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1. The Basic Trigonometric Identities

The exponential expression is

x2 x3 Xt X xS X

e =1+x+5+§+z+;+a+ﬂ+---.

The sine and cosine expressions are

) e — e—ix eix + e—ix ) 5
sin x = —— and Cos x = —— with i-= —1.
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The tangent, cotangent, secant and cosecant expressions are
sin x 1 1 1
tan x = , cot x = , sec x = , and CSC X = — .
CoS x tan x CoS x sin x

Example. Prove that ™ = cos x + i sin x.
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Example. Prove that
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Compare coefficients of 1 and i on each side of
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Example. Prove that cos(—x) = cos x and sin(—x) =

& Proof.
cos(—x) =
and
sin(—x) =
i
Example. Prove that cos? x + sin? x = 1.

B Proof.

—sin x.
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I = e
— eix+(—ix)
— eixe—ix
— eixei(—x)

= (cos x + i sin x)(cos(—x) + i sin(—x))

= (cosx +isinx)(cosx —isin x)

= cos? x —isinxcosx +isinxcosx —i>sin’ x
= cos’x-— (—1)sin2 X
= cos? x +sin? x.
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Example. Prove that
cos(x +y) = cosxcosy—sinxsiny, and
sin(x +y) = sinxcosy+ cosxsinYy.
B Proof.
Comparing the coefficients of 1 and i on each side of
cos(x + y)+isin(x +y) = @t
— eix+iy
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= (cosx +isinx)(cos y +isin y)
= COSXCOSY+iCOSXSiny+isinxcosy+i’sinxsiny
= COSXCOSY+1ICOsxsiny+isinxcosy—sinxsiny

= (cos xcosy— sin x sin y) + i(cos x sin y + sin x cos y).
gives
cos(x+y) = cosxcosy—sinxsiny, and

sin x cos y + cos x sin y.

sin(x + y)
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The hyperbolic sine and hyperbolic cosine expressions are
) eX—e ¥ ex + e >
sinhx = ——— and coshx = ———
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respectively. We also define the hyperbolic tangent, hyperbolic cotangent, hyperbolic secant and

hyperbolic cosecant functions by

sinh x 1 1 1
tanh x = , coth x = , sech x = , and cschx = — ,
cosh x tanh x cosh x sinh x

respectively.

Example. Prove that e* = cosh x + sinh x.



B Proof.
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= cosh x + sinh x.
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Example. Prove that cosh(—x) = cosh x and sinh(—x) = — sinh x.
B Proof.
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Example. Prove that
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sinh x
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Example. Prove that cosh? x — sinh? x = 1.

B Proof.
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= (cosh x + sinh x)(cosh(— x) 4 sinh(—x))
= (cosh x + sinh x)(cosh x — sinh x)
= cosh? x — sinh x cosh x + sinh x cosh x — sinh? x

= cosh? x — sinh? x.

Example. Prove that

cosh(x +y) = coshxcoshy + sinh x sinh y, and
sinh(x +y) = sinh x cosh y + cosh x sinh y.
B Proof.
We have
. . ef+e \(ed+e” e —e *\(ed —e™?
cosh x cosh y +sinh xsinhy = ( > )( > )+( > )( 2 )
e‘e’ +e el +efe +ete? efel —e el —efe™ e ve™?
- 4 + 4
2e*e? +2e e
- 4
e‘e’ +e e
= —F
ety +e—(x+y)
= —
= cosh(x +y)
and
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= sinh(x + y).
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