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1 KZ connections

1.1 Connections

Let Ox be a commutative C-algebra with 1. A derivation of Ox is a C-linear map
9:Ox - Ox  suchthat  8(fg) = A(f)g + (),

for f,g € Ox. Let

T = ker <OX @ (?X - O%) and QY =17/1%
a®a —  aa

Then Ox acts on Q% by

FOO gi®hi) =) fgi®hi=>» gi®fh; modI?
for f € Ox and ) g; ® h; € Z. Let Der(Ox) be the vector space of derivations of Ox. Then
d: Ox — Q and Homo, (2%,0x) —— Der(Ox)
fo— [fel-1&f o — fd

are Ox module homomorphisms. If Q' is a reflexive Oy module then Q}, = Homp,, (Der(Ox), Ox).
Let M be a Ox module. A connection on M is a C-linear map

V:M— Q% ®0, M suchthat  V(fm)=d(f)®@m+ fV(m),
for f € Ox and m € M. Let V be a connection on M and define

Der(Ox) — Endc(M)

) . Vs by Vo = (8 ® idM) oV,

so that

Vo: M—50k @0, MPZN 0y @0, M = M.

Then, for f,g € Ox, 0,01,01 € Der(Ox) and m € M,
(a) Va(fm)=0(f)m+ [Va(m),
(b> Vf81+g82 (m) = fvéh (m) + gv32 (m)

If Qﬁ( is a reflexive Ox module then the connection V is determined by the map 9 — V4 with
the properties (a) and (b).



1.2 Configuration space

The symmetric group Si acts on CF by permuting coordinates. Then Sy is a reflection group
and
HEi,Ej:{(Zl,...,Zk)E(Ck|Z¢—Zj:0}, 1<i<j <k,

are the reflecting hyperplanes for the reflections in Sx. The configuration spaces are

Dk(C):Ck\( U Hgi,gj) and  Ci(C) = Dy(C)/Sk.

1<i<j<k

The braid group is
B, = m1(Cx(C)) = {braids on k strands}.

The pure braid group is
PBj, = m1(Dy,(C)) = {braids with ith top dot connected to the bottom ith dot},
with an exact sequence

{1} — PBy, — By, — S — {1}.

1.3 Knizhnik-Zamolodchikov and the classical Yang-Baxter equation

Let g be a Lie algebra and let Vi,...,V; be g modules. Let

r: C\{0} — g9
z o Srer@

and let
rij(2) (V1 @ o) =01 @ vy ®r(1)vj @ Vjt1 ® -+ ® Vg1 @ rPup @ vpy1 @ -+ @ U

The KZ-connection (Knizhnik-Zamolodchikov connection) is

V= Z rij(zi - z])(dzz — de),

1<i<j<k

a 1-form on Dy (C) with values in End(V; ® - - - ® Vi. Then V defines a connection on the trivial
bundle over Dy (C) with fiber V; ® -+ - V. The connection V is flat if and only if r satisfies the
classical Yang-Baxter equation:

[r12(21 — 22),723(22 — 23)] + r12(21 — 22), r13(21 — 23)] + [113(21 — 23),723(22 — 23)] = 0.

The KZ-equations are

of &
T%:;rjk(zj—zk)f, for f:Dp(C) — Vi ® - Vg,
k#j

the conditions for f to be a covariant flat section of the bundle Dy (C) x (V1 ® --- ® V};,) with
connection V. The mondromy of this connection is a representation of the pure braid group
PB;.

If Vi = Vo =--- =V then Si acts on D(C) x (V1 ® --- ® Vi) by

W((215 -5 28), V1 @ -+ UR) = Zu(1)5 - -+ Zu(k))> Vw(1) @ @ Viy(k) ),
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and V is Sy invariant. Thus V defines a connection in a bundle over Cy(C) with fiber V®*. The
monodromy of this connection is a representation of the braid group By.
If (,): g® g — C is a nondegenerate form and

t:Zbi®b;'k7

where {b;} is a basis of g and {b}} is the dual basis of with respect to (,) then

1
z1 — 22

t

r(z1 — 29) =
satsfies the CYBE (classical Yang-Baxter equation).

1.4 Quantization and KZ

Let g be a Lie algebra over C. Let g;, be a Lie algebra over C[[h]] such that g;, = g[[h]] as C[[h]]
modules. Let
th € 5%(gn)“.

There exists a quasitriangular quasiHopf algebra Ag, ;, over C[[h]] such that

—

Ag, 1, 2U(grn),  asa C[[h]] algebra.

Proof. Let

—

Ap =Ul(gp) with Rz = ehtn/2,

Note that Azp = RKZAhR;(% by the g; invariance of t;. The universal KZ equation is

d ok
i:h h f’ j:1527"'7m7 (KZm)
0z c— zj — 2y

k#j

where A = % and f: C™ — (Ugy,)®™. Note that
Riz = etn/? is the monodromy of (K Z3).

Define
Sz =g,'92 i (Ugn)® by
analytic solutions g;: C — (Ugp)®? and go: C — (Ugp)®? of the equation

g =+ ) o),

x r—1

so that

F(z1, 225 23) = (23 — Zl)h(t%b2+t}113+ti3)g (22—271>
23 — 21
is a solution of (K Z3) (using the invariance of (K Z3) under transformations z; — az; +b). Here
g1 and g have asymptotic behaviour

12
ht}

gi(x) ~x asxz — 0

g2(z) ~ (1 — )M’ as r — 1.
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Then (Ugl[h]], A, Rkz, Pxz) is a quasi Hopf algebra.
We want a Hopf algebra, i.e. a quasi Hopf algebra with &, = 1® 1 ® 1. The point is that
one can twist to

(Ung, Ry, @5 = id), where Upg is the quantum group,
i.e. there exists F € Ug[[h]] ® Ugl[[h]] such that
Ay =FA(a)F 1,
Oj, = Fia(A @ id)(F) Pz (id @ A)(F) " Fo!,
Ri = FarRizF 13-

1.5 Affine Lie algebras and KZ

Let g=n" @ bh®n" be a finite dimensional simple Lie algebra over C and fix a nondegenerate
symmetric ad-invariant bilinear form (,) on g. The affine Lie algebra is the Lie algebra

g=0((2)) ®Ce

with c central and with
28] = )]+ res((£1. ) ) -

where resgh is the coefficient of z~! in h. Let d be the derivation of § such that

d
[d,c] =0 and d, f] = zd—J;.

Let V be a finite dimensional irreducible g module. The loop representation is the § module
V((2)) =V @c C((2)), with ¢ acting by 0.

A level k highest weight representation of highest weight ) is a g module W with a vector w™ € W
such that

(a) W= (Ugw™,

(b) cwt = kwT,

(c) zg[[z]]JwT =0 and ntw™ =0,
(d) hw™ = A(h)w™, for h € .
The conformal weight of W is

A+p,A+p) = (p;p)

_
hn()‘) - 2(/€+ h\/)

Let Wy, W1 be highest weight representations of level x and highest weights )\(O)A and A,
Let V be a simple g module of highest weight pu. An intertwining operator is a fg module
homomorphism

_'Z"I;VLWO: W, — Wo® V((Z)) and j{‘//Vl,Wo _ Zhn(A(O))-th(ﬂ)_hm()\(l))z}/‘/l?WO



is the rescaled intertwining operator. Let Wy, ..., W} be highest weight g modules of level x and

let V4,..., V) be simple g modules. Let F' = I‘IXO’Wl o oI‘IZ’“’l’W" so that

B Wi — Wi 1®@Vi((21) — We—2@Vi—1((21-1))@Vi((28)) — -+ — WoaVi((21))@- - @Vi((2k))-
Then define

[:D(C) — V1 ®--- Vg by f(zl,...,zm):<war,Fw;:>.
Then f satisfies the KZ equations for

1 t

o - z) = e

1.6 Affine Lie algebras and quantum groups

Let

g=glz,2z ], a subalgebra of g.

If V is a g module then
V) cv(e)cC.--- where V(N)={veV| (zg)Nv=0}.

The smooth vectors in V' are the elements of

Vieo)= |J V(v
NEZ>o

The category Oy is the category of g modules V such that

(a) c acts by the scalar k — h, where h is the Coxeter number,

)

(b) If v € V then dim((Ug)v) is finite,

(c) If v € V and z € zg[[2]] then 2Vv = 0 for N >> 0,
)

(d) V is a finitely generated g module.

Equivalently O, is the category of smooth g modules such that

cacts by k — h and dim(V'(1)) is finite.

%

Let ¢ = e~ and let O, be the category of finite dimensional Uyg modules of type 1 which are
Up semisimple.

Theorem 1.1. There is an equivalence of categories
O, =2 0,.

Let V()) be the irreducible finite dimensional g module of highest weight A € PT. Extend
V(M) to a g[[z]] module by letting zg[[2]] act trivially and let ¢ act by (k — h). The Weyl module
is the g module given by

W’{()‘) =Ug ®U(g[[z]]€BCc) V()‘)
Let
L™(X\) be the unique simple quotient of W*(\).



