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1. Groups and Monoids

1. Let S be a set with an associative operation with identity. Show that the identity is unique.
(This tells us that any commutative monoid has only one heart.)

2. Let S be a set with an associative operation with identity. Let s € S and assume that s has an

inverse in S. Show that the inverse of s is unique. (This tell us that any element of an abelian
group has only one mate.)

3. Let S be a set with identity. Let s € S and assume that s has an inverse in S. Show that the

inverse of the inverse of s is equal to s. (This tells us that —( —s) = s.)
4. Let S be an abelian group. Show thatif a + ¢ = b + cthena = b.

5. Let S be aring. Show thatif s € Sthens-0 = 0.

2. The number systems Z, Q, R, and C

n
1. Prove that ) k = %n(n+ 1).
k=1

n
2. Prove that Y <2k— 1> =n2.
k=1

3. Prove that Y <3k—2> =2n(3n-1).
k=1
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. Define a = O, arp = la2k—l and Arr+1 = % + ary. Show that arp = % - (—) .

. Prove that Y k% = én(n +DH2n+1).
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. Prove that if n € Z . then 3 is a factor of n> — n + 3.

Prove that if n € Z. then 9 is a factor of 10"*! + 3-10" + 5.
Prove that if n € Z . then 4 is a factor of 5" — 1.

Prove that if n € Z( then x — y is a factor of x" — y".

Give an example of s € Q which has more than one representation as a fraction.
Show that /2 ¢ Q.

Show that \/§ & Q.

Show that /15 ¢ Q.

Show that 21 ¢ Q.

Show that 11'* ¢ Q.

Show that 16'° ¢ Q.

Show that 1/2 + \/§ & Q.

Give an example of s € R which has more than one decimal expansion.



22. Compute the decimal expansion of z to 30 digits.

23. Compute the decimal expansion of 2z to 30 digits.
24. Compute the decimal expansion of 72 to 30 digits.
25. Compute the decimal expansion of —z to 30 digits.

26. Compute the decimal expansion of 7! to 30 digits.
27. Show that .9999... = 1.00000... .

28. Compute the decimal expansion of \/5 to 30 digits.

29. Letz = x + yi with x, y € R. Show that 7! = ?(x — yi).

3. Orders

1. Define the following and give an example for each:
(a) partial order,
(b) total order,
(c) order,
(d) ordered set,
(e) maximum,
() minimum,
(g) upper bound,
(h) lower bound,
(i) bounded above,
(j) bounded below,
(k) least upper bound,
(1) greatest lower bound,
(m) supremum,
(n) infimum,
(o) intervals.

2. An ordered set S has the least upper bound property if it satisfies:
IfECS,E # @,and E is bounded above then sup(FE) exists in S.

3. An ordered set S is well ordered if it satisfies:

If E C S then E has a minimal element.

4. An ordered set S is fotally ordered if it satisfies:



Ifx,yeSthenx < yorx < y.

5. An ordered set S is a lattice if it satisfies:

If x, y € S then sup{x, y} and inf{x, y} exist.
6. Show that Q does not have the least upper bound property.
7. Show that R has the least upper bound property.
8. Whichof Z., Zs, Z, C have the least upper bound property?
9. Whichof Z., Zsy¢, Z, Q, R, C are well ordered?
10. Whichof Z. ¢, Z>¢, Z, Q, R, C are totally ordered?
11. Whichof Z ., Z>9, Z, Q, R, C are lattices?

12. Let S be a set. Show that the set of subsets of S is partially ordered by inclusion.

13. Define the following and give examples of each:
(a) ordered monoid,
(a) ordered group,
(a) ordered ring,
(a) ordered field,

14. Let S be an ordered field. Prove the following:
(a) Ifa € Sanda > 0then —a < 0.
(b) Ifa e Sanda >O0thena™ > 0.
(c) Ifa,be S,a>0and b > 0thenab > 0.

15. Let S be an ordered group and let x € G. Define the absolute value of x.

4.0rderson Z, Q, R, and C

1. Define the order

v

on Z>O.

2. Define the order

v

on Zz().

3. Define the order

v

onZ.

4. Define the order

v

on Q.
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. Show that % <

if and only if abd® < cdb?.
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Define the order > on R.

. Show that there is no order > on C such that C is a totally ordered field.

. Show thatif x, y,z € Rand x < yand y < z then x < z.

. Show thatif x, ye Rand x < yand y < x then x = y.

Show thatif x, y,z € Rand x < ythenx+z < y+z.
Show thatif x, y € Rand x > 0 and y > O then xy > 0.
Show that if x € R — {0} then x? > 0.

Show that if x, yE R and 0 < x < ythen y! < x7I.

(The Archimedean property of R) Show that if x, y € R and x € R then there exists n
€ Z > such that nx > y.

Show that the Archimedean property is equivalent to Z - ¢ is an unbounded subset of R.

(Q is dense R) Show that if x, y € R and x < y then there exists p € Q such that x < p <
y.

(R — Q is dense R) Show that if x, y € R and x < y then there exists p € R — Q such that
xX<p<y.

If x, y € R and x < y show that there exist infinitely many rational numbers between x and

y as well as infinitely many irrational numbers.

Let x € R.pand n € Z- (. Then there exists a unique y € R such that y" = x.
Find the minimal N € Z. ¢ such that n < 2" forall n > N.

Find the minimal N € Z. such that n! > 2" forall n > N.

Find the minimal N € Z such that 2" > 2n> for all n > N.

For each of the following subsets of R find the maximum, the minimum, an upper bound, a
lower bound, the supremum, and the infimum:



(@ A={peqlp®<2},

(b) B={peQlp*>2},

(c) Ey={reQlr<0},

d) E,={reqQr<0},

() E={ineZs},

® [0, 1),

(g) Zso,

(h) {x€eQx<0 or (x>0 and x2>2)},
() z,

0 [/2. 21,

® (2.2,

) {(xeRx="C neZ.),

(m) {(|n|+11)2nez}’

M {n+inez.}.

(0) {27 =3"|m, n € Zxy},
(p) {x € RIx? - 4x <0},
(@ {1+ x%x€R},

24. Let S be a nonempty subset of R. Show that x = sup S if and only if
(a) x 1is an upper bound of S, and

(b) forevery € € R there exists y € S such that x —e < y < x.

25. State and prove a characterization of inf § analogous to the characterization of sup S in the
previous problem.

26. Let ¢ € R and let S be a subset of R. Show that if Sis bounded thenc+S={c+s | s € R
} 1s bounded.

27. Let ¢ € R and let S be a subset of R. Show that if S is bounded then ¢S = {cs | s € R} is
bounded.

28. Let ¢ € R and let S be a subset of R. Show that sup(c + S) = ¢+ sup S.

29. Let c € Ry and let S be a subset of R. Show that sup(cS) = csup S.

30. Let ¢ € R and let S be a subset of R. Show that inf(c + S) = ¢ +inf S.

31. Letc € R<p and let S be a subset of R. Show that inf(¢S) = cinf S.



5. Absolute value

1. Let x € R. Define |x|.

2. Let x € C. Define |x|.

3. Let x € R. Show that |x] = |x + 0i].

4. Let x € R. Show that | — x| = |x].

5. Let x, y € R. Show that |x + y| < |x| + [yl.

6. Let x, y € C. Show that |x + yl < |x| + [yl.

7. Let x, y, z € R. Show that |x + y + zl < x| + [yl + Izl.

8. Let x, y, z € C. Show that |x + y + z| < |x| + |y + Iz|.

9. Let x, y € C. Show that |x + y|” + |x — y|* = 2(Ix12 + |y|).
10. Let x, y € C. Show that |x + y|> = IxI? + |y|* + 2Re(ab).
11. Let x, y € R. Show that [x + y| > | x| =1yl I.

12. Let x, y € R. Show that |x — y| > | x| =yl |.

13. Let x, y, z € R.Show that [x + y+z| > | |x|— Iyl —lz| |.

14. Give solutions to the following inequalities in terms of intervals:

(@) IxI> 3.
(b) 11 +2x| < 4.
() Ix+2[>5.

d Ix-=5<Ix+1].
(e) [x=2]<3or|x+1<1.
(f) Ix—2l<3and|x+1l<1.

a+e lal + €
15. Leta, b € R and let O < ¢ < |bl. Show that < )
b+e¢ bl + €
16. Prove thatif a;, az, ..., a, € Rthen [ Y a;| < Y |ay|-
k=1 k=1




n
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n
Zak
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17. Prove thatif a;, a,, ..., a, € R then agl-

6. Inequalities

1. (Bernoulli's inequality) Prove thatifa € Randa > -1 then (1 +a)" > 1+ na forne Z.

2. Prove thatif x € Rthen 1 + x < e*.
3. Prove that if x € R ( then log x > XT_I

4. Prove thatif x, ye Rspand p € Rwith 0 < p < 1 then (x + y)? < xP + yP.

5. (Jensen's inequality) Let I be an interval in R and let f : I — R be a convex function. If x|,

X, €Randiry, ..., 1, €[0, 1] with t{ + --- + 1, = 1, then f(t;x; + - +t,x,) < t1f(x1)
4+ + 4 f(X).
6. If x;, ..., x, ERsp and 11, ..., t, ER5o with t; + - +1, =1, then tyx; + -+ + 1,x, >

X1 1 ...xntn_



