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1. Numbers
Define the following sets and give examples of elements of each:
(a)   the set of positive integers,
(b)   the set of nonnegative integers,
(c)   the set of integers,
(d)   the set of rational numbers,
(e)   the set of real numbers,
(f)   the set of complex numbers,
(g)   the set of algebraic numbers.

1.

Let ab, c
d, e

f ∈ ℚ.

(a)   Define ab + c
d and ab

c
d.

(b)   Show that ab + ⎛⎝c
d + e

f
⎞⎠ = ⎛⎝a

b + c
d
⎞⎠ + e

f .

(c)   Show that if ab + c
d = c

d then ab = 0
1.

(d)   Show that if ab + c
d = 0

7 then cd = -a
b .

2.

Compute the decimal expansion of 3651
342 .3.

State and prove the Pythagorean Theorem.4.

Show that 2√ ∉ ℚ.5.

Graph ℤ> 0, ℤ≥ 0, ℚ, ℝ, and ℚ̅̅ , as subsets of ℂ.6.



State the fundamental theorem of algebra.7.

Compute and graph the following:

(a)   -15 + i
4 + 2i ,

(b)   (3 − 2i)3,
(c)   2i√ ,
(d)   (271/3)4,
(e)   27(4+1/3) .

8.

Compute and graph the following:

(a)   (
-1 + i 3√

2 )
3

,

(b)   (1 + i)n + (1 − i)n, for n ∈ ℤ≥ 0.

9.

Let z = x + i y with x, y ∈ ℝ. Compute and graph the following:

(a)   1z ,

(b)   z 4,

(c)   
|

|
|||
(3 + 4i)(-1 + 2i)

(-1 − i)(3 − i)
|

|
|||.

10.

Show that the conjugate of 
z

z 2 + 1
 is equal to 

z̅̅
z̄ 2 + 1

.11.

Define the following and give examples:
(a)   set,
(b)   subset,
(c)   equal sets,
(d)   union,
(e)   intersection,
(f)   product of sets,
(g)   emptyset,
(h)   function,
(i)   well defined function,
(j)   equal functions,
(k)   injective,
(l)   surjective,
(m)   bijective.

12.

Explain why x√  is not a function.13.

Define the following:
(a)   composition of functions,
(b)   identity map on S,

14.



(c)   inverse function,
(d)   x√ ,
(e)   x 1/7,
(f)   log( x),
(g)   sin-1 x,
(h)   tan-1 x,
(i)   cosh-1 x,

Define the following and give examples:
(a)   monoid without identity,
(b)   monoid,
(c)   group,
(d)   commutative monoid,
(e)   abelian group,
(f)   ring,
(g)   commutative ring,
(h)   field,
(i)   division ring.

15.

Define the following and give examples:
(a)   operation,
(b)   commutative,
(c)   associative.

16.

Give an example of an operation that is not commutative and not associative.17.

Give an example of an operation that is associative but not commutative.18.

Define the following sets and give examples of elements of each:
(a)   ℚ[x],
(b)   ℚ[[x]],
(c)   ℚ( x),
(d)   ℚ(( x)).

19.

Let D : ℚ[x]⟶ℚ[x] be a function such that
(D1) If f , g ∈ ℚ[x] then D( f + g) = D( f ) + D(g),
(D2) If c ∈ ℚ and f ∈ ℚ[x] then D(c f ) = cD( f ),
(D3) If f , g ∈ ℚ[x] then D( f g) = f D(g) + D( f )g and
(D4) D( x) = 1.
(a)   Compute D( x n), for n ∈ ℤ≥ 0.

(b)   Let f = c0 + c1 + c2 + c3 + c4 + ….   Show that ck = 1
k !(Dk f )||x = 0.

20.

Write the following as elements of ℚ[x]:21.



(a) 1 − x n

1 − x ,

(b) ex

(c) sin x
(d) sin(1 + x),
(e) cos x

(f) 1
1 − x ,

(g) (1 + x)7,
(h) (1 + x)1/7.


