEB P
= Z Swt(p)-
pEB

There is some cancellation which can occur in this sum. If p € B such that p € C — p let ¢ be
the first time that p leaves the cone C' — p. In other words let ¢ € Ryy be minimal such that
there exists an ¢ with

p(t) € Hop—s  ((p(t), ) = —1).
Let ¢ be the minimal index such that the point p(t) € H,,_s and let s; o p be the element of the
i-string of p such that
wt(s; o p) = s; 0p.
PICTURE

Note that since (p;(t), ;) = —1, p is not the head of its i-string and s; o p is well defined. If
q = s; o p then the first time ¢ that ¢ leaves the cone C' — p is the same as the first time that p
leaves the cone C' — p and p(t) = ¢(t). Thus s; 0q = p and s; o (s; o p)) = p. Since

Swt(s;op) = Ss;owt(p) = T Swt(p)

the terms sy and s,y cancel in the sum (*) and so

$9p) p)

char(B): Z Swt(p)-

O
If A\ € P* let B()) be the crystal generated by the straight line path p, with endpoint A.
Corollary 1.2. sy = char(B())).

Proof. The path p) is the unique highest weight path in B(\). Thus, by Theorem 777, char(B(\)) =
S)- OJ

Corollary 1.3. Let u,v € P*. Then
Spsv = Z Sptwi(q)-

q€B(v)
Pu®qCC—p



Proof. By (777) the set
B(p) @ B(v) ={p&q|pecBn),qec B}
is a crystal. Since wt(p ® q) = wt(p) + wt(q),

5,5, = char(B(u))char(B(v)) = char((B(n) ® B(v))

- Z Swt(p)+wt(q) — Z Su+wt(q)>

PRIEB(p) X B(v) qEB(v)
pRqCC—p Pu®qCC—p

where the third equality is from Theorem 7?7 and the last equality is because the path p, has
wt(p,) = p and is the only highest weight path in B(pu). O

Fix J C {1,2,...,n}. The subgroup of W generated by the reflections in the hyperplanes
Haj (] S J)a

Wy=(sj|j€J), actsonbp,  with Cy={ueby](na])>0forjeJ}
as a fundamental chamber. The group W acts on P and
C[PI"7 = {f eC[P] | wf = f for w € Wy}

is a subalgebra of C[P] which contains C[P]". If

P =PnCy, PJ:ZWJ‘7

jeJ
and ;
J 7 Dyp,
a;, = Z det(w)wX*, for u€ P, and sy =—5+, forAeP,
weW aPJ
then

{s{ | A € P} is a basis of C[P]"V.
A J-crystal is a set of paths B which is closed under the operators é;, fj, for j € J.
Corollary 1.4. Let A € P*. Then

_ J
S = Z Swt(p-

PEB(X)
pCCy—py

Proof. Since sy = char(B())) this corollary follows by applying Theorem 77? to B()\) viewed
as a J-crystal. O

1.4 The root operators
If p: [0.€] — bj and «; is a simple root define

Pa;: [04] = R given by Pa; (1) = (p(1), O‘;/>
Theorem 1.5. There are unique operators & and f; such that

(1) If p € Buniy and fip # 0 then & fip = p.



If p € Buniv and €;p # 0 then fiéip =p.
(2) If X\ € P and (\, o)) € Z~q then

.,)\7 ;/
fz< “ >p)\ = Ps;x-

(3) pra qc Buniv then

; - {ﬁ-p®q, if d—(pa;) > di(g),

filp®gq p® fig, if d_(pa,) < di(qa,),

~ ézp ® q, if d— DPa; > d Qo )s
Ep®q) = 9 f (Pa;) > d(qa;)
p®éiq, if d—(Pa;) < d+(qa,)-

(4) If p € Buniv and v € Z>q then
firp) =r(fip)  and  &(rp) = r(@p).
(5) If p € Buniv then . )
filp*) =(ep)*  and  &(p*) = (fip)"
(6) If p € Buniv and fip # 0 then wt(fip) = wt(p) — a;.

If p € Buniv and é;p # 0 then wt(é;p) = wt(p) + «;.

1.5 The rank 1 case

Let
B®k — {by®@ - @by | b; € B}, where B ={+1,-1,0}.
Define ~
f:B® - B {0} and é&: B®* — B U {0}

as follows. Let b= b, ®@---®b;, € B, Ignoring 0s successively pair adjacent unpaired (—1, +1)
pairs to obtain a sequence of unpaired +1s and —1s

+1 +1 +1 +1 +1 +1+1-1-1-1 -1

(after pairing and ignoring 0s). Then

fb =same as b except the rightmost unpaired +1 is changed to —1, b = same as b except the leftmost unpaired

If there is no unpaired +1 after pairing then fb = 0. If there is no unpaired —1 after pairing
then eb = 0.
Let by = R. By identifying +1, —1, 0 with the straight line paths

p1: [Oal] - h]TQ pP-1: [0¢1] - bik& Pbo: [Oal] - h]TQ
t — t —  —t, t — 0,



respectively, the set BE¥ is viewed as a set of maps p: [0,k] — bi. Let B®0 = {¢} with f¢ =0
and é¢ = 0. Then
T4(B)= | | B®*
keZso

is a set of paths closed under products, reverses and r-stretches (r € Zx>o) and the action of é
and f. For p € B let

d+(p) = (number of unpaired +1s after pairing),d_(p) = (number of unpaired —1s after pairing),
These are the nonnegative integers such that

fd+(p)p ;é 0 and fd+(p)+lp = 0’ and
e-Wp+£0 and e&t-W+lp =0,

Proposition 1.6. (1) Ifpe B and fp # 0 then éfp = p.
If p € B and ép # 0 then éép = p.
(2) If p € B and r € Z>( then
frrp)=r(fp)  and & (rp)=r(ép).
(3) If p,q € B then

. {fp®q, if d_(p) > dy.(q),

p® fq, ifd-(p) < di(q),

(4) If p € B and r € Z>( then

p®éq, ifd_(p) <di(q).

Q

f(p®q) = and é(pRq) = {

@) and  e(p*)(fp)"
Proof. (1), (2) and (4) are direct consequences of the definition of the operators & and f and
the definitions of r-stretching and reversing.

(3) View p and ¢ as paths. After pairing, p and ¢ have the form
p=PICTURE and q=PICTURE

where the left traveling portion of the path corresponds to —1s and the right traveling portion
of the path corresponds to +1s. Then

Fr®q) = fr®q, ifp®q=PICTURE,ie. d_(p) > di(q),
P p® fq, if p®q=PICTURE, ie. d_(p) < dy(q),
since, in the first case the leftmost unpaired 41 is from p and, in the second case it is from ¢q. [J

Use property (2) in Proposition 777 to extend the operators é and f to operators on To(B),
the set of maps p: [0,¢] — R generated by B under the operations of concatentation, reversing
and r-stretching (r € Q>¢). Then, by completion, the operators € and f extend to operators on

Tr(B), the set of maps p: [0,¢] — R generated by B under concatenation, reversing and rstretching
(T S Rzo).

A rank 1 path is an element of TR (B).



1.6 The general case

Let

Buniv be the set of maps generated by the straight line paths under concatenation, reversing and
stretching.

A path is an element p: [0, 4] — b in Byniy-
Let p: [0,/] — R be a path and let @ € R be a positive root. The map

Pa: [0,4] = R given by pa(t) = (p(t),a")
is a rank 1 path. Define operators

€a: Buniv = Buniv U {O} and fa: Buniv — Buniv U {0}

by
Eap =P+ %(épa —pa)a and  fap=p-— %(pa — fpa)e,
and set 3 3
€ =€q, and f;= fa,, for 1 <i<n.
1.7 Tableaux
A letter is an element of B(e1) = {e1,...,e,} and a word of length k is an element of

B(e)®* ={e;, ®---e5, | 1 <iry...,ix <n}.
For 1 <i<n —1 define
fi: B(e1)®* — B(e)®* U {0} and &: B(e1)®* — B(e)®* U {0}
as follows. For b € B(e1)®*,
place +1 under each ¢; in b,
place —1 under each g;41 in b, and
place 0 under each €, j # 4,7 + 1.

Ignoring Os, successively pair adjacent (—1,+1) pairs to obtain a sequence of unpaired +1s and
—1s
+1 +1 +1 +1 +1 +1+1-1-1-1 -1

(after pairing and ignoring 0s). Then

f‘ib = same as b except the letter corresponding to the rightmost unpaired +1 is changed to €41,

€;b = same as b except the letter corresponding to the leftmost unpaired —1 is changed to &;.

If there is no unpaired +1 after pairing then fib = (. If there is no unpaired —1 after pairing
then ézb = 0.
Let A be a partition with k£ bokes and let

B(A) = {column strict tableaux of shape A}.



The set B()\) is a subset of B(e1)®* via the injection

B(A) - B(eq)®*
D +—— (the arabic reading of p)
PICTURE +—— €i1€i9 """ €y,
where the arabic reading of p is €;,¢€;, - - - €;, if the entries of p are 41,19, ..., read right to left

by rows with the rows read in sequence beginning with the first row.

Proposition 1.7. Let A = (A1,...,\,) be a partition with k boxes. Then B(\) is the subset of
B(e1)®* generated by
p)\ 25161"'815282"'52"'6n8n"'8n

~~

A1 factors Ao factors An factors

under the action of the operators €;, fi, 1<i<n.

2 The nil-affine Hecke algebra

The nil-affine Hecke algebra is the algebra Kr given by
generators Ty, weW, and X*, MeP

and relations

7T, = {Tsiw, if s;w > w,

Ty, if s;w < w,
XAXH = XM
X)\ _ Xsi)\
A _ iA
XL =X+ Ty
Make a “change of variable” and let .
Ts, = q_lTsi

!

in the affine Hecke algebra H. For w e W let Tw = qif(“’)Tw so that T,, = T, T
reduced expression w = s;, s, - - - 54, In terms of the generators

Ty, weW, and XA MNeP,

the affine Hecke algebra H is given by the relations

T Tw = {Tsiwz | Heaw>w,
' q a0+ (1 — g Ty, if s;w < w,
XAXH = XAHR,
XA _ xsiA

A iA -2
XTSi_TSiXs +(1_q )I—X*ai‘

Thus the nil-affine Hecke algebra K7 is the algebra H at ¢~2 = 0.



2.1 The commutation formula

Let S; be an i-string with head h and tail . The initial and final directions of the paths in the
string S; satisfy

(1) Either s;e(h) = 1(t) = 1(&t) = -+ = u(fih) > u(h)
or sit(h) > u(t) = u(Et) = - = 1(fih) = u(h).

(2) Either s;p(h) = @(t) > @(&it) = - = p(h)
or p(t) = p(éit) = -+ = p(h) > sip(h).

(3) ¢(p) = ¢(p")wo.
(4) If p is a highest weight path then iota(p) = 1 and ¢(p) = 1.
Theorem 2.1. Let A\ € PT and w € W. Then
Xy = > Ty X0,
PEB(N)
t(p)<w
Proof. The proof is by induction on ¢(w). Let w = vs; with £(v) = (w) — 1. Case 1: s;p(h) =
p(t) > p(&it) = --- = p(h).

Y Tpp X0 | Ty = Ty (T, X0 4 (X7ED g X))
pES;(h)

= T, X" W, Ty, = Ty X,

_ ZT th

p€eS;(h)

Case 2: ¢(t) = - p(fih) = @(h) > sip(h)

( > Ty X >) Ty = Tyt (X0 4o X VT,

peS;(h)
= Tsﬁ(h)*lTsi (XWt(t) R th(h))
= Tap(h)*l(XWt(t) Fo g X))

=~pesy(n) To)-1 X0,

2.2 Demazure operators

The Twahori-Hecke algebra is the subalgebra of H given by
H = span{T, | w e W}
Let 19 be the element of H determined by the conditions

12=1yp and T,1lp=1g, forl<i<n.



A formula for 1g is
1 F (w)
= W Z va where PW(t) = Z tHw
weW weW
is the Poincaré polynomial of W. The map

d: C[P] = 10H
f— 1of
is a vector space isomorphism.

Let w € W. The Demazure operator A, is the operator on C[P] corresponding to the
operator on 1gH given by right multiplication by T, w1

Awf = (I)_l((I)(f)walx for f € (C[P]

For a reduced expression w = s, 8;, * - - 8i,,,

Ay = Asn A since T,,-1 =T, ---T,

P

As operators on C[P],

Ai = XN\, XP — inAi, where . f—sif
-
because
~ X)\ _ Xsi)\
1 X)‘ T, =1 —H
(Lo o< )T )
X)\ _ Xsi)\
=1 ( XM+ (1-¢gH
0 < +(1-¢7? 1 X—o )
XS Xs“\ a; X)\ Xsi)‘ =2 X)\ _ Xsi)\
_1, + q( )
- X
X—r X/\er X Si iA— aﬂrp) —q Q(X)\ _ Xsi/\)
=1
0 1— X >
e pX)\—I-p X si(At+p) B q—Q XA — xsiA
- X - X

(X7PAXP — g 20:)(XY).
When ¢=2 = 0, in the algebra K7,
1o = T'y,, where wyg is the longest element of W,

Ap=A, -

siy 'Asl.p, for a reduced word w = s;, - - - s;,, and

A,, = X~PA; X", as operators on C[P].
Theorem 2.2. Let A € P+ and w € W. Then
(a) Ay X = > X,

pEB(N)
u(p)<w

10



(b) S\ = Aon)\;
where wq is the longest element of W.

Proof. Since 1T, = 1, for v € W, Theorem CF??? gives that

10X M1 = 1 Z Ty XM | =1, Z XWtp)
pEB(A) pEB(X)
t(p)<w v(p)<w
which establishes (a). Combining (a) with Corollary BC??7 and the fact that B(A\) = {p €
B(A) | «(p) < wp} gives (b). O

2.3 Example

The following example illustrates the connection between

(1) the affine Hecke algebra relation

T XN = X, + (¢ - q1>m,
(2) the root operators f;,
(3) paths, and
(4) tableaux.
Working in type Ao, if
€1 = W1, €E2=W2 W1, ¢&3= —Wy

PICTURE
then, in the affine Hecke algebra,

Ty X% = X=Ty, + (¢ — ¢ )X, Ty X =XT, —(q—q )X, Ty, X = X5T,,
and
T, X' = XOT,,, Ty X = X5T, + (¢ — ¢ X%, Ty X% = X2T,, — (¢ — ¢ )X,
Then 2p = 2(w1 +w2) = €1 +e1+¢e1 + 61 +e2+ €9, and
Ty, X0 =Ty X' X XX X2 X
— XTT, XS XTI XXX (g — ¢ D) XS XX XE Xo X
— X XERT, XX XX 4 (g — g 1) (XTR XX XS XX 4 XO X X4 XE X5 X2
— XXX XXX, 4 (g — g~ 1)(XT XS X5 X X2 X5 4 X1 XS X5 X X2 X°2)
since T, X1 X1 X2 X*2 = X1 X1 X*2 X*2T . In terms of words,
fi(ere161616082) = fi(eacie1€16262) = fi(e2eac1€18282) = O;
in terms of paths
f2(PICTURE) = f} (PICTURE) = f, (PICTURE) = 0;
in terms of tableaux,

f2 (PICTURE) = f2 (PICTURE) = f, (PICTURE) = 0.

11
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