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1. Polynomials

Let [ be a field. If ag, a1, az, ... € [F use the notation

a+aix+ax’+...= Y ax'.

The polynomial ring is the set

[F[x]={ 3 ax!

i€Z>

a; € F and all but a finite number of the a; are equal to O}

with operations given by

Y oax |+ Y bix' | = 3 (@ +by)x’

iEZZO ieZZO iGZZO
< D a,~x’>< D bjxj>=< D ckxk>, where = 2 aib;.
I€Z>( J€Z > keZx i+j=k

The degree function is deg : F[x] — Z(, where

and

deg( Do+ Px+ pzx2 + ) is the maximal nonnegative integer d such that p, # 0.

Let a € F. The evaluation homomorphism is

ev, :F[x] — F

px) — pla),
where

pla) = py+ pa+ pa’ + ... if p)=py+ Py X+ Pyt + ..

a; € ﬂ:},

The ring of formal power series in x is

[F[[x]]={ Y ax

iEZZO




with operations given by

Y oax' )+ Y bix' )= D (ai+b,~)xi)

iEZZO iEZZO iEZZO
( > a,-xi)< D bjxj>=< D ckxk>, where = 2 aib;.
i€Z> JEZ > keZ> i+j=k

Examples. The following are elements of F[[x]]:

and

1 =l4x+x24+x0 -,
1—x
) T x2+x3+ Xt
= x — — cee — —’
TR i
(3) ¥3 xS 4 Qi+D
SINX=X— — 4 — 4 - = - ,
315! ie§>o( )(2i+1)!
4 2 4 20
“) cosx=1—x—+x—+'"= > (1) x. ,
21 41 ieZg (2i)!
5 xz X3 x!
) In(l—x)=x+—+—+:= Y —.
2 3 i€EZs

Proposition 1.1

a. F[x] is an integral domain.

b. F[[x]] is an integral domain.
HW: Show that F[x] with the degree function deg is a Euclidean domain.
The field of fractions of F[x] is the set

a(x)
F(x) = {— a(x), b(x) € Flx], b(x) # 0},
b(x)

with
aw_dw -
o) A’ i a(x)d(x) = b(x)c(x),
and with operations given by
alx) c(x) 3 a(x)d(x) + b(x)c(x) a(x) . c(x) B a(x)c(x)
b dm bW TR AW rwde

The field of fractions of F[[x]] is the set

a(x)

F((x) = {m

a(x), b(x) € F[[x]], b(x) # 0},

with
a(x) B c(x)

o = 100 if  a(x)dx) = b(x)c(x),



and with operations given by
a(x) c(x) a(x)dx) + bx)c(x) a(x) c(x) a)cx)

+ = an . = .
b(x) dx) b(x)d(x) b(x) dx) b(x)d(x)

Proposition 1.2

a. The invertible elements of F|x] are invertible elements of .

b. The invertible elements of F[[x]] are ay + a1 x + ar x?* + -+ € F[[x]] with ag invertible in F.
Corollary 1.3 F((x)) = {x*p(x) | k € Z, p(x) € FI[x], p, # 0}U{0}.
Let p(x) € F((x)). The order v(p(x)) of p(x) = ), ez p,xl is the minimal integer / such that p, # 0.

HW: Show that the order function v : F((x)) — Z is a normalised discrete valuation (see [BouC] Ch.
VI §3 no.6 def.3).
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