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1 Kazhdan-Lusztig polynomials

The Iwahori-Hecke algebra is the algebra over Z[q] given by generators Tw, w ∈ W and relations

TsiTw =

{
Tsiw, if siw > w,
qTsiw + (q − 1)Tw, if siw < w.

The bar involution on H is the Z-algebra involution given by

q = q−1 and Tw = T−1
w−1 ,

for w ∈ W . The Kazhdan-Lusztig basis of H is the basis {Cw | w ∈ W} given by

(a) Cw = Cw, and

(b) Cw = Tw +
∑

v≤w pvw(q)Tv, where pvw(q) ∈ qZ[q].

Proposition 1. Let W be the dihedral group of order 2m. For all v ≤ w,

pvw(q) = 1.

Proof. We will show that

Cw = q−`(w)/2

∑
v≤w

Tv

 .

If s1w > w so that w = s2s1s2s1 · · · then

Cs1Cw = q−`(w)/2q−1/2

∑
v≤w

Tv + sumv≤s1w,s1v<vTv + (q − 1)
∑

v<w,s1v<v

Tv + q
∑

v<w,s2v<v

Tv


= q−`(w)/2q−1/2

 ∑
v≤s1w,s2v<v

Tv +
∑

v<w,s1v<v

Tv +
∑

v≤sw,s1v<v

Tv −
∑

v<w,s1v<v

Tv + q
∑

v≤s2w

Tv


= Cs1v + q−`(w)/2q1/2

 ∑
v≤s2w

Tv


= Cs1w + Cs2w,
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and, if s1w < w so that w = s1s2s1s2 · · · then let w′ = s1w and w′′ = s2s1w so that

Cs1Cw = Cs1Cs1w′ = Cs1

(
Cs1Cw′ − Cs2w′

)
= Cs1

(
Cs1Cw′ − Cw′′

)
= (q1/2 + q−1/2)Cs1Cw′ − Cs1Cw′′

= (q1/2 + q−1/2)Cs1Cw′ − (q1/2 + q−1/2)Cw′′ , by induction,

= (q1/2 + q−1/2)(cs1Cw′ − Cw′′) = (q1/2 + q−1/2)Cw.

In the first case, `(s2w) < `(w) and so, by induction, Cs1w = Cs1Cw −Cs2w is bar invariant.
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