Numbers,Sets, LinearAlgebra 2025 notes

5 exponentials, derivatives and integrals

5.1 The number system Q[[z]|, the exponential and the logarithm

The number system Q[z] is the collection of polynomials in a variable = with coefficients that are
rational numbers. Addition, multiplication and scalar multiplication are operations with polynomials.
If r € Zsg then (1 —2)(14+x+2%2+---+2"71)=1—-2" and

1—2"
1—z

=l+o+ai+. a2 in the number system Q[z].

The number system Q[[z]] is the collection of, possibly infinite, polynomials.
Favorite elements of Q[[z]] are

1
§:1+x+x2+x3+x4+---, log(l —z) = —(z + 327 + 22 + -+ ),
1
T =l—-z4+a?—23+2t— .., log(1+:c):$—%x2+%$3—%x4+-~,
x

ex:1+x+%x2+%x3+---,

The number e® in the number system Q[[z]] is the most important number in mathematics:

e” is the most important number in mathematics.

The derivative with respect to x is the function % : Q[[z]] — Q[[x]] determined by
dx dlerf +cag9)  df dg d(fg) ,dg  df
T R PR e

for c1,c2 € Q and f, g € Q[[]].

d T
HW: Prove, by induction on r, that if » € Z>g then dx =zt
= x
HW: Take derivatives with respect to x and check that
de® dlog(l — x) 1 dlog(l1+z) 1
de dx S 1-2’ dx S l+4a

HW: Show that

if zy = yx then e*Y = e%eY.

HW: Show that Je
eV =1, et =— and X _em,

e dx

HW: Show that e” is characterized by the conditions ‘% =e% and e = 1.
HW: Show that if f(z) € Q[[z]] satisfies f(z +y) = f(z) + f(y) then

there exists a € Q such that f(z) = .

HW: Show that el°s(1+7) =1 4 2.
HW: Show that log(e”) = x.
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5.2 Hyperbolic functions

The hyperbolic functions sinh z and cosh x are given by

sinh(z) = 3(e” —e™™) and cosh(z) = $(e” +e™7).
Define
sinh x 1 1 1
tanhx = tha = hx = h x = .
N OMT = ST Coshz’ SRT = Sinha
HW: Show that
sinh(z) = = + §2° + 2° + -+ and cosh(z) =1+ H2? + Lot + -+

HW: Show that e® = coshx + sinh x and e % = coshx — sinh z.

5.3 Circular functions

Let i € C be such that i2 = —1. The circular functions sinz and cos x are given by
cos(z) = 5(e™ + e ™) and sin(z) = (—i)4 (e — e™™).
Define
tan(x) = (83:;((::3))’ cot(z) = ij((j)), sec(z) = cosl(:c)’ cse(x) = sinl(m)'

HW: Show that

cos(z) =1 — Fa® + fat — - and sin(z) = o — Ha° + F2° — -

HW:. Show that e’ = cos(x) + isin(x) and e~ = cos(z) — isin(x).

R/

D-i=zg
sines and cosines of the favorite angles

For a,0 € R, let r = e* and x = rcos(f) and y = rsin(¢). Then

z =0 = % = re¥ = r(cosf + isind) = (rcosf) +i(rsinf) = x + iy.
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5.4 Inverse “functions”

V/Z is the “function” that undoes z2. This means that

Va2 =z and (Vr)? = 2.
log x is the “function” that undoes e®. This means that

log(e®) =z and 8T — o,

f dz is the “function” that undoes g . This means that

T

%dx:f and jx(/fdﬂf):f-

arcsing is the “function” that undoes sinx. This means that

arcsin(sinz) = z and sin(arcsinz) = x.
arccosz is the “function” that undoes cosz. This means that

arccos(cosx) = x and cos(arccosz) = .
arctanz is the “function” that undoes tanz. This means that

arctan(tanx) = x and tan(arctanz) = x.
arccotx is the “function” that undoes cot . This means that

arccot(cot ) = x and cot(arccotx) = x.
arcsecz is the “function” that undoes sec . This means that

arcsec(secz) = x and sec(arcsecx) = x.
arccscr is the “function” that undoes cscx. This means that

arcesc(cscx) = x and csc(arcesex) = x.
log,, = is the “function” that undoes a®. This means that

loga(a‘ﬁm Sin32y — /Tri sin 32 and @08 (VTmisind2) — /7 gin 32,

WARNING: In spite of the name, an inverse “function” is rarely a function. The output of an
inverse function is usually a set of values, as opposed to a single value. For example

V9 ={3,-3} since 32 = 9 and (-3)%2 = 9.

Similarly, ‘ ‘
log(1) = {0 + k2ir | k € Z}, since e0TRET — (gi2mk — 1k — 1,
and
d(x? de? d
/2wdm = {2® + ¢ | c is a constant}, since dz”+¢) = ot 0=22
dz dr  dx

when ¢ is a constant.
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