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.

Example: Explain why eix = cos x + i sinx, if i =
√
−1.
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= cos x + i sinx.

Example: Explain why cos(−x) = cos x and sin(−x) = − sinx.
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cos(−x) = 1− (−x)2

2!
+

(−x)4

4!
− (−x)6

6!
+

(−x)8

8!
− (−x)10

10!
+

(−x)12

12!
− · · · ,

= 1− x2

2!
+

x4

4!
− x6

6!
+

x8

8!
− x10

10!
+

x12

12!
− · · · ,

= cos x,

and

sin(−x) = (−x)− (−x)3
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= − sinx.

Example: Explain why cos2 x + sin2 x = 1.

1 = e0 = eix+(−ix)

= eixe−ix = eixei(−x)

= (cos x + i sinx)(cos(−x) + i sin(−x))
= (cos x + i sinx)(cos x + i(− sinx))

= cos2 x− i sinx cos x + i sinx cos x− i2 sin2 x

= cos2 x− (−1) sin2 x

= cos2 x + sin2 x.

Example: Explain why cos(x + y) = cos x cos y − sinx sin y, and
sin(x + y) = sin x cos y + cos x sin y.

cos(x + y) + i sin(x + y) = ei(x+y)

= eix+iy = eixeiy

= (cos x + i sinx)(cos y + i sin y)

= cos x cos y + i cos x sin y + i sinx cos y + i2 sinx sin y

=
(
cos x cos y + (−1) sinx sin y

)
+ i

(
cos x sin y + sinx cos y

)
.

Comparing terms on each side gives

cos(x + y) = cos x cos y − sinx sin y, and
sin(x + y) = sin x cos y + cos x sin y.
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Example: Explain why ex = cosh x + sinhx.
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Example: Explain why cosh(−x) = coshx and sinh(−x) = − sinhx.
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= − sinhx.

Example: Explain why coshx =
ex + e−x

2
and sinhx =

ex − e−x

2
.
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Example: Explain why cosh2 x− sinh2 x = 1.

1 = e0 = ex+(−x)

= exe−x

= (coshx + sinhx)(cosh(−x) + sinh(−x))
= (coshx + sinhx)(coshx− sinhx))

= cosh2 x− sinhx coshx + sinhx coshx− sinh2 x

= cosh2 x− sinh2 x.

Example: Explain why cosh(x + y) = coshx cosh y + sinhx sinh y, and
sinh(x + y) = 2 sinhx cosh y.
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coshx cosh y + sinhx sinh y =
(

ex + e−x

2

) (
ey + e−y

2

)
+

(
ex − e−x

2

) (
ey − e−y

2

)
=

exey + e−xey + exe−y + e−xe−y

4

+
exey − e−xey − exe−y + e−xe−y

4

=
2exey + 2e−xe−y

4

=
e(x+y) + e−(x+y)

2
= cosh(x + y).

and

sinhx cosh y + coshx sinh y =
(

ex − e−x

2

) (
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4

+
exey + e−xey − exe−y − e−xe−y

4

=
2ex+y − 2e−(x+y)

4
= sinh(x + y).


