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1 Derivations

Let F be a field. A vector space over F is an abelian group V with a map

FxV — V

(c,v) +— cv

such that

(a) If ¢1,c0 € Fand v € V then (¢1 + c2)v = c1v + cav,

(b) If ¢ € F and vy,vy € V then c(v1 + v2) = cvy + cvg,

(c) If ¢1,c2 € F and v € V then c¢;1(cov) = (cic2)v,

(d) If v € V then 1-v =w.
Let IF be a field. Let V, W be vector spaces over F. An F-linear map from V to W is a function
p: V — W such that

(a) ¢ is a group homomorphism,

(b) If c e F and v € V then ¢(cv) = cp(v).

Let F be a field. An algebra is a vector space A over F with an operation

AxA — A
(a17a2) — apaz

such that A is a ring and the scalar multiplication is the composition of the map

F — A
£ €1

and the multiplication in A.

Let F be a field. Let A be an F-algebra. A derivation of A is an F-linear map d: A — A such
that
if aj,a2 € A then d(aja2) = aid(az)+ d(ai)as.
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Theorem 1.1. (a) There is a unique derivation — of F[x] such that o,
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(b) If p € Flz] then

d
an = (coefficient of y in p(x + y)).
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(c¢) If p € F[z] then
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(d) There is a unique extension of Tn to a derivation of F(x).
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(e) There is a unique extension of . to a derivation of F[[x]].
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(f) There is a unique extension of . to a derivation of F((x)).

(9) If p € F[[z]] then
% = (coefficient of y in p(x +y)).

(h) If p € F[[x]] then



