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1 Classical Lie algebras

A Lie algebra is a vector space g with a bilinear map [,]: g X g — g such that
(a) [xvy] = _[y7$]7 for T,y €9, and
(b) (Jacobi identity) [z, [y, 2]] + [z, [2,y]] + [y, [z,2]] = 0, for all z,y, 2 € g.

A bilinear form (,): g x g — C is ad-invariant if, for all z,y, z € g,

(ads(y), 2) = —(y,ads(2)),  where  ady(y) = [z,y], (1.1)

for x,y, € g. The Killing form is the inner product on g given by
(x1,22) = Tr(adzady)). (1.2)

The Jacobi identity is equivalent to the fact that the Killing form is ad-invariant.

Let g be a finite dimensional Lie algebra with a nondegenerate ad-invariant bilinear form.
The nondegeneracy of the form means that if {z;} be a basis of g then the dual basis {z]} of g
with respect to (,) exists. The Casimir element of g is

K= szwf, in Ug. (1.3)
i
The element & is central in Ug since, for y € g,
g =S yzar = S (swid +2a)at = Sy aagas + 3 wayat
j i

i?j

% A
=D —wilen lywil)al + ) wyal = 3 —wily. @f] + wiye; = D wiaiy = ky.
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Theorem 1.1. Let g be a finite dimensional complex semisimple Lie algebra with Cartan sub-
algebra by. The Casimir element k acts on an g-module L(\) of highest weight \ by the constant

1
A+pA+p)=(pp),  where p= ;;a,

R™ is the set of positive roots, and {,) is the form on b* obtained by restricting the Killing form
to b and identifying b with h*.



Proof. (a) Let us choose a basis of g compatible with the decomposition

g=be (@Po.) with dimg,=1, forach,
a€ER

where § is a Cartan subalgebra and R is the root system of g. Let x4 € ga, Yo € 9—a, ha €0
be such that

[xayya] = ha, [hayxa] = 2z, [haaya] = —2Yq-
Let (,) be the Killing form on g. Using the restriction of (,) to b to identify h and b*,

b — b where oV = 20 -
ha — <Oé, a>
Then
2
<l-o“ya> = < %[I‘a’h ]7y01> = %<h0“ [l‘a,ya]> = %<ho¢7hoc> = %(O[\/,O[v> = <a7a>
and so

<xa, <O"2a>ya> —1  and [wa, <O"2‘“>ya} - <O"20‘> he.

Let hi,...,hy be a basis of i and let hj,...,h} be the dual basis of h with respect to (,). Then

{hi,.. hr,ma, Yo | € RT} is a basis of g, and
{h%,... K} < ya,xa |« € R} s the dual basis of g,

7r7

with respect to (, ).
Now compute the constant by which x acts on L(XA). If L()) is an g-module generated by a
highest weight vector vi of weight A so that

hovy = (A, a¥)vy  and  zovi =0, foraeRT,

then

m)j\r = th‘h* Z xa + Z To ,J\r

acRt a€ERT

= Zhh*+ Z aa)(g;a,ya]—kyaa:a—kyaxa) U;\r

aERT
= Zhh*—l—z ) v;\r
aeR*
= [+ D0 & aY) +0) v;_<A,A+ > a>vj\'
a€eRt a€Rt

= (MA+2p)0y = ((A+p, A+ p) — (p, p))vy .



Let V' be an n-dimensional vector space over C. The Lie algebra
gl, = End(V) with bracket [z,y] =axy—yz, for x,y,€ gl,,
The Lie algebra
sl, ={z € gl, | tr(x) = 0}, is a Lie subalgebra of gl,,.

Suppose that (,) is a nondegenerate symmetric bilinear form on V. The Lie algebra

so, ={z €gl, | (zv1,v2) + (v1,zv2) =0, for all v1,vy € V}.
Suppose that (,) is a nondegenerate skew symmetric bilinear form on V. The Lie algebra

sp, ={x €gl, | (xvy,va) + (v1,zV2) =0, for all vi,vy € V}.
The inner product

(,):gl, xgl,—C given by (x,y) = Tr(zy), (1.4)

is ad-invariant and nondegenerate on each of the Lie algebras gl,,, sl,, s0,, and sp,,.
Identify gl,, with M,,(C) by choosing a basis {v1,...,v,} of V. Let E;; be the matrix with
1 in the (4,7) entry and all other entries 0. Then

gl, has basis {E;; | 1<4,5<n}
Let E;; denote the matrix with 1 in the (4, j) entry and 0 in all other entries. Then
al, has basis {E;; | 1<14,7,<n}, and {Eji | 1<4,4,<n} (1.5)

is the dual basis with respect to (,). Identify so,, with a Lie subalgebra of gl, = M,(C) by
choosing an orthonormal basis {v1,...,v,} of V. Then

s0, = {A € M,(C) | A= —-A"} and has basis {Eij —E;i|1<i<j<n}

and, with respect to (,),

the dual basis is {—3(Eyj — Eji) | 1 <i,j < n}. (1.6)
Let 1,...,&, be an orthonormal basis of the vector space R™. Then
R™, if g = gl,,,
{Mer+ -+ e | MER, A+~ + N\, =0}, if g=sl,,
h* =< R", if g=s509,11,
Rra if g= 5p2r7
| R", if g = s09,,

The positive roots for gl,, are the elements of
R+ :{61'—8]‘ ’ 1 §7J<]§TL}, with (81'—6]‘)\/:61'—8]‘. (17)
The positive roots for so,, are the elements of

R+:{€ii€j \ 1§z’<j§n,} with (eite;)Y =etej, and

& | 1<i<n ()Y =2, (1.8)
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The fundamental weights are the generators of the Z>¢ module

Pt = Z L>owj, of dominant integral weights,
J

and the irreducible g-modules L(\) are indexed by the elements of P*. The fundamental weights

are given by

w; =€+ +&g, 1<i<n, if g=gl,,
wo =—(e1+ - +en),
wij =€+ FE 1<i<n—1, if g =sl,,
Lot ea),
w; =¢&e1+ - +¢g, 1< <r—1, if g =s00,41,
Wy :%(51+...+6r)7
wi =e1+--+e, I1<i<m, if g = spy,,
wi =¢€1+---+¢, 1< <r—2,
Wr—1 = %(61 T ET)’ if g = sor,
wr = g(e1 et ey,
The dominant integral weights are
A= XeEr+ -+ Apén, AL > Ao 2> > Ay, if g=gl,,
)\la a>\TL GZa
A= e+ + M—16n—1 A=A > > A1 20, if g = sl,,
_%(51"{'"'_‘_571)’ )‘h a)‘nfl EZa
A=Mer+ -+ Ay A=A 2N 20,
A, s Ar € Z,0r ifg:5027«+1,
)\la 7)‘1” € % +Z7
A= A€+ 0+ Ae, AMZ>X > 2>\ >0, if g = spy,.,
)\11 7)\7’ EZ,
>\:)\151+“'+)\r<€r7 )‘12)\22"'2)\r712|)\r|20,
Ay, Ar EZ,0r if g = so09,,
A, A €242,
where [A| =Y. A\;. The element p is given by
(on —1, ifg=gl,,
n, if g =sl,,
2p = ij = Z(y — 20+ 1), where y = ¢ 2r, if g =s09,41, (1.9)
J i 2r +1, if g = sp,,,
2r —1, if g = soq,,




Identify each dominant integral weight A with the configuration of boxes which has A; boxes
inrow ¢ (1 <i<mn). If \; <0 put |\;| boxes in row ¢ and mark them with — signs. For example

I I 51 +95eg +3e3+3e4+ €5+ €6 — %(61 + e+ €n+1), for g = sl,11,
>\ = =
] 5¢1 + 5ea + 3e3 + 364 + 5 + 6, for g = gl,,, 502,41, 5Pq, of s09,,
-
A= = %61 + %62 + %83 + %84 + %65 + %567 for g = s09,41 Or g = 509,
g
A= = 6g1 + 6e9 + deg + dey + 265 — 2¢6, for g = s012 (type Dg),

If b is a box in position (7, 7) of A the content of b is
¢(b) = j — i = the diagonal number of b. (1.10)
PICTURE

Theorem 1.2. (b) Let E;j be the matriz with 1 in the (i, j) entry and all other entries 0. The
Casimir element of Ug is

Z EZ]Ej27 fO’)” g= g[n;
1<i,j,<n
777, for g =sl,,
K= 1
=7 2 (Bij = Eji)?, for g =son,
ij=1
?7?7 fOT’ g = 5Py,

where we identify gl,, with M, (C) by choosing a basis {v1,...,v,} of V which is orthonor-
mal if the bilinear form (,) on V is symmetric and satisfies

(Vi Urgj) = 04j, if n=2r and (,) is skew symmetric.

put in for < i,j < r??? The element k acts on an g-module L(\) of highest weight X\ by
the constant

(777, if 9 =gl,,
A — 2 if g = s,
2> c(b) + < (n—1)|Al, if g = s0, and \; € Z,
beA (n—l)MH—%-ﬁ-";, if g=s0, and \; € 3 + Z,
(2r +1)[A], if g = spy,,

Proof. (b) The formulas for x follow from ?7? and ??7. Thus the Casimir element of so,, is

= Y By B = 3 (By - By



PUT sp,, HERE.

Now compute the action of x on a g module L(\) generated by a highest weight vector of weight
A. In the case when g = gl,,,

R = Z Ez]E]z - Z EzzEu + Z EZjEjZ + Z z]a + EjiEij

1<z,]<n 1<i<j<n 1<i<j<n
= g EzzEzz +2 § g zz -
1<i<j<n 1<7,<]<n

Since Eiw;\r = )\iv;\r and Eijv;f =0 for i < j, m);\“ = cAv;“ where

=3 AH0+ Y (A=) Z/\Q (n— i)\ — (i — D)\
i=1 1<i<j<n
=D (AiFn=2i+ DA => (Ai+2n—20)A — (n— 1A = (A, A+ 25) — (n — 1)|A]
=1 =1
=A+6,2+06)—(5,0) — (n—1)|A|, where 6 =(n—1)e1 +(n—2)ea+ -+ &p_1.

Let A and p be partitions such that ¢ C A and A/p = 0. Suppose that the box where A and p
differe is in the jth row so that A = p+¢;. Then, with ¢y as in the proof of (a),

ax—cu=(A+8X4+68)—(6,0) — (n—DA]) = ((w+ 6, +8) — (6,0) — (n— 1)|u|)
ey + b ey 4 ) — (a6t ) — (- 1A — [
=2(u+0,e5) + (gj,€5) — (n—1)
=2pj+n—j)+1l—-n+1=2(u;+1—j)+n=2(cA/p) +n

Thus, by induction on the number of boxes in A,

ex =2 c(b) +nlAl.

bex

If A and p are partitions such that either A C y and p/A =0, or p C X and A/ = O, then

(Ao, A+ ) = (pp)) = (e + ps i+ p) = (p,p) = (N X+ 2p) — (u, 1+ 2p)
=(utej,pte;+2p) — (u,p+2p) = (u,xej) £ (g5, u+2p) + (g5, &5)
, Wps —j+1)+y, ifNp=0,
g (g2 1)+ 1= 2 AT b 1A
—2(p; —j) -y, fp/A=0,

_ {2C(A/u) + 9, if A/p =10,
—(2c(p/A) +y), ifp/A=0,

Note that ¢(A/A™) may be a f—mteger if pu; is a 5—1nteger Also, if g = 509,41 or g = soar then

r

r 1w . roT 2 , if g =s09,41,
<wr,wr+2p):+22(y—21+1):4+2-y—Z{
1=

2 , if g = s09,.



Using these formulas to compute (\, A 4+ 2p) for dominant integral weights \ gives

(0, if g=gl,, g =5py, Or g = 509,11 with \; € Z,
A 2
—u , if g =sl,,
(M A+20) = ylA[+2) elb) +
bea 7?77, if g = s09,,
oot : !
Z—i-?, if g = fsogr41 with \; € 5 + Z.

We NEED the positive roots for the next statement, and define HOOK LENGTH.

Proposition 1.3. (a)

dim(Ly, () = J[ 500 o Qutnod-rnod) oy nzc(b)_

5 —
were (00Y) n>j>i>1 (n=1) = (—-Jj) 1<idin MO)
(b) Let
p:%za:% (2n— (20 —1))e;
a€eRt =1
Then
(A +p, )

n—i+3)+mn—j+1)

T <(Ai+n—z‘+§)—(Aj+n—j+§)> ((Ai+n—z‘+§)+()\j+n—j+§)>

() )\i—i+)\j—j+1, ZfZZ],
r(b) =
—()\;—i+)\;—j+1), ifi<j.

Proof. (a) Think about the derivation of the Weyl dimension formula in the context of Schur



functions.

SA(eté) = S)\<et(n_l)7 et(n_2)7 A 7et7 1) = S)\(q(n_l)7 q(n_2)7 A 7q7 1)

Cdet((¢HNTI)  det((@M )T ag(gM L gt
det((q")n=3)  det((q" )" d)  as(g"L,....q" ")

H q Aj+n—j _ q)\ i+n—i SGeDa H 1— q(>\j+n—j)—(>\i+n—i)
= I —qg—i 1 ¢(n=3)—(n=0)

1<j 1<j

At
11 H (1-4¢")
_qn()\ >l k=1 _ (
(Hl h(b>H(1—qi‘j) er 11

bEX i<j

For example, if A\ = beq + 4eg + 4eg + 3e4 + 2¢5,

12]3]5]7][9]8]6]4]1] Mi+n—-1=9
113]5]7]6]4 Xo+n—2=7
2]4][6]5]3]1 A3+n—3=6
2[4]3]1 M+n—4=4
2|1 M +n—5=2
Then
[1]2][3]4][5]6]7]8]9]
1]2]3]]4]5]6]7
1]12][3]4]5]6
1][2]3]4
1]2
So
5.6-7-8:9-4-5-6-7-3-4-5-6-2-3-4-1-2 5.7-5-6
dim(U*) = =5.7-5=175.

9-8:6-4-1-7-6-4-2-5-4-3-1-4-3-1-2-1 6

The first equality is Weyl’s dimension formula and the second equality results from the
formulas in 777, By using the argument of (?77) on the partition A>; = (X, ..., \,) gives

L2, x4+n—id={i—)+ XN —i)+1 I N>j>1 U {—i)—(A\j—4) In>j>1}
={h() |bisinrowiof A} U {(Mi+n—1)—(N\j+n—j)|n>j>1}

On the other hand

(1,2, h+n—it={1,2...n—i} U {n+j—i|\>j>1}
={(n—i)—(n—j)|n>j>i} U {n+c(b)|bisinrow i of A\}.



Thus

(Hh(b)) [T it+n—i)—+n—3j) (Hn—i—c ) [ (n—i)—(n-y)

beA n>j>i>1 bex n>j>i1>1

and the third equality follows.

(b) The first equality is Weyl’s dimension formula and the second equality results from the
formulas in 777.

{h(b) [bisinrow i of NFU{(Ni+n—i+3)—(Nj+n—j+3)|n>j>i}
U{i+n—i+3)+N+n—j+3) |n>j>i}
U{2n+ (N —i) = (N =) | (,5) € A}

={i—9) =N, =)+ [N >j>1}
U{Ai+n—i)=(Nj+n—j)[n=j>1}
U2\ +n—i+g)—((Ni—i) = (7)) In>j=d}
U2\ +n—itg) = (=) = (N =) +1) [ A=) =1}
={1,2,..., 0 +n—i} U{N+n—i+1,....200+n—i+1)}
={1,2,....,2\ +n—i+1)}

Let r(\) be the Frobenius rank of the partition A, i.e. the largest r such that A contains the
“diagonal” box in position (r,7). Then, for 1 <i < r(A),

{1,2,....2n =120\, —)}U{2n+ 14+ N — i)+ (N\j — 4)) | 7 >4, (4,7) € A}
U{2n+ (N —4) — (X; — 7)) | 5 > i, (4,5) € A}
U{2n — (X =)+ (A =) | J 21, (4,4) € A}
U{2n—1— (X —i) = (X; =) | J >4, (6,5) € A}
={1,2,....2n =120\, =)} U{2n+ 14+ 2(\; — @) — (N — @) — (\j — ) | A} > j > i}
U{2n+ 1420\ —1) — (N —1) — (N, —4) +1) | Ay > j > i}
U{2n — (X =)+ (N —4) = (N — 1) = (N =) | Ap =5 > i}
U{2n— (X —i) + (N —4) = (N —1) = (N —5) + 1) [ X > j > i}
={1,2,....2n — 120\, =)} {2n+ 1+ (N — i) — (N} —4),...,2n + L+ 2(\; —9)}
L {2n — (Ag—'),...,2n+(Ai—z)—(Ag—i)}
={1,2,...,2n + 14+2(\; — i) }.



Thus
(IIre)) I (etn—itd)=Oytn—i+d)

beX n>j>i>1
[T itn—i+H+N+n—3i+3) [] @r+i—i)—Q;-4)
n>j>i>1 (i) EX
n T(A)
=[N +n—i+ ) =[N +n—i+d) H 2N +n—i+ )
i=1 i=1 i=r(A\)+1
II ehi+n—i+))
i=r(\)+1
r(y)
11 ((Qn 12\ — i)
=1

] en+r+ =D+ —9) [T @+ i—i) = (N —4)

j>i J>i

(G)ex (ih9)EX
T en- -0+ =) TT @n-1- =i+ (X - )
(j{i%ék (i,JS'ZEA

Dividing each side by

(4,7)EX
gives
(Hh(b)) [T itn—i+H-N+n—i+3) J[ (i+tn—i+d)+O+n—j+1)
beEA n>j>i>1 n>j>i>1
7‘()\) n
:H((2n—1—2X—i [T ex+n—i+i)
i=1 i=r(\)+1
L en+ i+ =+ 0y =9) J] @r—1- =)+ —1)
(j‘?l%; A (1?:3; A

Then, from

R— (=)= 1) [ 1<i<r()} U 20 +n—i+ 1) [r()+1<i <n}
={2n+5-N;—)+1|r(N)=ji>1} U {2(n+5—(x—j)|n>j>r(x)}
={2(n+3-1,--.2(n+3—n}={2n—1,2n— 53,1} ={2i— 1|1 <i<n},

it follows that

r(N) n
H((Qn—l—Q)\'—i [T eO+n—i+i)
=1 i=r(A)+1
=J[ei-vi= ] (m-i+d)-(m—-j+35) [ (n—it3)+m—-j+3)
i=1 1<i<j<n 1<i<j<n
which establishes the third equality in (b). O
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The group GL,(C) and the Lie algebra gl,, act on the n-dimensional complex vector space
V' with basis vy,...,v, by

n n
gu; = Zgjwj, and Tv; = Z x5, (1.11)
j=1 j=1

for g = (9ij) € GL,(C) and x = (z;) € gl,. Let (,): V x V — C be the inner product defined

by making the basis vy, ..., v, orthonormal. The complex Lie group
On(C) = {g € GL,(C) | {gv, gw) = (v,w) for all v,w € V} = {g € GL,(C) | g¢* = 1}
has Lie algebra
s0, = {z € M,(C) | (xv,w) + (v,zw) =0 for all v,w € V},= {x € M,(C) | x +2' =0}
a Lie subalgebra of gl,,. The complex Lie group
SOn(C) = {g € On(C) | detg =1},

also has Lie algebra so,,. Since an element g € O,(C) has detg = £1 the group O,(C) is a
union of two cosets

On(C) = SO, (C) U rSO,(C),  where r=—En+ Y Euy, (1.12)
=2

A matrix A is in so,, if and only if
Aij = <ZAjin,vj> = (Avi,vj) = —(Ui,A?)j> = _<UiZAijUi> = _Aija
Jj=1 i=1

forall 1 <i,5 <n.
For all dominant integral weights A

Proh, if g = gl,, or g = sl
At

L <@ L(Ai)> . if g = 509,41 and A\, > 0,
At

L(\) ® L(wy) =

(@ L()‘i)>7 if g= 5poy, § = §02p, O
AL

if g = 502,41 and )\n = 0,

where the sum over A" is a sum over all partitions (of length < r) obtained by adding a box to A,
and the sum over A* denotes a sum over all dominant weights obtained by adding or removing
a box from A. If g = s09, then addition and removal of a box should include the possibility of
addition and removal of a box marked with a — sign, and removal of a box from row r when
A = % changes A, to —%.
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