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1 The symmetric group CS; and the Brauer algebra

If A € GL, then
Ly NV = EB Lgi (1) as gl,,(C)-modules, (1.1)
p/A=0

where the sum is over pu € ﬁ[n that are obtained from A by adding a box. The Young lattice is
the graph S given by setting

vertices on level k: S = {partitions X with k boxes}, and

c N N 1.2
a labeled edge A (#—/);),u, A€ Sk, i € Sk41 if @ is obtained from A by adding a box. (1.2)

It encodes the decompositions in (777).

Theorem 1.1. Define elements myq,...,my € CSy by
mq =0, and mi:ZSM, fori> 1.

Then
(a) mim; =mym; for 1 <i,j <n.

(b) The eigenvalues of the elements m; are given by the diagram S
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in the sense that if
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Sy is the set of vertices on level k, and
3’2 = {paths p= (0 — pM) = p@ — ... 5 pB) =Xy to X in S}, for A e S,

then
S’k s an index set for the simple CSy modules Sﬁ and

Sy has a basis {v, | p€ Sy} with mivp = c(p(i))vp,

where p(i) = p /pli=Y is the box added at step i in p and c(b) denotes the content of the
box b.

(c) K=mp+mp_1+---+ma isa central element of CSy and

K acts on S by the constant Zc(b).

Proof. The tensor product rule for GL,, is
wevVe P Ly, ()
A/ p=0

where the sum is over all partitions A such that /(A) < n, A D p and A differs from p by a single
box. Since the Sj action and the GL,, action commute on V¥ it follows that,

as (Ugl,,, CSy) bimodules, Ok =~ EB Lg, (N ® S,

Ak
((N)<n

where Sp are some Sg-modules. Comparing the Lgi (\) components on each side of

Dra.Wosi =yt =viEDeve (@l esi) eV
=B P Lg, NSy = (Lg[n A) ®(€BSZL—1))
#o N/ p=0 A Wz
gives
Ss= @ s
A p=0

Using the basis {v;, ® ---®@v;, | 1 <i1,...,ix < n} of V¥ the direct computation
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Shows that
k=Fkn+2 Z S0ms as operators on V&,
1<b<m<k

Since & is a central element of Ugl,, and

LR @ L) ® Sy as (Ugl,,, CSk) bimodules,

Ak
() <n

it follows from (777) that

2 = Z Stm acts on S,i‘ by Zc(b).

1<tb<m<k beA

Thus, in (777),

my = Z Sk = 2k — Zh—1 acts on S§_; by the constant c(\/p).
1<t<k

Since the values ¢(A/u) are distinct for the distinct summands in (777),
Si_1 ={v € Sp | myv = c(A uv},

the ¢(\/u) eigenspace of my in S,i‘. Iterating the decomposition (77?7) gives

S¢ = €D St

pES”I?
and, since SID is one dimensional, this determines (up to constants) a unique
basis of S} {v, | p € Sp} such that mivy = c(p(i))vp.
In CSk, s;m;s; + s; = m;41, and so
sim; + 1 =m;118; and simj = mjs;, for j#1i,1+ 1.

Write (si)p, to denote the (p,q) entry of the matrix determined by the action of s; on Sy with
respect to the basis in (777). Then

1

mi+1)pp - (mi)pp .

(80)pp(Mi)pp + 1 = (Mit1)pp(8i)pp giving (8i)pp = (

Then .... COPY FROM NOTES. U
Corollary 1.2. As (Ugl,,, CSk) bimodules,

Vb (B Ly () ® S,

Ak
(N <n

where S,;\ are simple Sy modules.



Corollary 1.3. For A € Sk, and pu € S’k,l,

S ~ S
Resg! | (57) = @ Sy and  Indg' (S; ;) @ Sy. (1.3)
Av=0 v/p=0

where the first sum is over all partitions v that are obtained from A by removing a box, and the
second sum is over all partitions v which are obtained from p by adding a box.

Corollary 1.4. Let (CSy)pq be the (p,q) (simultaneous) eigenspace of CSy, with respect to the
action of my,...,my by left and right multiplication,

(CSk)pg ={a € CSy | for1 <i,j <k, mia=c(p(i))a and am; = c(q(j))m;}.

Then dim((CSy)pq) = 1 and there exist matriz units

ey ANESK pae S
such that
(CSk)pg = Cepg and  ep.ety = Sxugrens.

Corollary 1.5. Let ®: CSy — End(V®*) and V: Ugl,, — End(V®F) be the representations of
Sy and gl,, corresponding to their actions on VEF. Then

Endgy, ) (VE") = ®(CSy) and  Endcg, (V%) = ¥(Ugl,,),

and

ker @ = ( Z det(w)w

wESn+1

the ideal of CSy generated by the alternating sum of the permutations in the subgroup S, (ker ® =
0ifn<k).

1.1 The tower B

If A € O, then
Lo, eV P Lo,(u),  as Oy(C)-modules,

w/A=0
or \/u=0

where the sum is over pu € O,, that are obtained from \ by adding or removing a box. Build a
graph B(n) which encodes the O, (C)-module decomposition of V&, k € Z>¢, by setting

vertices on level k: Bi(n)={\€ O, | k—|\ €2Zs0}, and
an edge A — 1, if u € Bjyq(n) is obtained from A € By(n) by adding or removing a box,
(1.4)

Theorem 1.6. Define elements mq,...,my € CBg(n) by

n —1) .
my =0, and m; = Zs& €tis fori > 1.

Then

(a) mim; =mym; for 1 <i,j <n.



(b) The eigenvalues of the elements m; are given by the diagram

N

- /\\

\/NEB: :
/\XM

k=4 T g

in the sense that if
By, is the set of vertices on level k, and
32 = {paths p = (0 — pV) — p@ — cdots — p*) = \) to X in B},  for X € By,

then
By, is an index set for the simple CBj, modules, B,i‘, and

By has a basis {v, | p€ B} with mivp = c(p(i))vp,

where ' ' ' '
e(p®/pt=Y ) + ”Tl, if P /p0 =10,

(¢c) K=mp+mp_1+---+ma isa central element of CBy(n) and

-1
K acts on By by the constant nT + Zc(b)
be

Proof. Let k be the Casimir element of so,, as in ?777. Then

k(v @ vvees ® Uzk Z Vi @+ ® Z ij — Ule R Q Uik)
4,j=1

n
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since (Eyj — Eji)* = Ej; — EijEji — EjiEij + E3; and EZv;, = 0 unless i = j = 4. Thus, as

operators on V&,
1 kin—1
H:_Ek(2_2n)+ Z (sém_efm) = ( ) + Z m — €lm-

2
1<tb<m<k 1<b<m<k

X vy,



Since & is a central element of Ugl,, and

Ok o EB L(\) ® By as (Uso,,, CBg(n)) bimodules,

Ak
LA)<n

it follows from (??77) that

kin—1

%—i— Z Stm — €om acts on Bj by (n—1)|)\\+Zc(b).

1<t<m<k bEA
The last statement follows since
k(in—1
m1+...+mk:(2)+ S st o,
1<lb<m<k

for every k € Z~g. O
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