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1 Generalized matrix algebras

Let A be an algebra and fix a ∈ A. The homotope algebra A(a) is the algebra A with a new
multiplication given by

x · y = xay, for x, y ∈ A.

If p, q are invertible elements of A then the map

A(paq) −→ A(a)
x 7−→ qxp

is an algebra isomorphism.

1.1 The radical of a homotope algebra

Let R be a PID and let A = Mn(R) and let ε ∈ A. The Smith normal form says that there exist

p, q ∈ GLn(R) such that pεq = diag(ε1, ε2, . . . , εk, 0, 0, . . . , 0), with ε1|ε2| · · · |εk.

Thus,
Mn(ε) ∼= Mn(δ), where δ = diag(ε1, ε2, . . . , εk, 0, 0, . . . , 0),

and

Rad(Mn(δ)) = {x ∈Mn | if xST 6= 0 then S > k or T > k},
Rad2(Mn(δ)) = {x ∈Mn | if xST 6= 0 then S > k and T > k}, and

Rad3(Mn(δ)) = 0.

Proposition 1.1. Rad(A(a)) = {x ∈ A | axa ∈ Rad(A)} and Rad3(A(a)) ⊆ Rad(A).

Proof. The set I = {x ∈ A | axa ∈ Rad(A)} is an ideal in A since, if y ∈ A then a(x · y)a =
axay ∈ Rad(A). If x, y, z ∈ I then x · y · z = xayaz ∈ Rad(A). Thus I is a nilpotent ideal and
I ⊆ Rad(A(a)). Why and when is I = Rad(A)??? Or do I care?
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1.2 A ⊆ B, both split semisimple

Assume A ⊆ B is an inclusion of algebras and that A and B are split semisimple. Let

Â be an index set for the irreducible A-modules Aµ,

B̂ be an index set for the irreducible B-modules Bλ, and let

Âµ = { P→µ } be an index set for a basis of the simple A-module Aµ,

for each µ ∈ Â (the composite P→µ is viewed as a single symbol). Let Γ be the two level graph

vertices on level A: Â,
vertices on level B: B̂, and

mλ
µ edges µ→ λ if Aµ appears with multiplicity mλ

µ in ResB
A(Bλ).

(1.1)

If λ ∈ B̂ then

B̂λ = {P→µ→ λ | µ ∈ Â, P→µ ∈ Âµ and µ→ λ is an edge in Γ} (1.2)

is an index set for a basis of the irreducible B-module Bλ. We think of B̂λ as the set of paths to
λ and Âµ as the set of “paths to µ” in the graph Γ. For example, the graph Γ for the symmetric
group algebras A = CS3 and B = CS4 is

B̂ :

...........................................................................

..............................................................................................

...............................................................

.......................................................................................................

............................................................................................................................................

..........................................................................................

............................................................................................................................................

Â :

Since A and B are split semisimple there exist (DOES THIS need proof?) be sets of matrix
units in the algebras A and B,

{aP Q
µ
| µ ∈ Â, P→µ, Q→µ ∈ Âµ} and {bP Q

µ ν
λ

| λ ∈ B̂, P→µ→ λ, Q→ν → λ ∈ B̂λ}, (1.3)

respectively, so that

aP Q
µ

aS T
ν

= δµνδQSaP T
µ

and bP Q
µ γ
λ

bS T
τ ν
σ

= δλσδQSδγτ bP T
µ ν
λ

, (1.4)

and such that
aP Q

µ
bS T
σ τ
λ

= δQS
µ σ

bP T
µ τ
λ

and bS T
σ τ
λ

aP Q
µ

= δT P
τ µ

bSQ
σ µ
λ

. (1.5)

Then
1 =

∑
bP P

µ µ
λ

(1.6)

and

aP Q
µ

= 1 · aP Q
µ
· 1 =

∑
bRR

ρ ρ
λ

 aP Q
µ

∑
bS S
σ σ
γ

 =
∑

bP Q
µ µ
λ

. (1.7)

where the sum is over all edges µ→ λ in the graph Γ.
Now assume that B is a subalgebra of an algebra C and there is an element e ∈ C such that,

for all b ∈ B,
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(a) ebe = ε1(b)e, with ε1(b) ∈ A, and

(b) ε1(a1ba2) = a1ε1(b)a2, for all a1a2,∈ A, and

(c) ea = ae, for all a ∈ A.

Note that the map

ε : B ⊗B −→ A
b1 ⊗ b2 7−→ ε(b1b2)

is an (A,A) bimodule homomorphism.

Though is not necessary for the following it is conceptually helpful to let C = BeB, let
Ĉ = Â and extend the graph Γ to a graph Γ̂ with three levels, so that the edges between level B
and level C are the reflections of the edges between level A and level B. In other words, Γ̂ has

vertices on level C: Ĉ, and
an edge λ→ µ, λ ∈ B̂, µ ∈ Ĉ, for each edge µ→ λ, µ ∈ Â, λ ∈ B̂.

(1.8)

For each ν ∈ Ĉ define

Ĉν =
{

P→µ→ λ→ ν
∣∣∣ µ ∈ Â, λ ∈ B̂, ν ∈ Ĉ, P→µ ∈ Âµ and

µ→ λ and λ→ ν are edges in Γ̂

}
, (1.9)

so that Ĉν is the set of paths to ν in the graph Γ̂. In the previous example Γ̂ is

B̂ :

...........................................................................

..............................................................................................

...............................................................

.......................................................................................................

............................................................................................................................................

..........................................................................................

............................................................................................................................................

Â :

Ĉ :
.................
.................
.................
.................
.......

.......................
.......................
.......................
...............

.................

.................

.................

............

............................
............................

............................
...................

.............................................
.............................................

.............................................

..............................
..............................

..............................

.....................................................
.....................................................

................................

The element of A given by

ε1

(
bP Q

µ τ
λ

)
= ε1

(
aP P

µ
bP Q

µ τ
λ

aQQ
τ

)
= aP P

µ
ε1

(
bP Q

µ τ
λ

)
aQQ

τ

equals 0 unless µ = τ and

ε1

(
bP Q

µ µ
λ

)
= ε1

(
aP R

µ
bRR

µ µ
λ

aRQ
µ

)
= aP R

µ
ε1

(
bRR

µ µ
λ

)
aRQ

µ
= ελ

µ aP Q
µ

. (1.10)

for some constant ελ
µ which does not depend on P or Q (since it depends only on R which can

be chosen freely). The element of C given by

bP R
µ ρ
λ

e bT Q
τ ν
σ

= bP R
µ ρ
λ

aRR
ρ

e bT Q
τ ν
σ

= bP R
µ ρ
λ

e aRR
ρ

bT Q
τ ν
σ

is zero unless R = T and ρ = τ and

bP R
µ ρ
λ

e bRQ
ρ ν
σ

= bP S
µ ρ
λ

aS R
ρ

e bRQ
ρ ν
σ

= bP S
µ ρ
λ

e aS R
ρ

bRQ
ρ ν
σ

= bP S
µ ρ
λ

e bSQ
ρ ν
σ
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does not depend on the choice of R. If

cP Q
µ ν
λ σ
γ

= bP T
µ γ
λ

e bT Q
γ ν
σ

(1.11)

then

cP Q
µ ν
λ σ
γ

cRS
τ ξ
ρ η
π

=
(
bP T

µ γ
λ

e bT Q
γ ν
σ

)(
bRX

τ π
ρ

e bXS
π ξ
η

)
= δQR

ν τ
σ ρ

bP T
µ γ
λ

ε1

(
bTX

γ π
σ

)
e bXS

π ξ
η

= δQR
ν τ
σ ρ

bP T
µ γ
λ

δγπ εσ
γ aTX

γ
e bXS

π ξ
η

= δQR
ν τ
σ ρ

δγπ εσ
γ bPX

µ γ
λ

e bXS
γ ξ
η

= δQR
ν τ
σ ρ

δγπ εσ
γ cP S

µ ξ
λ η
γ

Define

eP Q
µ ν
λ σ
γ

=
(

1
εσ
γ

)
cP Q

µ ν
λ σ
γ

, whenever εσ
γ 6= 0. Then eP Q

µ ν
λ σ
γ

eRS
τ ξ
ρ η
π

= δQR
ν τ
σ ρ

δγπ eP S
µ ξ
λ η
γ

(1.12)

so that these are matrix units. Furthermore

bP Q
µ ν
λ

eRS
τ ξ
ρ η
π

= δQR
ν τ
λ ρ

eP S
µ ξ
λ η
π

and eP Q
µ ν
λ σ
γ

bRS
τ ξ
ρ

= δQR
ν τ
σ ρ

δγπ eP S
µ ξ
λ ρ
γ

(1.13)

so that the bs are related to the es in the same way that the as are related to the bs. Then

e = 1 · e · 1 =

∑
bRR

ρ ρ
λ

 e

∑
bS S
σ σ
γ

 =
∑

bRR
ρ ρ
λ

e bRR
ρ ρ
γ

=
∑

cRR
ρ ρ
λ γ
ρ

=
∑

εγ
ρ eRR

ρ ρ
λ γ
ρ

(1.14)

In summary
e bP Q

µ µ
λ

e = δµτε
λ
µ aP Q

µ
.

eP Q
µ ν
λ σ
γ

=
(

1
εσ
γ

)
bP T

µ γ
λ

e bT Q
γ ν
σ

bP Q
µ ν
λ

=
∑
λ→γ

eP Q
µ ν
λ λ
γ

,

and
e eP Q

µ ν
λ σ
γ

= δµγελ
γ

∑
γ→τ→γ

eP Q
γ ν
τ σ
γ

.

1.3 R⊗A L, for A semisimple

Fix isomorphisms
L̄ ∼=

⊕
µ∈Â

−→
Aµ ⊗ Lµ and R̄ ∼=

⊕
µ∈Â

Rµ ⊗
←−
Aµ (1.15)

4



where
−→
Aµ, µ ∈ Â, are the simple left Ā-modules,

←−
Aµ, µ ∈ Â, are the simple right Ā-modules,

and Lµ, Rµ, µ ∈ Â are vector spaces. In other words, if A has matrix units

{aP Q
µ
| µ ∈ Â, P→µ, Q→µ ∈ Âµ} then

L has a basis {`PX | P ∈ Âµ, X ∈ L̂µ}
R has a basis {rY Q | Q ∈ Âµ, Y ∈ L̂µ}

such that
aP Q

µ
`RX

ν
= δµνδQR`PX

µ
and rY S

ν
aP Q

µ
= δµνδSP `Y Q

µ
. (1.16)

The map ε : L̄⊗F R̄→ Ā is determined by the constants εµ
XY ∈ F given by

ε(`QX
µ
⊗ rY P

µ
) = εµ

XY aQP
µ

(1.17)

and εµ
XY does not depend on Q and P since

ε(`SX
λ
⊗ rY T

µ
) = ε(aSQ

λ
`QX

λ
⊗ rY P

µ
aP T

µ
) = aSQ

λ
ε(`QX

λ
⊗ rY P

µ
)aP T

µ

= δλµaSQ
µ

εµ
XY aQP

µ
aP T

µ
= εµ

XY aS T
µ

.

For each µ ∈ Â construct a matrix
Eµ = (εµ

XY ) (1.18)

and use row reduction (Smith normal form) to find invertible matrices

Dµ = (Dµ
ST ) and Cµ = (Cµ

ZW ) such that DµEµCµ = diag(εµ
X). (1.19)

is a diagonal matrix with diagonal entries denoted εµ
X , The εµ

P are the invariant factors of the
matrix Eµ.

Theorem 1.2. Using notation as in (???) define elements of R⊗A L by

mXY
µ

= rXP
µ
⊗ `P Y

µ
, and nXY

µ
=

∑
Q1,Q2

Cµ
Q1XDµ

Y Q2
mQ1Q2

µ
. (1.20)

where µ ∈ Â,X ∈ R̂µ, Y ∈ L̂µ.

(a) The sets

{mXY
µ
| µ ∈ Â,X ∈ R̂µ, Y ∈ L̂µ} and {nXY

µ
| µ ∈ Â,X ∈ R̂µ, Y ∈ L̂µ}

are bases of R̄⊗Ā L̄, which satisfy

mS T
λ

mQP
µ

= δλµεµ
TQmS P

µ
and nS T

λ
nQP

µ
= δλµδTQεµ

T nS P
µ

,

where εµ
TQ and εµ

T are as defined in (4.12) and (4.15).

(b) The radical of the algebra R⊗A L is

Rad(R⊗A L) = F-span{nY T
µ
| εµ

Y = 0 or εµ
T = 0}

and the images of the elements

eY T
µ

=
1
εµ
T

nY T
µ

, for εµ
Y 6= 0 and εµ

T 6= 0,

are a set of matrix units in (R⊗A L)/Rad(R⊗A L).
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Proof. Since

(rSW
λ
⊗ `Z T

µ
) = (rS P

λ
aPW

λ
⊗ `Z T

µ
) = (rS P

λ
⊗ aPW

λ
`Z T

µ
) = δλµδWZ(rS P

λ
⊗ `P T

λ
)

the element mXY
µ

does not depend on P and

{mXY
µ
| µ ∈ Â,X ∈ R̂µ, Y ∈ L̂µ} is a basis of R⊗A L. (1.21)

and hence R⊗A L is a direct sum of generalized matrix algebras. If (C−1)µ and (D−1)µ are the
inverses of the matrices Cµ and Dµ then∑

X,Y

(C−1)µ
XS(D−1)µ

TY nXY
µ

=
∑

X,Y,Q1,Q2

(C−1)µ
XSCµ

Q1XmQ1Q2
µ

Dµ
Y Q2

(D−1)µ
TY

=
∑

Q1,Q2

δSQ1δQ2T mQ1Q2
µ

= mS T
µ

,

and so the elements mS T
µ

can be written as linear combinations of the nXY
µ

. Thus

{nXY
µ
| µ ∈ Â,X ∈ R̂µ, Y ∈ L̂µ} is a basis of R⊗A L. (1.22)

By direct computation,

mS T
λ

mQP
µ

= (rSW
λ
⊗ `WT

λ
)(rQZ

µ
⊗ `ZP

µ
) = rSW

λ
⊗ ε(`WT

λ
⊗ rQZ

µ
)`ZP

µ

= δλµ(rSW
λ
⊗ ελ

TQaWZ
λ

`ZP
λ

) = δλµελ
TQ(rSW

λ
⊗ `WP

λ
) = δλµελ

TQmS P
λ

,

and
nS T

λ
nUV

µ
=

∑
Q1,Q2,Q3,Q4

Cλ
Q1SDλ

TQ2
mQ1Q2

λ
Cµ

Q3UDµ
V Q4

mQ3Q4
µ

=
∑

Q1,Q2,Q3,Q4

δλµCλ
Q1SDλ

TQ2
εµ
Q2Q3

Cµ
Q3UDµ

V Q4
mQ1Q4

µ

= δλµ

∑
Q1,Q4

δTUεµ
T Cµ

Q1SDµ
V Q4

mQ1Q4
µ

= δλµδTUεµ
T nSV

µ
.

(1.23)

(b) Let
I = F-span{nY T

µ
| εµ

Y = 0 or εµ
T = 0}.

The multiplication rule for the nY T
µ

implies that I is an ideal of R ⊗A L. If nY1T1
µ

, nY2T2
µ

, nY3T3
µ
∈

{nY T
µ
| εµ

Y = 0 or εµ
T = 0} then

nY1T1
µ

nY2T2
µ

nY3T3
µ

= δT1Y2ε
µ
Y2

nY1T2
µ

nY3T3µ = δT1Y2δT2Y3ε
µ
Y2

εµ
T2

nY1T3
µ

= 0,

since εµ
Y2

= 0 or εµ
T2

= 0. Thus any product nY1T1
µ

nY2T2
µ

nY3T3
µ

of three basis elements of I is 0. So

I is an ideal of R⊗A L consisting of nilpotent elements and so I ⊆ Rad(R⊗A L).
Since

eY T
λ

eUV
µ

=
1
ελ
T

1
εµ
V

nY T
λ

nUV
µ

= δλµδTU
1

ελ
T ελ

V

ελ
T nY V

λ
= δλµδTUeY V

λ
mod I,

the images of the elements eY T
λ

in (????) form a set of matrix units in the algebra (R⊗A L)/I.

Thus (R⊗A L)/I is a split semisimple algebra and so I ⊇ Rad(R⊗A L).
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2 Structure of Z(ε)

Let
ε : L⊗D R −→ C be a (C,C) bimodule homomorphism.

Let left radical L(ε) and the right radical R(ε) of ε are defined by

L(ε) = {` ∈ L | ε(`⊗ r) ∈ Rad(C), for all r ∈ R},
R(ε) = {r ∈ R | ε(`⊗ r) ∈ Rad(C), for all ` ∈ L},

The map ε is nondegenerate if Rad(C) = 0, L(ε) = 0, and R(ε) = 0. Let

C = C/Rad(C),
L = L/L(ε),
R = R/R(ε),

and
φ : R⊗C L −→ R̄⊗C̄ L̄

r̄ ⊗ ¯̀ 7−→ r ⊗ `

Then kerϕ is generated by R ⊗C L(ε) and R(ε) ⊗C L, and we have that kerϕ · R ⊆ R(ε) and
L · ker ϕ ⊆ L(ε). Then

I = Rad(C) + L(ε) + R(ε) + kerϕ is a nilpotent ideal of A(ε),

and
A(ε)

I
∼= A(ε̄) where the map

ε̄ : L̄⊗D R̄ −→ C̄
`⊗ r 7−→ ¯̀⊗ r̄

is a nondegenerate (C̄, C̄) bimodule homomorphism.
If ε : L ⊗D R → C is nondegenerate and R is a projective C-module then there is a (D,C)

bimodule isomorphism

τ : R
∼−→ L∗

r 7→ λr : L → C
` 7→ ε(`⊗ r)

so that ε = ev ◦ (id⊗ τ)

and
A(ε) ∼= A(evL).

If C,D,L,R are finite dimensional vector spaces over F and D = F then

ε = ε0 ⊕ evP : (L0 ⊕ P ∗)⊗D (R0 ⊕ P ) −→ C,

with P projective and imε0 ⊆ Rad(C).
If ε = ε0 ⊕ evP with P finitely generated and projective then

A(ε)-mod ∼−→ A(ε0)-mod
M 7−→ eM

where e = 1−
∑

i

pi ⊗ αi.

If im ε ⊆ Rad(C) then

Rad(A(ε0)) = I = Rad(C)⊕ Rad(D)⊕ L0 ⊕R0 ⊕R0 ⊗C L0

and
A(ε0)

Rad(A(ε0)
∼=

C

Rad(C)
⊕ D

Rad(D)
.
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3 Duals and Projectives

Let L be a C-module and let
Z = EndC(L)

so that L is a (C,Z) bimodule. The dual module to L is the (Z,C) bimodule

L∗ = HomC(L,C).

The evaluation map is the (C,C) bimodule homomorphism

ev : L⊗Z L∗ −→ C
`⊗ λ 7−→ λ(`)

and the centralizer map is the (Z,Z) bimodule homomorphism

ξ : L∗ ⊗C L −→ Z

λ⊗ ` 7−→ zλ,` : L → L
m 7→ λ(m)`

Recall that [Bou, Alg. II §4.2 Cor.]

(a) L is a projective C-module if and only if 1 ∈ im ξ,

(b) If L is a projective C-module then ξ is injective,

(c) If L is a finitely generated projective C-module then ξ is bijective,

(d) If L is a finitely generated free module then

ξ−1(z) =
∑

i

b∗i ⊗ z(bi),

where {b1, . . . , bd} is a basis of L and {b∗1, . . . , b∗d} is the dual basis in M∗.

Statement (a) says that L is projective if and only if there exist bi ∈ L and b∗i ∈ L∗ such that

if ` ∈ L then ` =
∑

i

b∗i (`)bi, so that ξ
( ∑

i

b∗i ⊗ bi

)
= 1.
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