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Let
{1,2,...,£—1}, in type Ap_q,
I1=:7, iin type Ao,
YARYA in type Agl_)l.

The elements of I index the (isomorphism classes) of simple representations of the quiver.
Consider a sheet of graph paper with diagonals indexed by Z. The content ¢(b) of a box b
on this sheet of graph paper is

¢(b) = the diagonal number of the box b
Let

iid)=lii+d—1=(ditd-1= LI | []]



denote a sequence of boxes in a row which has length d with the leftmost box if content ¢ and
the rightmost box of content ¢ + d — 1. The set of segments is

{li3d) | i € [,L1 <d <f—i}, intype Ag 1,
Rt =< {[isd) | i€ I,d € Zsp)} in type Ao,
. . . (1)
{[$:d) |1 eI, deZ/lL} in type A4,”,,
The elements of R* index the (isomorphism classes) of indecomposable (nilpotent) representa-

tions of the quiver.
A multisegment is a (unordered) collection of segments, i.e. an element of

a€ERT
For example
[3]4]5]6]7
3l4]5]6]7
5|6 ﬂ:ﬁ&m+wﬁywnm+pﬁ) (1.1)
[1]2[3]4]5
3]4]5]

(the numbers in the boxes in the picture are the contents of the boxes).
A multisegment is aperiodic if it does not contain

[0;d) + [L;d) + -+ [¢ — 1;d), for any d € Z.
Pictorially, a multisegment is aperiodic if it does not contain a box of height ¢. Let
B(oo) = {aperiodic multisegments}.

In types Ay_; and Ay, B(co) = B(co). The elements of B(co) index the isomorphism classes
of nilpotent representations of the quiver.

1.1 The partial order

Consider an (infinite) sheet of graph paper which has its diagonals labeled consecutively by
..., —2,-1,0,1,2,.... The content ¢(b) of a box b on this sheet of graph paper is

¢(b) = the diagonal number of the box b

A segment is a row of boxes on a sheet of graph paper with diagonals indexed Z.
Consider graph paper with diagonals indexed by Z. A segment is a sequence of boxes




in a row with the leftmost box of content ¢ and the rightmost box of content j. A multisegment
is a (unordered) collection of segments. For example

[3]4]|5]6]7
314|567
51617]  has M[3,7]) = 2, A([5,7]) = 1, A([1,5]) = 1, A(3,5]) = 1,
[1]2[3]4]5
3]4]5]

and A([7,7]) = 0 for all other segments [z, 5] (the numbers in the boxes in the picture are the
contents of the boxes). Alternatively a multisegment A can be viewed as a function

A: {segments} — Z>g where [z, 7]) = (# of rows [i, j] in A).

The set of segments is ordered by inclusion. Define

M2 = Y Alns)). (1.2)

[r,s]21d.5]

Then
A, ) =A@ [i = 1,7 +1])) = AR [i = 1,7]) = AR [i,5 + 1)) + A2 [4, 5])

PICTURE
and so the multisegment A can be specified by the numbers A(D [7,j]). Note that

A(2 [i]) = (# of boxes in A in diagonal 7).
Define a partial order on multisegments by
A> it A2, 7)) > u(2i,j]) for all segments [i.j].
If [b, c] C [a,d] are segments define a degeneration

Rpp g [a,q: {multisegments} — {multisegments}

by
Rip.o g M@, d]) = AM([a,d]) — 1,
Rip o) ja, g A[b: d]) = A([b, d]) + 1,
.o Jag M@ c]) = A[a, c]) + 1,
Ry g ja,aA([b; c]) = A([b, c]) — 1,
Ry o jaagA[é: 5]) = A([i,5]),  if [i,j] # [a,d], [a, c], [, d], [b, c].

The degeneration Ry, ) (o,qA 18 elementary if
Ali,g]) =0 for all [b,c] € [i, ]  [a,d] except [i, j] = [b,c], [a, ], [b,d] or [a,d].
Pictorially a degeneration takes

PICTURE — PICTURE



and
PICTURE — PICTURE forc=0b6—-1,

or, equivalently,
PICTURE — PICTURE.

Let Ay be the quiver (I,Q7%) with
I1=17, O ={i—i+1]|ieZ}.

Fix an I-graded vector space

V=0,

el
and let Ey = @ Hom(V;, Viq1),
1—1+1
GLy = H GL(V;), which acts on Ey, and
1EZ

Ny ={z € Ey | z is a nilpotent element of Hom(V,V)}.

The map
Ny —  {multisegments}

r Az

A2 [i]) = dim(V;)  and A2 [i,j]) = rank(\: V; — - — V}).

given by

provides a bijection
{multisegments \ | A(2 [i]) = dim(V;)} «— {GLy orbits in Ny}

Theorem 1.1. Let A and p be multisegments and let Oy and O, be the corresponding orbits in
Nv/GLy. Then the following are equivalent

(1) X > p,
(2) O\ 20,

(8) A= R;, --- R; i for some sequence of elementary degenerations R;,, ..., R;,.

T

Proof. (1) = (2):
PICTURE 4+ ¢PICTURE = PICTURE,

and so
Oprcrure € OprcTuRE-

(2) = (3): If 0, C O, then
B2 [, 1) = rank(: Vi — - = V;) < rank(A: Vi — - — V) = A2 [i, 7))

(3) = (1): Assume A(2 [i,7]) > p(2 [4,7]) for all segments [i,j]. Find (THIS STILL NEEDS
DOING) a sequence R;, - -- R;, of elementary degenerations which takes p to A, i.e.

Ril -"RZ'T,LL: A



1.2 Hecke algebra representations

Let Hj, be the affine Hecke algebra at an £th root of unity so that ¢" =1 (allow ¢ = oo if desired).
For each b € B(00) let

b= Z[sj, nj) and define the standard module M(b) = Indg’:((cs),
J

where v = (nq,...,n,) and k = ny +---+n,. The simple Hy-modules are indexed by b € B(c0)
and are determined by the equations

[M®)] = [(LO)]+ Y dy[L{)],  be B(co), dyy € Zxo,
L

in the Grothendieck group of Hy,(g)-modules.

2 The Fock space representation of UvsA[g

2.1 The crystal graph
Let

v [t (Atp)e - (A+p)n}:<(k+p)1 A+p)2 - A+ph
(L+p1 (wtp2 - (L+phn dq d - dy,

be a multisegment and assume that it is ordered so that
(a) A+p)i > (A+p)it1,
(b) (k+p)i < (4 plit1 i (A+p)i = (A4 pit,
These conditions are equivalent to saying that
(a') The gl(n)-weight X is integrally dominant,
(b') p=wov where v is integrally dominant and w is longest in its coset Wy, wW, 4.
Place
—1 above each (A + p); =1,
+1 above each (A +p); =i — 1,
0 above each (A +p); # 14,1+ 1.

Then, ignoring Os, read the sequence of +1s, —1s left to right and successively cancel adjacent
(—1,+1) pairs to get a sequence of the form

cogood  good

L
+1 +1...+1 -1 —1...—1

conormal nodes normal nodes

The —1s in this sequence are the normal nodes and the +1s are the conormal nodes. The good
node is the leftmost normal node and the cogood node is the right most conormal node.



Define

wt(A) = Z —(number of boxes of content i in \) ay, and

icl

£;(A) = (number of normal nodes), ©i(A\) = (number of conormal nodes),

€A = (same as A but with the good node (A + p); = i changed to ¢ — 1),
fid = (same as A but with the cogood node (A + p); =i — 1 changed to i),

for each i € I.
Remark. If this algorithm is being executed where I = Z/¢Z then take

(A+p)j =4, when i =0 and (A + p); = 0 mod ¢, and
(A+p); =0, when i =1 and (A + p); = 0 mod 2.
Theorem 2.1.

(a) In type Agl_)l, B(o0) is the connected component of B in the crystal graph B(co).

(b) B(oo) is the crystal graph of U, g.
2.2 The crystals B(A)

Type Ag_1: Let

¢
A= Z)\iq = Z%wz’ € P,
i—1

i€l
and identify A with the partition which has A; boxes in row 4. Let

B(A) = {column strict tableaux of shape A}

and define an imbedding

B(\) — B()
1 1 1 2 2 2
11 12 T I Th+1 e [SYESY
ik

where the entries i1is - - - i, are the entries of P read in Arabic reading order.

2.3 The tensor product representation

The ¢-dimensional simple Uysl;-module of highest weight w; is given by
L(w;1) = C-span{vy, ..., v—1}

with Uyslg-action

e . . e . . qu;—1,

v vi_1, if j =1, s = vi, ifj=1-1, [ q_lv-

o, i, o, if g #d, Y "
vy,

if j =i,
if j=i—1,
if j#ii— 1.



Then
L(w1)®k = C-span{vj, ® --- @, | 1 < j1,J2,..., 7k < {}.

Ifv=vj ®- - ®wvj, place
+1 over each v;_1 in v,
—1 over each v; in v,
0 over each vj, j # 1,1 — 1.

Then the Ugsly-action on L(w;)®* is given by

ei(v) = ZU* q—(sum of +1s before 1]/f‘)7)1;_7 fz (U) — Z?FL q(sum of +1s after 'z}Jr/v)U—f—7
kl(v) — q(sum of £1s for v)v’

where the first sum is over all v~ which are obtained from v by changing a v; to v;_1 and the
second sum is over all vT which are obtained from v by changing a v;_1 to v;.

2.4 The Fock space
Let p € h* for gl,,. Define

F,, = C-span{multisegments A\ = \/pu}.

Define an action of Uv;[g on F, by

N\ f +1s before A\/A7)y— B (sum of +1s after AT/\)y+
eA= Y gt AT, fix=> q AT,
c(A/AT)=t c(At /A=t
k) = q(sum of the £1 sequence for /\)>\7 D)\ = q(#ofboxesofcontentOin )\))\’

Theorem 2.2.
(a) These formulas make F,, into a Uyslg-module
(b) If L, = Z[q,q ']-span{multisegments X = X/} so that the multisegments form a Z[q,q "]
basis of L, then
€i[A] = [&;A] mod ¢L,, and fil\] = [fiA] mod ¢L,,.

Proof. The permutations of the sequence +1 +1,...,+1,—1,—1,...,—1 are indexed by the
elements of S;/Si x S;_j where ¢ is the number of nodes after (—1,+1) pairing. The group
(Z/2Z)P acts on the (—1,+1) pairs by changing a pair (—1,+1) to (+1,—1). Foreach 1 <k <r

define
uj = > > (=) (o AlK]).
0€8t/SpXSt_1 TE(Z/2Z)t

Then
u, = Alk] mod ¢L,, and eiug = [klug_1.



The first statement is clear. To obtain the second statement

ejup = Z Z E(T) (eiUT)‘[k])

0E€St/SKkx St TE(Z/2Z)?

_ ¥ S Y SO o)

e; changes a pairo€S;/Sk xS T€(Z/2Z)"

+ > > > (=) " (orAk])”

e; changes a node c€S; /Sy XSy TE(Z/27)*

—0+ Y% S OO ek

TE€(Z/2Z)t 0€St/Sk XSy e; changes a node

= > [K S ) D oAk

TE(Z/2Z)t O'Est/skleSt,]vkl

3 A Schur-Weyl duality connection to affine Hecke algebras

A multisegment is a collection of rows of boxes (segments) placed on graph paper. We can label
this multisegment by a pair of weights A = Aje1 + -+ - Apt16n+1 and g = p161 + -+ + fnt16n+1
by setting

(A + p); = content of the last box in row ¢, and
(1 + p)i = (content of the first box in row 7) — 1.

For example

[3]4]|5]6]7
314|5|6]|7
516 7| corresponds to Atp i(7’ ¢ Z’ 5, 5) and (3.1)
[1]2]3]4]5 ptp =1(2,2,40,2)
3/4]5]

(the numbers in the boxes in the picture are the contents of the boxes). The construction forces
the condition

(a) (A+p)i — (u+p)i € Zxo.

and since we want to consider unordered collections of boxes it is natural to take the following
pseudo-lexicographic ordering on the segments

(b) (A+p)i = (A+ p)it1,

(¢) (k+p)i < (p+p)itrif A+p)i = A+ plit1,

when we denote the multisegment A/u by a pair of weights A, u. In terms of weights the
conditions (a), (b) and (c) can be restated as (note that in this case both A\ and u are integral)

(a') X\ — p is a weight of V®* where k is the number of boxes in \/p,



(b’) X is integrally dominant,
(¢) p=wov with v integrally dominant and w maximal length in the coset Wy, ,wW, 4,

Let A/p be a multisegment with & boxes and number the boxes of A/u from left to right
(like a book). Define

I:I)\/# = subalgebra of Hj, generated by {X?, Tj | X € L, box; is not at the end of its row},

so that H »/u 18 the “parabolic” subalgebra of H,, corresponding to the multisegment \/p. Define

a one-dimensional ﬁk/u module Cy/,, = Cvy/, by setting
2¢(box;)

X%y =q U/ and Tjvr/p = qQUA/u (3.2)

for 1 <¢ <k and j such that box; is not at the end of its row.
Let g be of type A, and let F) be the functor Homy, g(M (M), - @ V&) where V = L(w).
The standard module for the affine Hecke algebra Hy, is

MM# = Fy\(M(p)) (3.3)

as defined in (4.1). It follows from the above discussion that these modules are naturally indexed
by multisegments A/u. The following proposition shows that this standard module coincides with

the usual standard module for the affine Hecke algebra as considered by Zelevinsky [Ze2] (see
also [Ar], [CG] and [KL]).

Proposition 3.1. Let A\/u be a multisegment determined by a pair weights (A, pu) with A in-
tegrally dominant. Let Cy,,, be the one dimensional representation of the parabolic subalgebra

I:I/\/M of the affine Hecke algebra Hy, defined in (222). Then

Ap o~ H
MNP Indﬁ’;/u(CA/u).

Proof. To remove the constants that come from the difference between gl,, and sl, the affine
braid group action in Theorem 6.17a should be normalized so that ®(X®1) = ¢2#!/ ("H)R% and
&4(Ty) = g1/ D R,

By Proposition 4.3a, MM =~ (V®k)>\,u as a vector space. Let {vi,ve,...,v41} be the
standard basis of V = L(w) with wt(v;) = &;. If we let the symmetric group S, act on V¥ by
permuting the tensor factors then

(V®k),\_u = span-{7 - v®A ) | 1 € S} = span-{r - v | 1 ¢ Sk/Sx—p}s where

B =@ QU RU, Q- Dy and Sx—p = Sxi—p X - X Sh—pn
—_——— e ———
A1—p1 An—ln

is the parabolic subgroup of Sy which stabilizes the vector v®A—1) ¢ YOk This shows that, as
vector spaces,

MM 2 Tndygt (Cyy) = span-{Tx @ vy | 7 € Sk/Shpu} (34)
©w

are isomorphic.
For notational purposes let

baju =0} ©vEAH = ot @ @ v,

9



and let E/\/u be the image of by, in (M ® V®k)[>‘]. Since A is integrally dominant and EA/;; has
weight A it must be a highest weight vector. We will show that X<¢ acts on by, by the constant
q“Pox0)  where ¢(boxy) is the content of the £th box of the multisegment A\/ju (read left to right
and top to bottom like a book).

Consider the projections

pry: M(p) @ VEF — (M(p) ® VW)[)‘(m ® Velk=o where A9 =+ Zwt(vié,)
Jj<t

and pr; acts as the identity on the last k& — i factors of M (u) ® V®*. Then

5,\/# = DPrgPr—1 - - ~P7“1b,\/w

and for each 1 < ¢ < k, (the first £ components of) pr,_; ---pry(by/,) form a highest weight
vector of weight A(©) in M @ V@, It is the “highest” highest weight vector of

(M () @ VEED)NTIT g 1) A7) (3.5)

with respect to the ordering in Lemma 4.2 and thus it is deepest in the filtration constructed
there. Note that the quantum Casimir element acts on the space in (6.29) as the constant
q<)‘(£)”\(2)+2f’> times a unipotent transformation, and the unipotent transformation must preserve
the filtration coming from Lemma 4.2. Since pr,(b,/,,) is the highest weight vector of the smallest
submodule of this filtration (which is isomorphic to a Verma module by Lemma 4.2b) it is an
eigenvector for the action of the quantum Casimir. Thus, by (2.11) and (2.13), X¢ acts on

pry(by/u) by the constant

MO NO+20) =D NED L2) (w1 wi+2p) _ 2e(boxe)

(see [LR] Since X® commutes with pr; for j > £ it this also specifies the action of X*¢ on

b/ = Pro(basu)- )
The explicit R-matrix Ryy: V@V — V ® V for this case (g of type A and V = L(wy)) is
well known (see, for example, the proof of [LR, Prop. 4.4]) and given by

v; ® vy, ifig,
(v; ® Uj)ql/(nH)va =< (g—q v @v;+v; @v;, ifijj,
qui ® vy, ifi=].

Since T} acts by Ryy on the ith and (7 + 1)st tensor factors of V&* and commutes with the
projection pry it follows that Tj(by,,) = qb/,, if box; is not a box at the end of a row of A\/p.

This analysis of the action of H A/p O by /u shows that there is an Hj,-homomorphism

H
Indﬁ’;/u (Conjp) — MM b

U/ — E/\/u'

This map is surjective since M*# is generated by by /u (the By action on v # generates all of
(V®k)5_,). Finally, (6.28) guarantees that it is an isomorphism. O

10



In the same way that each weight u € h* has a normal form

it integrally dominant, and

— T ith . :
B =wou, Wi w maximal length in the coset wWj,,,

every multisegment \/p has a normal form

v + p the sequence of contents of boxes of \/p,
MNp=v/(wow), with v=v-—(1,1,...,1), and
w maximal length in W, ,uW, .

The element w in the normal form v/(w o ) of A/p can be constructed combinatorially by the
following scheme. We number (order) the boxes of \/u in two different ways.

First ordering: To each box b of \/u associate the following triple
(content of the box to the left of b, —(content of b), —(row number of b))

where, if a box is the leftmost box in a row “the box to its left” is the rightmost box in the same
row. The lexicographic ordering on these triples induces an ordering on the boxes of \/p.

Second ordering: To each box b of A\/u associate the following pair
(content of b, —(the number of box b in the first ordering))

The lexicographic ordering of these pairs induces a second ordering on the boxes of \/pu.

If v is the permutation defined by these two numberings of the boxes then w = wovwgy. For
example, for the multisegment \/u displayed in (6.24) the numberings of the boxes are given by

121] 6 [10[13[18 |3]7[12]16[19
20/ 5] 91217 4|8 13[17]20
19]11]16] and 11]18/21]
l15]1[2]4]8 [1]2]6]9]14
14[3]7] 5 |10[15]
first ordering of boxes second ordering of boxes

and the normal form of \/p is

v=(7,7,7,6,6,6,505,505,54,4,4,4,3,3,3,3,2,1),
v=(6,6,6,55,54,4,4,4,4,3,3,3,3,2,2,2,2,1,0), and w = wovwy where

1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21
15 1 21 20 14 2 6 5 4 3
19 10 9 8 7 13 12 11 18 17
16

Let g be of type A, and V = L(w;) and let

LM = Fy(L(p)), (3.6)

11



as defined in (4.1). It is known (a consequence of Proposition 6.27 and Proposition 4.3c) that
LM s always a simple Hy-module or 0. Furthermore, all simple Hy, modules are obtained by this
construction. See [Su] for proofs of these statements. The following theorem is a reformulation
of Proposition 4.12 in terms of the combinatorics of our present setting.

Theorem 3.2. Let A\/u and p/T be multisegments with k boxes (with p and T assumed to be
integral) and let

Mup=v/(wov) — and  p/T=~/(vo7)
be their normal forms. Then the multiplicities of LP/™ in a Jantzen filtration of MM are given
by
A j ; _
5| M 19D eorr | ity _ [P0, v =7,
(MAm)GHD 0, ifv#7,

where Py, (v) is the Kazhdan-Lusztig polynomial for the symmetric group Sk.

Jj=0

Theorem 6.31 says that every decomposition number for affine Hecke algebra representations
is a Kazhdan-Lusztig polynomial. The following is a converse statement which says that every
Kazhdan-Lusztig polynomial for the symmetric group is a decomposition number for affine
Hecke algebra representations. This statement is interesting in that Polo [Po] has shown that
every polynomial in 1 + vZx>g[v] is a Kazhdan-Lusztig polynomial for some choice of n and
permutations v,w € S,. Thus, the following proposition also shows that every polynomial
arises as a generalized decomposition number for an appropriate pair of affine Hecke algebra
modules.

Proposition 3.3. Let A = (r,r,...,r) = (r") and p = (0,0,...,0) = (0"). Then, for each pair
of permutations v,w € S, the Kazhdan-Lusztig polynomial Py, (v) for the symmetric group S,
s equal to

(MAMweryD) | L o) -t 45
Po(@) =Y W‘ﬁ/ | S —tw)+s)

J20

Proof. Since p + p and A + p are both regular, Wy, = W,;, = 1 and the standard and
irreducible modules £ (@°1) and M?*/ (1) ranging over all v, w € Si,. Thus, this statement is a
corollary of Proposition 4.12. O
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