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1 The Temperley-Lieb algebra

The Temperley-Lieb algebra is the subalgebra of the partition algebra with basis {d € Ay, | d is planar}.
The Temperley-Lieb algebra CTy(n) is presented by generators ey, ea, ..., ex—1 and relations

€iej = €;€;, if |l —j| > 1,
€ieit1€; = €;, and

2 _

e; = ne;.

If
1 1
2]=q¢+q¢'=n  then ng(n+M)’ gl =>(n—/(n2—4),

since ¢> —ng+1 = 0. Then

k _k (k+1)/2
_¢-g¢t 1 k k—2m+1, 2 m—1
k] = T > (Qm_1>n (n? — )™ L.
m=1

The problem with this expression is that it is not clear that [k] is a polynomial in n with integer
coefficients (which alternate in sign?).

The affine Hecke algebra Hj, is given by generators
Xet and T17-'-,Tn—17

with relations
XamXxXearn =Ty X Ty Xet

XET, = T, X1, fori > 1,
T, - /T, i i~ 4] > 1, (11)
LT T = Ty 1T, if2<i<k-1,

TP =(g—q¢ )T+ 1.
If

X& :Ti,l---thlXalTlTQ---Ti,l then X X5 :XEjXEi, for 1 SZ,] Sk
The affine Hecke algebra acts on V®* by

X =id and T; =id®VD @ T @id®*-0+)



where
Viy & U4y, if i1 < g,

Viy @ vy + (q - q_l)vil & Vi, if 41 > i9.

T(viy ® vi,) = {
If we set e; = ¢ — T; and dim(V') = 2 then CT(n) acts on VEF by

qUi; @ Vi — Uiy @ Uiy, if i1 <o,

—1 . . .
q Vi @ Uiy — Vi @ V4, if 41 > 9.

e(vi, ®v;,) = {

The Iwahori-Hecke algebra is the subalgebra of Hj, generated by Ti,...,T). Letting n =

g+ g~ !, There are surjective algebra homomorphism

Hi(qg) — Hi(e) — Ti(n)
X1 — 1

T — T — ei—q!

If

T,=e—q "

then a direct calculation shows that e? = (¢ + ¢~ 1)e;

ejeze] = eq if and only if q_3 + q_2T1 + q_2T2 + q_1T1T2 + q_1T2T1 +TiT5T =0

and similarly

eserea = ey ifandonlyif ¢ P 4+¢ N 4+q¢ T+ q¢ T+ ¢ '+ T To =0

There is an alternative surjective homormphism

Hy(q) — Hilq) — Ti(n)
X = 1
T — T; — q—e

with ker ) generated by
(P =T =P+ ¢ T+ ¢ YT — Ty T Ty = 0
Let us write
T, =e; —q ", andlet X*'=1, and X% =T, X" 'T; 4
in the Temperley-Lieb algebra. Then define myq, ..., mg by
my =0 and (g —q YHm; = ¢2X5% — ¢ X1 for2<i<k.
Solving for X*i in terms of the m; gives
X5 = (g — g7 ) Dt q 2y g O my) 4 g2,

from which one obtains

g" (X X% gk X) — glk] = (g — g7 ) (o 2l -+ [k - Lma).



Substituting for X¢-1 in terms of the m; in
(q . q_l)mi — qi—ZXEi _ qi—4X2i,1 — qi_2<E7j—1 _ q—l)Xaifl(Ei_l . q—l) _ qi—4X€i,1

gives A
mi =q DB +qEi_1mi 1B — (Eiymi_1 +mi_1E;_1)

; 1.5
(g =g H(mia+ ¢ ' mi—z +q 2mig + -+ ¢TI mo) B, (15)

The cycle type of a diagram d € T}, is the set partition 7(d) of {1,2,...,k} obtained from
d by setting 1 = 1,2 = 2/,... k = k. Since d is planar this is a set partition of the form

{{11 27 cee 7“1}7 {M1+17M1+27 s 7,ul+lu“+2}7 SRR {:u1+ : '+M€—1+17 R k}} where (/-1’17 s aluf) is
a composition of k and we will simplifying notation by writiing 7(d) = (u1,. .., pe). For example

d:'\’m\y I % has  7(d) = (5,1,3).

If w=(p1,...,pe) is a composition of k define

dy= Y d. (1.6)

deTy,
T(d)=p
Theorem 1.1. With notation as in 227, define elements mq,...,my € CI} by my =0 and
i—2 ' '
mi =Y (=) a+dieg+ > (=) a+ 1)([b+2] — [B)dyajiep,  fori>1.
a=0 7, €>1

Then
(a) mimj = mymy; for all 1 <i,j <n.

(b) mg+[2mg—1+---+[k—1]ma is a central element of CTy(n) which acts on the irreducible
representation labeled by \ = (201528 by the constant

b—1

—[k], ifb=0, 0, ifb=1, > [k—2i], ifb>1.
=1

mi =q VE;_ +qEi_1mi 1E;i_q — (Eicimi—1 +mi—1E;_1)
+ (=g H(mia+q " mi—s +q mi_a + - + q_(i_4)m2)Ei—1~

Proof. (a) The proof is by induction on n using the formula (?7?). Case 1: The coefficient of

a term djas in m; gets a contribution from the term ¢ "2 E;_; and a contribution from one
term of qu,1d1i732Ei,1 in qu',lmiflEifl

2Co e

1111
NIRRT X e [TTT T RAT LT
1111

L



resulting in the value
¢ ()T = = T i -2 = i 1],

Case 2: Let £ > 2. The coefficient of a term in djay in m; gets a contribution only from one
term of —Ey,_1dyag—1) in —E;—1m;_1 or one term of —dja_1)Fi—1 in —m;_1E;4

B 6§30 5=
= C=R

*—o

*—e

L

resulting in the value ‘ ‘
—(=1)"1 a4+ 1] = (=1)"%a + 1].

Case 3a: Let b > 0 and j > 1. The coefficient of a term in djajjp9 in m; gets a contribution
from one term of qu_ldlajlb—12EZ‘_1 in gF;_1m;_1F;_1 and a contribution from one term of

(¢g—q Vg tdia; By in (¢ —q V)g°

- O
XL R [ X-

iy 1]

(=) O a1 (b + 1] = - 1) + 4 (g~ ()T e+ 1]
= (=177 Pla+ 1(=1)([b+2] — [8]).

mi—o—pFi_1

and

.—.

*—e
*—e

)
e

resulting in the value

Case 3b: Let b = 0 and j > 1. The coeflicient of a term in djajjpg = diaj2 in m; gets a
contribution from two terms of qu—ldla(j-H)Ei—l in qu_lmi_lEi_l

111 11
== AT J - == ST

and a Contribu‘ion fl“om one lel“m Of (q - q )q d] aJElf ln (q - q )q mif2Ei7]
(\

2¢(—1)"""a+ 1+ (¢ — ¢ (=1 a + 1]
=(q+q¢ )1 a+ 1] = (=1)*770([0 + 2] — [0]).

pLe

*—0

resulting in the value



Case 4: Let b > 0 and j > 1. The coefficient of a term in dyaji5, in m; gets a contribution
only from one term of —FE;_1djajip(p—1) in —E;—1m;—1 or from one term of —dja;1pp—1)Ei-1 in

[T R

_i.v:_.\_/l or _._/.(\:‘_./;\.

*~—e

TR
')
resulting in the value
(=D o+ (2] - Bl) = (=) e+ ([0 + 2] — [B]).
(b) This result follows from (?7?) and the calculation
"2 Zq2(b) —qlk] = g2 (qo e q72(k7b71)) S (PRt q72(b72))
bex
. q(qk—l _|_qk:—3 4ot q—(k—l))
b—1
_ Z(qk—% _ g k=20,
i=1
O]

For n such that CTy(n) is semisimple, the simple Ty (n) are indexed by partitions in the set
Tr = {\F k | X has at most two columns}.
The irreducible CTj(n) modules have seminormal basis
{vr | T is a standard tableau of shape A}

and
Xeiyg = 2Ty,

Since ¢(T'(i)) = ¢(T'(i — 1)) — 1 if the boxes T'(i) and T'(i — 1) are in the same column and
e(T(i)) + c(T(i — 1)) = 3 — i if the boxes T'(i) and T'(i — 1) are in different columns it follows
that

T i) i)
m;vr = 1 = CT(Z)UT,
q—4q
where
@) 0, if T(i) and T'(i — 1) are in the same column,
er(i) =
! [i —2+2¢(T(3))], if T(i) and T(i — 1) are in different columns.

Build a graph T by setting

vertices on level k: S = {rows A of lengths k, k — 2,k —4,...}, and

p . 1.7
an edge A — p, A € Ty, p € Tyy1 if p is obtained from A by adding or removing a box. (17)



Theorem 1.2. Define elements my,...,mi € CTy by m; =0 and

i—2
mi = (=17 a+1{1%} + > (=1 o+ 1]([b+ 2] — p{1%1°¢},  fori> 1.
a=0 7, €>1

Then
(a) mim; =mym; for 1 <i,j <n.

(b) The eigenvalues of the elements m; are given by the diagram

k=0 0
N
k=1 [2] O
PN
k=2 -1 @B m
AP
k=3: 2] O [-2] 4] OO
k=4 O =1 B ¢ [-3 B 0

in the sense that if
Ty, is the set of vertices on level k,
for X € Ty, let T) = {paths p= () — --- — \) to X in T},
then, for infinitely many values of n,
Ty is an index set for the simple CT}, modules, T,g‘,

and
Irs has a basis {v, | p €T}
with

.

v, ifp= p@ (4 orp= [q p)

N7

m;vp =

0. ifp= 0 orp= 0

- -

where p) is the partition on level i of the path p.




(c) kK =my+ [2Jmg—1+ -+ [k — 1]mg is a central element of CTy(n) and

—[k], if A = oo,
—_——
k boxes
0, if A\ = oo,
K acts on T,;\ by the constant o oo
b—1
Z[k—Zi], if A = oooog. with b > 1.
; N——
i=1 k—2b boxes
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