Kazhdan-Lusztig polynomials

Arun Ram
University of Wisconsin-Madison
480 Lincoln Drive
Madison, WI 53706

ram@math.wisc.edu

1 Kazhdan-Lusztig polynomials

The Iwahori-Hecke algebra is the algebra over Z[g| given by generators T,,, w € W and relations
T, - {Tsiw, if s;w > w,
¢ qTs, + (¢ — DTy, if sjw < w.
The bar involution on H is the Z-algebra involution given by
g=q ! and Ty = Tuj,ll,
for w € W. The Kazhdan-Lusztig basis of H is the basis {C,, | w € W} given by
(a) Cp = Cy, and
(b) Cw =Tw+ 3 <y Pow(@)Ty,  Where puw(q) € gZlg].

Proposition 1. Let W be the dihedral group of order 2m. For all v < w,

pvw(q) =1

Proof. We will show that

Cy = q—Z(w)/Q Z T,

v<w

If syw > w so that w = s9815987 - - - then

Cy,Cow = q "2 2N T 4 sumpcgywspwadTo + (g =1 > Totq Y. T,

v<w v<w,s1v<v v<w,s2v<v
—L 2 —1/2
=g {W2gmY/ > T+ > T+ > To— > Tytq y T,
v<s1w,$20<V v<w,s1v<v V< 8w,51V<V v<w,s1v<V v<sow

= Csw + qié(w)/qu/Q Z Tv

v<so2w

= Cslw + Cszwa



and, if s;w < w so that w = 51595189 - - - then let w’ = s;w and w” = s9s1w so that

CsyCp = Csy Corr = Cs, (Csy Cop — Clayr)
= 05, (C5,Cur — Cur) = (62 4+ ¢ V)05, O — Cs, O
= (@ + V0, Cor — (¢ + VO, by induction,
= (4% + ¢V (¢, Cur — Cur) = (6% + /) C,.

In the first case, ¢(saw) < £(w) and so, by induction, Cs,, = Cs, Cy — Csyyp is bar invariant.
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