Numbers,Sets, LinearAlgebra 2025 notes

4.8 The favourite space R?

The favourite example is R? = {(z1,x2) | 71,72 € R} with addition and scalar multiplication given by
(x1,22) + (y1,92) = (z1 +y1, 22 +y2)  and  c(x1,22) = (cw1,cx2), for c€R,

with inner product

RZxR? — Ry

(@y) — (zy) T by ((z1,22), (Y1, 92)) = 151 + 2292,

(1, 22)[| = ¢/ 2% + 23,

with norm
RQ — Rzg

given by

with metric d: R? x R? — Rx( given by

d((x1,m2), (Y1,42)) = [[(z1, 22) — (Y1, 12)|| = [l(z1 — y1, 22 — )| = V(21 — 91)? + (22 — 12)?,

with angle function 0: R? x R? — Ro,2x) given by

<(‘T17 xQ)? (y17 y2)> )
)/’

0((x1,22), (y1,2)) = afccos(um,mzm [

and
Be(z) = {y € R? | d(y,z) < ¢}

is the ball of radius € centered at = (yes, to stress, strongly, that we normally assume that the set R?
is endowed with lots of extra structures this is, intentionally, a very run-on sentence).
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Open balls in R2.
4.9 The favourite spaces R"
4.9.1 n-tuples are functions
Let n € Z~o. Identify n-tuples (z1,...,x,) of elements of R with functions Z: {1,2,...,n} — R so

that
z: {1,...,n} — R

the n-tuple (z1,...,x,) is identified with the function .
2 = I
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4.9.2 The vector space R"

Let n € Z>o. The space of functions from {1,2,...,n} to R is
R"™ = {(x1,22,...,2y) | i € R} = {functions Z: {1,...,n} — R}
with addition and scalar multiplication given by

(@1, 22, @) + (Y1, Y2, - Yn) = (@1 + Y1, 22+ Y2, .., Tn + yn) and
c(x1, T2, ..., oy) = (cx1,cT2,...,Tp), for c € R,

and with inner product (, ): R™ x R" — R>( given by

<($1,$2, ey xn)7 (917927 o 7y’n)> = T11 + T2Y2 + - TnYn,

with norm

R — Rxo . B \/ — 2
v o [z Svenby  llnm e an)l = el b ag g o,
with metric d: R™ x R™ — R>¢ given by

d((xluxza" . 7xn)a (y17y2)' . 7yn)) - ||($lax27" . 7xn) - (yl)y27"')yn)||
= @1 =y, 22— y2, - wn —ya) | = V(w1 —91)? + (22— 92)? + - + (20 — yn)?,

with angle function 6: R" X R" — R or) given by

(1,22, ..., 2n), (Y1, Y2, - - -1 Un)) >
I/’

O((z1, 22,y &n), (Y1,Y2s - -y Yn)) = arccos(
" " H(331;$27---,$n)H’||(?/17f927-~7yn

and
Be(z) ={y € R" [ d(y,z) < ¢}

is the ball of radius € centered at = (yes, to stress, strongly, that we normally assume that the set R"
is endowed with lots of extra structures this is, intentionally, a very run-on sentence).
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