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1 Bar invariant bases

Proposition 1. Let (W, <) be a poset such that for u,v € W the interval [u, v] is finite. Let M
be the free Z|q,q~ '] modules with basis {T,, | w € W},

M = Zlq,q ]-span{T, | w € W},
and let —: M — M be a Z-linear involution such that

q= qil and T7w =Ty + Z Ao Ty,
v<<w
where ayy € Zlq,q ). Then
(a) There is a unique basis {C,, | w € W} such that

Ciw =Cy and C; =T, + Z PU_’LUTU with Pv_w € q_lZ[q_l].

v<<w

(b) There is a unique basis {C,, | w € W} such that

Co=Cyw and Cf=T,+ Y PHLT, with P, € qZq.

v<w

Proof. (a) The p,,, are dertermined by induction:

Pp,=1 and Py, = > fid"
k€Z<Q

where L L
f:kaqk: Z 2 Pow (:Pu_w*PJw)

keZ u<z<w
(b) The P are dertermined by induction:

PJw:l and szw: Z fqu
k€Z>0

where L L
f:ka’qk: Z auzP;{U (:qu_w_PJw)

kEZ u<z<w



The dual module
M* = Homz[%q—l] (M, Z[q: qil])

is given a bar involution

-t M* — M* defined by (@, m)= (p,m)

If {T" | w € W} is the dual basis to {T}, | w € W} then

Tw = Z by T” where bow = (T¥,T,) = (T*,T,) = <Tw, Z aszZ>
v

z<v

so that B = At If {C" | w € W} is the dual basis to {C,, | w € W} then

Cwv=0" since <W, Cy) = <C“’,a) = (Cv,Cy) = dpws
and

" =3 P™T"  where b (CV,Cy) = <Z PT,, Y PZUTZ> =Y pwp,

so that
(P") = ((Pu)™)" = (P

2 The affine Hecke algebra
The affine Hecke algebra H has Zlq,q Y] basis {T,, | w € W},
H = Z[q,q ')-span{T, | w € W}

with relations

TwlTwz = Twle, if E(wlwz) = E(wl) + E(UJQ),
T, Tw = (¢ — q_l)Tw + T, w, if {(s;w) < l(w), (0<i<mn).

The algebra H also has bases
{(X*T, |lweW,Ae P} and {T,X"|veW,uc P},

where
X =T, ifxe PT, and X*=XH(X")"!

if A =p—v with y,v € P*. ) )
The bar involution on H is the Z-linear map -: H — H given by

g=q ! and Ty, = T;}l for w € W.
Define elements 1g,e9 € H by

12 = 1,, and Ts,10 = qlg, for 1 <i<mn,

6(2) = €y, and Ts,e0 = q teg, for 1 <i<n,

and let
A, =e0X"1y, for p € P.



Proposition 2.
(a) X = T XL, for X € P,
(b) 19 =1¢ and g = .
(c) If z € Z[P]V then % = z.
(d) g0 Ay, , = g “ WAy, .
The T-operators are given by
q—q

Ti:Ti—il_X_ai.

Then
(a) X/\Ti = TZ'XSV\,

(q—q ' X%)(q—q ' X )

b) 72 =

(b) 7 (1— X)) (1 — X—)

(c) displaystyle;TjTi- -+ = ;775 - - -
—— ~——

m;; factors my; factors

The shift operator is
A — H (quc/Q _ q—lX—a/Z)'
a€Rt

Then
(T; + ¢)A = (s;A)(T; — q) and ACIPW ={heH | (t;+q 'h=0for 1 <i<n}
eoBx=ALEy, and  (Af,Ag) =" (f,9)ks1-
The ?%-trace on H is the linear map T: H—-C given by
tr(h) = hl1, or, more precisely, tr(Ty,) = dy1.

Define an inner product on H by
<h1, h2> = tl"(hlhg),

so that
(Ty,T,) = [T,-1 T,y  and (T, Ty) = ¢"™@76,,-1.

The generic degrees are dy(q) given by

tr=Y_ d(g)x}-

\eH

The Kazhdan-Lusztig basis is defined by
{(heH|(hh")yecl+q¢'Zlg,h="}

or by the usual bar invariance and triangularity conditions.



3 Kazhdan-Lusztig polynomials

The Twahori-Hecke algebra is the algebra over Z|g| given by generators T,,, w € W and relations
Ts,w, if s;w > w,
{qTS.w +(qg— DTy, if sjw < w.
The bar involution on H is the Z-algebra involution given by
g=q and T, = Tu;ll,
for w € W. The Kazhdan-Lusztig basis of H is the basis {C,, | w € W} given by

(a) Cy = Cy, and

(b> Cw =Ty + ngw pvw(Q)Tvv where pvw(Q) € qZ[Q]-
Kazhdan-Lusztig polynomials

(1) wa(Q) =1,
(2) Prw(q) =0, if z £ w,

Define
w(x, w) = coefficient of the highest degree term in Py, (q),

which is the term of degree 3(¢(w) — ¢(z) — 1). Then, if sw < w
Psx,w(Q)7 if sz > x,
Prw(q) = L (0(w)—£(2)) .
Psx,sw(Q) + qP:L’,sw - Zsz<z q2 /1'(27 Sw)Px,za if sz < x.
The W -graph has
Vertices: W

p(x,y), ifx <y,

Edges: x < y if ulz,y| = )
n(y,x), ify<uw,
Then

-1, if sz <z,
1, if sz > x,

x,y], ifsx <z, sy>yandzx <y,
KL(s)ay = 4115V '
0, otherwise,
Define a relation <y, by taking the closure of the relation
r<LYy if Dy(x) € Dy(y) and z < y is an edge.

and define
r=ry ifx<pyandy<p x.



3.1 The case of dihedral groups

In type A1,
H = span{1,T1} with T12 =(¢g—1)T1+gq.
So B )
T = Tl_1 = (q_1 -1)+ q_lTl, and Ci=q 2(14+Ty),
since

¢+ T) =+ =2 (1 4+ ¢ " Ti+ (¢ = 1) =¢2¢ "1+ T1) = ¢ 2 (1 + Th).
In type AQ, H = Span{l,TI,Tg,TlTQ,TQTl,TlTQTQ} and

1+ Tl),
1+1T1y),

(
(

1
2
1
2
-1

q
q
0102 ¢ (14T + Ty + ThTy) = Cio,
CyC=q "1+ T +To + ToTh) = Co,
q
=q

C1Cy = L +TiTo+ (- 1) +q+ T + T+ T + 1o + 1),

(
(T1T2T1 + 1T +TTy +T1 + Ts + 1) + C4,

K\J\CAJ M\CAJ

so that ,
Ci21 =Ci1Cra—Cr=q 2T+ TV + 1T +Th + 1o + 1).

Note that C? = (q% + q*%)Cl. Then, using that T; = q%Ci — 1, to produce the matrices for the
regular representation in the KL-basis,

10 0 0 00 1 0 00 0 O
> ¢ g2 0 00 0 -1 00 0 0

1
0 0 -1 0 00 0 g2 ¢ 0 0 0
P(Tl)— 0 0 0 _11 0 0 and p(T2)_ q% 0 0 ¢ q% 0
0 0 0 gz ¢q O 0 0 00 -1 0
0 0 g5 0 0 ¢ 0 0 00 q2 ¢

with rows and columns indexed by 1, Cq, Cs1, Oy, Cra, Cho1.
ID type BQ, H = span{l, Tl, TQ, T1T2, TQTl, TlTQTl, TQTlTQ, TlTQTng}, and

C10y = Cr2, (0201 = Cq1, C102 = Ci21+C1, (CC12 = Co12+C2, (C3C121 = Ca121+Coy.

where
=q (14 T),
=q %(1 + 1),
012 =q¢ '+ T+ Ty + T To),
Co1 = ¢ '(1+ Ty + Tp + TeTh),
Ciot = q 2(1+T1 + Ty + T\ Ty + ToTy + TV Ty TY),
Coro = q 2(1+ Ty + Ty + T\ Ty + ToTy + ToTh T),
Cioi2 =q 21+ T + o+ T/ + ToTy + TV Ty + TV T + T ToTh).



and the matrices of the regular representation in the KL-basis are

10 0 0 0 0 0 0
> ¢ ¢2 0 0 0 0 0
000 -10 0 000
0 0 g2 0 0 0 0
) =1 oqo 8—10 0 0
0 0 0 0 g2 g g2 O
00 0 0 0 0 —10
00 0 0 0 0 ¢g° ¢
10 0 0 0 0 00
0 -10 0 0 0 00
0 ¢ ¢ ¢2 0 0 0 0
0 0 0 10 0 00
PI=1t 0 0 0 ¢ ¢¢ 00
0 0 0 0 0 —1200
0 0 0 g 0 g2 ¢q 0
0 0 0 ¢ 0 0 0 g

with rows and columns indexed by 1, C1, Co1, Ch21, Co, C12, Ca12, Ci212.

Proposition 3. Let W be the dihedral group of order 2m. Then
Cyp = q*%ﬁ(w) ( Z Tv), so that pow(q) =1, for allv < w.
v<w

Proof. Let Cy, be defined by the formula in the statement of the Theorem. If sjw > w so that
W = §98159571 - -+ then

CC=a @2 [0 S ) Y Tte Y T
'USLU v<sqw v<w v<w
s1v<v spo<v sov<v

L CRE DOERS SERD I ED OE ST E
v<sqw v<w v<s]w v<w v<saw
squ<v s1v<v spv<v s1v<v

— CS1U +q—f(w)/2q1/2 E Tv

v<sow

= Usiw + CSQU)?
and, if s;w < w so that w = s1825152 - - - then let w’' = s;w and w” = s9s1w so that
Cs1 Cw = Csl Cslw’ = Cs1 (Cs1 Cw’ - CS2w’)
- Csl (Csl Cw’ - Cw”) = (q1/2 + q_1/2)csl Cw’ - Csl Cw”
= (¢"? 4+ ¢ V)C,,Cor — (¢"*+ ¢ Y*)Cyr, by induction,
= (q1/2 + q_1/2)(0810w/ - Cw“) = (q1/2 + q_l/Z)Cw'



So,

oo Csiw + Cspws if syw > w, i.e. w = 895189871 -+,
s1Yw — 1 _1 . .
(2 +q 2)Cy, if sjw < w, ie. w= 81525182+ ".

In the first case, ¢(saw) < £(w) and so, by induction, Cs,, = Cs, Cyy — Csyyy is bar invariant.

From equation (777)

qCy, if sjw < w, i.e. w = 51598182,
TCyw=19 1 1 . .
q2Csw — Cuw + q2Csyp, if syw > w, ie. w = s2515251 - .

For example, in the case I2(5),

CoC1 = Ca1, C1C1 = Ci21 +C1, C2C121 = Ca121 + C21, C1C2121 = Cr2121 + Cia1,
C1Cy = Cr2, C3C12 = Co12 + Co, C1C212 = Ci212 + Ci2, C2C1212 = Ca1212 + Ca12,

and the matrices of the regular representation in the KL-basis are

10 0 0 0 0 0 0 00
¢ ¢ ¢2 00 0 0 0 00
0 0-100 00 0 00
0 0 g2 ¢g g2 0 0 0 00
0000 -1 0 0 0 00
PT)=10 0 0 0 0 =10 0 00
00 0 0 0 g2 g g2 00
00 00 0 0 0100
00 0 0 0 0 0 g2 g0
00 0 0q¢qg 0 0 0 0 gq
1.0 0 0 00 0 0 0 0
0 -10 0 00 0 0 0 O
0 ¢ g ¢2 00 0 0 0 0
0O 0 0 -100 00 0 O
=[G 0 0 a0 0000
g2 0 0 0 0 ¢q g2 0 0 O
0 0 0 0 00 -10 0 0
0 0 0 0 00 g2 g g2 0
0O 0 0 0 00 0 0 —10
0 0 0 0 00 0 0 g2 ¢
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