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Sets, LinearAlgebra 2025 notes

13.4 Example proofs

The following example proofs have been chosen because they are results that are often assumed, are
needed for many topics in algebra and analysis and topology and are rarely proved carefully in an
undergraduate curriculum; facts like, if a # 0 then a?> > 0. These often seem “obvious”, until you
meet that first example, like a field witih 5 elements, where 2 # 0 and 22 = —1. After getting over
the initial shock, then one begins to wonder why such a fact might ever be true, and how it might be

proved when it is. It is proved in Proposition b), below.

13.4.1 An inverse function to f exists if and only if f is bijective.

Theorem 13.1. Let f: S — T be a function. The inverse function to f exists if and only if f is

bijective.

Proof.

=: Assume f: S — T has an inverse function f~': T — S.

To show: (a) f is injective.

(a)

(b) f is surjective.

Assume s1,s2 € S and f(s1) = f(s2).

To show: s1 = s9.

s1= [T f(s1)) = f f(52) = s2.

So f is injective.

LetteT.

To show: There exists s € S such that f(s) =t¢.
Let s = f~1(t).

Then

So f is surjective.

So f is bijective.
<: Assume f: S — T is bijective.

To show: f has an inverse function.

We need to define a function ¢: T'— S.

Let

tefT.

Since f is surjective there eists s € S such that f(s) = t.
Define o(t) = s.
To show: (a) ¢ is well defined.

(a)

(b) ¢ is an inverse function to f.
To show: (aa) If t € T then p(t) € S.
(ab) If t1,t2 € T and t; = t2 then ¢(t1) = ¢(t2).

(aa) This follows from the definition of .
(ab) Assume t1,t2 € T and t; = to.
Let s1,s9 € S such that f(s1) =t and f(s2) = to.
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Since t1 = to then f(s1) = f(s2).
Since f is injective this implies that s; = so.
So ¢(t1) = s1 = s2 = (t2).
So ¢ is well defined.
(b) To show: (ba) If s € S then ¢(f(s)) = s.
(bb) If ¢t € T then f(p(t)) = t.

(ba) This follows from the definition of .
(bb) Assume t € T.
Let s € S be such that f(s) = t.
Then

fle) = f(s) =t
So wo f and f o ¢ are the identity functions on S and T', respectively.

So ¢ is an inverse function to f.

13.4.2 An equivalence relation on S and a partition of S are the same data.
Let S be a set.

e A relation ~ on S is a subset R of S x S. Write s1 ~ s9 if the pair (s1,s2) is in the subset R~
so that
R. ={(s1,52) € S xS | s1~ sa}.

e An equivalence relation on S is a relation ~ on S such that

(a) if s € S then s ~ s,
(b) if 51,82 € S and s1 ~ s then s9 ~ sq,
(c) if s1,82,83 € S and s1 ~ sg and sy ~ s3 then s; ~ s3.

Let ~ be an equivalence relation on a set S and let s € S. The equivalence class of s is the set
[s]={te S|t~ s}
A partition of a set S is a collection P of subsets of S such that

(a) If s € S then there exists P € P such that s € P, and
(b) IfPl,PQ €Pand PLN P, 7é () then P =D,.

Theorem 13.2.

(a) If S is a set and let ~ be an equivalence relation on S then
the set of equivalence classes of ~ s a partition of S.
(b) If S is a set and P is a partition of S then
the relation defined by s~t ifsandt are in the same P € P

is an equivalence relation on S.

Proof.
(a) To show: (aa) If s € S then s is in some equivalence class.
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