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4 Poblya Theory

Pélya theoryf is based on the simple idea that, for example it may be easiest to count a flock of sheep
by counting their feet and then dividing by four. We have already seen this principle used in counting
circular arrangements with n different letters (we counted the linear arrangements, n!, and divided by
the number of letters, n). In this chapter we will use it to solve problems like

e counting the number of necklaces with n beads of ¢ possible colours.

e counting the chemical compounds which can be derived by the substitution of a given set of
radicals in a given molecular structure.

4.1 Burnside’s Lemma

In this section we prove the fundamental lemma on which Pélya theory is based. This lemma gives a
formula for the number of orbits of a group G acting on a set {2. In our previous analogy, the orbits
are the sheep, (2 is the set of fett and G determines the relationship between the feet and the sheep.

We will be concerned in this chapter only with finite sets and finite groups.

Definition. A group G acts on a finite set 2 if for all @ € Q and g € G, g(«) is defined as an element
of 2, and in addition

(i) gh)(a) = g(h(a), for all g,h € G and «a € Q.

(ii)) 1(a) = a, for all a € Q.

We say that g moves a to g(a).

Note. The correspondence 0: o — g(«), defines a permutation of €2, since if 6(a1) = 6(az), then
g(a1) = g(az) and so g7 (g(a1)) = g7 (g(a2)) and thus 1(a;) = 1(az), and a1 = as by (ii). This
shows that 6 is one-to-one and so a permutation of €, since €2 is finite.

Example 1. We will describe an action of the group G of symmetries of a square on the set €2 of
1 2

colourings of the vertices of the square, . There are sixtenn ways in which we can colour the
4 3

vertices with two colours, black (B), and white (W). Each of these is called a colour scheme, and the
set of colour schemes is the set (2.

First, we describe the group of symmetries of the square.

There are two types of transformations of the square which preserve its structure; frou rotations,
one of which is the identity transformation 1 which leaves the square fixed, and four reflections.
These form the dihedral group D4. THe rotations themselves for a subgroup of Dy, generated by the
1 2 3 4
2 3 41
o3 are clockwise rotations through 180° and 270° repsectively. Clearly, 02 = (13)(24), 0% = (1432),
ot =1.

permutation, o = ( >, which represents a clockwise rotation of the square through 90°. o2,

Developed by George Pélya ( 1935), to count collections of objects possessing some symmetry, for example chemical
compounds. See Pdlya’s “Kombinatorische Anzahlbestimmungen fiir Gruppen, Graphen und Chemishe Verbingungen”,
Acta Math. 68 (1937), 145-254.
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The four reflections can be expressed in terms of o and the reflection 7 = (12)(34). Thus, interpreting
o7 to mean that 7 acts first and o second, we have

(13) = o7, (24) =037, (14)(23) = o*7.

Next we describe the natrual action of the group of symmetris on the set of colour schemes.

The colour schemes can be displaysed as actual squares, e.g.

[ ]

1—-B, 2—=W, 3—B, 4—W.

or, as functions ¢: {1,2,3,4} — {B, W}, e.g.

The elements of Dy act on the colour schemes of the square in the following way. If ¢ is a colour
scheme and g € Dy, then

(90)(i) = d(g™'(#),  for i=1,234.
Let’s check that this is an action of D4 on €.

(19)(i) = ¢(1(7)) = (i), fori=1,2,3,4.
Hence (1) = ¢, so (ii) holds.

If g,h € G, then

So, (gh)(¢) = g(h(qb)) for all ¢ € Q. So (i) holds.

Note. If ¢ is a colour scheme of the square, then geometrically, c¢ would be the colour scheme
obtained by rotating ¢ clockwise through 90°.

Three tmportant sets related to group actions

Definition. The orbit of a € 2 under the action of the group G is the set of eleents of €2 to which «
is moved by elements of G, i.e.,

Orbg(a) = {g(a) | g € G},

i.e. the set of elements of 2 which « is moved to by elements of G.

Definition. The stabilizer of o € € under the action of the group G is the set of group elements
which fix a, i.e.,

Ga:{g€G|g(Oz):oz},

i.e. the set of group elements which don’t move «.
Definition. The set of elements of € fized by g € G is
Fixg(g) = {a € Q[ g(a) = o},
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i.e. the set of elements of 2 which are not moved by g.

Note. The sets Orbg(a and Fixq(g) are subsets of €2, whereas G, is a subset of G. In fact G, is a
subgroup of G since,by (ii), 1 € G, and if g, h € G4, then clearly g~ h=1 gh € G,.

Let’s look at these sets in the context of Example 1.

q
Example 2. The orbit of is the set
[
q q ]
own ([ J)-L L L1 ][]
L [ J
q
If o = then G, = {1, (14)(23)}.
[

If g = (14)(23) then

Fixq((14)(23)) = : , I:I ,

There is an imporatnt numerical identity which shows that the sizes of the sets Orbg(a and G, are
determined by the other, once |G| is known.

Lemma 4.1.
|Go||Orba(a)| = |G|, for a € Q.
Proof. The idea is to look at the lset of left cosets of Gy, i.e. then sets 2G, = {zy | y € Go}.

These all have the same size as G, since the mapping,
Yy =y,

is a one-to-one correspondence between G, and xG,,.

Moreover two cosets £1G, and z2G,, are either identical or disjoint. To see this suppose z € £1Gq N
29Go. Then z = 21y = xays for some yq,y2 € G,. Hence 21 = xgygyfl € r9G, and so 1G,, C 129G,
Similarly oG, C z1G,. This shows that if two cosets have an element in common then they are
identical.

This means that G is partitioned by cosets £1Gq, 290Gq, 3Gq, - . ., £ Gq, all of the same size.
In other words,
|G = k|G|
It remains to show that k = |Orbg(a)|. We do this by showing that
0: 2;Go — zi(),
defines a one-to-one correspondence between the set of cosets,

{l‘lGa, :EzGa, e ,."L‘kGa},

and Orbg(a). This will complete the proof of the lemma.

First, (z;Go) = 0(2;Go) = zi(a) = zj(a) = :rj_lxi € Go = 2,Go = 2;Gn. So 0 is one-one. On
the other hand, if g(a) € Orbg(«), then g € x;G, for some i. So g = x;y, for some y € G4, and
hence g(a) = (zy)(a) = (;(y(a)) = x;(a)). Then 0 is also onto, hence a one-one correspondence as

asserted. O
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Note. Just as the left cosets of G, for given a € €, partition G, it also happens that the orbits of G
are all disjoint or equal, and hence partition 2. To see this, suppose

B € Orbg(ai) N Orbg(az).
Then 8 = g(a;) = h(ag), for some g,h € G. But then h~'g(a1) = az, which forces as to be in the
same orbit as aj. So Orbg(a1) = Orbg(az).

We are ready to prove the main result of this section.

Lemma 4.2. (Burnside’s Lemma) The number of orbits of the group G acting on the finite set §)
18,

& 2 IFisc(a)l (3)

geG

Proof. Let 1,9, ...,8,, be the orbits of G acting on 2. Then
Q=0 U U---UQ,.

Clearly,
Fixq(g) = Fixq, (9) U--- UFixq,(9),

S0,

> [Fixa(g)l = > > IFixe,(9)];

geG geqG i=1

counts the number of eleemts in this set of points,

X

(a,9) | Qg € G,g(a) = a}
(Oz,g) | OélQ,g € Gag € FIXQ(Q)}
(,9) | Qg € G, g € Ga}.

I
A

Hence,

> IFixa(9)l = > |Gal

geG i=1 aef;

— 2 Z Orba(a)] by Lemma 1,

Thus n|G| = >, . |Fixa(g)|, which completes the proof. O

geG
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Example 3. Consider the group G = (o) (the rotations of Example 1), generated by o = (1234), and
let  be the set of colour schemes of the square by two colours. We find

Fixo(1) = ©,

Fixq (o) = Fixg(c?) = I:I )
{1 1. 0 T

Hence by Burnside’s Lemma, there number of colour schemes of the square, distinct up to rotation, is

1(16 +2+2+4) = 6.

(Another interpretation, : the number of colour schemes of the square, distinct circular, planar,
arrangements of length four which can be made with beads of two colours, is 6.)

We can easily list the possible distinct colourings:

HeESEGENEpE

4.1.1 Exercises with Answers

1. Let G = Dy, and let  be the set of colour schemes of the square in Example 1. Find the number
of orbits of G acting on 2, and interpret this as a problem of counting necklaces. 6]

2. Show that the set of rotations and reflections of the square form a group.
[Hint: Write out the multiplication table.]

(i) Determine the number of distinct ways of colouring the vertices of an equilateral triangle, using
two colours, if the triangle is free to move in the plane, but not in 3-space. If the triangle is free
to move in 3-space. [4; 4]

(ii) Do part (i) including a third colour. [11;10]

4.2 The Cycle Index Polynomial

In Example 1 we began with a group G of permutations of the set {1,2,3,4} (the rotations and
reflections of a square). We found that G acted on a larger set  of colour schemes of the square (that
G was also a permutation group on the set 2). So far we haven’t taken much notice of the actual
elements of G.

A great insight of Pdlya was to observe that elements of G with the same cycle structure made the
same contribution to the sets of fixed points. He invented the cycle index polynomial to keep track of
the cycle structure of the elements of G.

Definition. Let G be a permutation group on the set X, where |X| = n. For g € G, let by(g) be the
number of cycles of g of length k. Then the cycle index polynomial of G, as a permutation group on
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the set X, is the polynomial in n variables =1, zs, ..., T,

1 bi(g) b
P(G,X)([Ijl,xg, .. ,.ill'n) = @ g%;xll(g)x;(g) e xzn(g)

If X is implicit from the context, we may write Pq x) = Fg.

Application to counting problems

Let C be a finite set (it’s good to think of C' as a set of colours). Let £ be the set of all functions
¢: X — C (we can think of Q as the set of all possible colour sequences of the points in X).

The group G acts on € in the following natural way. For g € G and ¢ € (), we define,
(9d(x) = ¢(g~'x),  forallze X.

[The verification that this is a group action is the same as that given in Example 1.]

Terminology. As before, an element of (2 is often called a colour scheme, and an orbit of G acting
on {2 is a pattern.

Theorem 4.3. (Pdlya) The number of patterns of G acting on  is
P(G,X)(|C’a ‘C|’ ceey ‘CD

Proof. By Burnside’s Lemma, the number of patterns (orbits) is

|(1;‘ S Fixa(g)],

geG

where Fixq(g) = {6 € Q | g = ¢}.

We will see that g fixes a colour scheme ¢ if and only if ¢ colours the elements of each cycle of g with
the same colour.

If g¢ = ¢, then (g¢)(z) = ¢(z), so ¢(¢g~'x) = ¢(x), for all x € X. In particular, this holds for
Tr = yag(y)ng(y)7 SRED) where Yy e X.
Hence ¢(y) = ¢(g7"'y) = 897" 9(y)) = ¢(9(y)), so

THis means that if g fixes ¢ then ¢ assigns the same colour to each element of any cycle of g.

Conversely, if ¢ is such that each cycle of g is coloured with the same colour then g~ 'z and z have

the same colour for each z € X, i.e. ¢(g7'z) = ¢(z), and so (g¢)(z) = ¢(x), for each z € X. We
conclude that gp = ¢ (g fixes ¢).

This completes the proof of our assertion, that the elements in Fixq(g) are precisely those with colour
the elements of any cycle with just one colour.

Hence, |Fixq(g)| = |C|"*@)|C|*2(9) ... |C|*2(9) which completes the proof of the theorem. O

Example 4. Let G = (o) and Q be as in Example 3.
The cycle index polynomial of G is

Po(xa, 29, 13, 74) = (2] + 23 + 274).
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[In this case, X ={1,2,3,4}.]
Hence by Pélya’s theorem, the number of orbits of G on €, (C' = {B,W}) is (21 + 2% +2-2) =6 as
before.

Example 5. How many distinct necklaces can be made containing six beads, if the beads can be
chosen from 3 different colours? [Two necklaces will be regarded as equivalent if the beads of one can
be brought to the same position by rotations and reflections, as the beads of the other.]

Let G be the group of rotations and reflections of a regular hexagon, and Q the set containing the 3%
possible colour schemes of the hexagon, using three colours. Clearly, the answer to our problem is the
number of patterns obtained by the action of G on .

The group G is the dihedral group Dy, consisting of six rotations (including the identity) of the
hexagon, and six reflections (three about the lines through opposite pairs of vertices, and three about
lines through the midpoints of opposite pairs of edges). If we label the vertices 1,2,3,4,5,6, the
rotations can be written as

1,  o=(123456), o2 =(135)(246), o° = (14)(25)(36),
ot = (153)(264), o = (165432),

and the reflections can be written as,
(26)(35), (13)(46), (15)(24), (16)(25)(34), (12)(36)(45), (14)(23)(56).
The cycle index polynomial is,
Pg(z1, 22,3, 24, T5, T6) = 11—2(36? + 32325 4 4a3 + 22 + 3% + 215).
So, by Pdlya’s theorem, the number of patterns (and hence, distinct necklaces) is

L(3043.32.3244.3%4+2.3212.3) =92
4.2.1 Exercises with Answers

1. Let G = (o), where o = (12345) represents the five rotations in the plane of a regular pentagon.
Let © be the 3% colour schemes of the pentagon using three colours. Find the cycle index poylnomial
of G and the number of patterns of G acting on . [£(af + 4as); 51]

2. Let V be the set of vertices of a cube and let G be the group of permutations of V' produced by
rotations of the cube. Determine the cycle index polynomial of G and the number of distinct ways of
colouring the vertices of a cube with two colours [distinct with respect to rotations of the cube).
[ (28 4 923 + 627 + 8zFa3; 23]
3. Let E be the set of edges of a cube and let G be the group of permutations of £ produced by
rotations of the cube. Determine the cycle index polynomial of G and the number of distinct ways of
colouring the edges of a cube with two colours [distinct with respect to rotations of the cube).
[2—14(@2 + 32§ + 873 + 623 + 623x3; 218]

4.3 Polya’s Inventory Theorem

In Example 5, we found the number of necklaces of six beads in three colours. In this section, we
refine our methods to enable us to count, for example, the number of necklaces of six beads, two of
which are red, three green and one blue.
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The idea is to introduce a weight to each colour scheme. By adjusting the weights we will be able to
pick out specific schemes.

Again, let G be a permutation group on the set X, C' a set of colours, € the set of colour schemes
o: X — C.

Definition. Let A be a commutative ring with identity (the elements of A are called weights). Let
w:C— A

be any function with domain C and target A. Then the weight of a colour scheme ¢: X — C, with
respect to w, is,

w(e) = [ we(=)).

zeX

Note. Colour schemes in the same orbit under the action of G have the same weight. To see this
consider g¢ for g € G, ¢ € (.

w(ge) = [ w((99)(x))

zeX

= ][ w((@)(g~"2)).

zeX

As z ranges over X, so does ¢!

x, since g~! is a permutation of X. Hence H w(p(g'z)) and
reX
H w(¢(x)) are products of the same elements of A, though possibly in different orders. Since A is

zeX
commutative, we conclude that w(gg) = w(¢).

Definition. Suppose A is an orbit of G on 2 (a pattern). THe weight of A is just the weight of any
colour scheme in A. That is,
w(A) = w(e), for any ¢ € A.

Definition. The pattern inveSntory, I, of the action of G on ), with respect to w, is the sum of the
weights of the orbits. That is

I= Y w@). (3)

A an orbit
of G on Q2

Our aim is to find an expression for I in terms of the cycle index polynomial. Towards this end we
first generalize Burnside’s Lemma.

By Lemma 1.1,
AllGal = [GI,  for ¢ € A.
So
1
A) = —
w(A) ‘A|a€§;w(¢)
|Gyl
TArw(?)
2
1
= — G
] 2 1Gelet)

48



Wehrhan — Combinatorics, typed by Arun Ram version: November 22, 2025

Hence, (3) can be written as,

= 3 way= ¥ @Zﬁrww(@

A an orbit A an orbit
of G on Q of G on Q

| Z |Golw(o

P

DI

€Q) 9€G
d) go=¢

al Z Z (interchanging sums). (4)

geG ¢>e§2

The identity given in is the desired generalization of Burnside’s lemma.

Lemma 4.4. (Weighted Burnside Lemma.)

D S ISR DI 5)

A an orbit geG ¢€Q
of G on Q gp=¢

To see that this is a generalization, take w: C' — A to be the function defined by w: ¢ — 1, for c € C.
Then w(A) = 1 for any orbit A, so Z w(A) is the number of orbits of G acting on Q. Also

A an orbit
of G on Q

w(¢) =1 for any ¢ € €, so the right-hand side of (5), becomes ’a Z |Fixq(g)
geG

We are ready to prove the main result of this section.

Theorem 4.5. (Pdlya Inventory Theorem.)

I= Z W(A):P(G,X)(p17p27"'7pn)7

A an orbit
of G on Q

where | X| =n and pr, = Y ccw(c)® is the kth power sum of the weights of the colours.
Proof. From the weighted Burnside Lemma, it remains to prove that

Z CU(@) _ Z w(qb)pl{l(g)p?(g) . .pZn(g),

PR eFix
o) ¢ a(g)

where by (g) is the number of ccles of g of length k.

We have already seen in Theorem 2.1, that Fixg(g) consists precisely of those colour schemes which
colour each cycle of G with just one colour. What is the weight of such a colour scheme? To answer
this, suppose g consists of ¢ cycles, whose elements define the sets X, Xo, ..., X; (which partition X).

If ¢ € Fixq(g) then,

= [[ w(o()

zEX

—HW DXl
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where z; is any element of X; (these are all coloured by the same ¢ € Fixq(g)).

Hence

S w@=Y Y ¥ [[etote™

¢€Fixa(g) cZG’C?t i=1

(5 Itte ) 5 Tlotoen™) - (5 et ) 0

c1eCi=1 c1eCi=1 c1eCi=1

But ¢ has bi(g) cycles of length k, so @ can be written as

> wie) =11
¢€Fixq(g) k=1 ceC
11

This completes the proof. O

Example 6. Return to Exmaple 5. Suppose the colours are black (B), white (W) and red (R). How
many necklaces have at least one red bead? How many have three red beads, two black beads and
one white bead?

As before G is the dihedral group D4, which is a group of permutations on the six vertices of the
hexagon. The cycle index polynomial, from Example 5, is,

Pg = 1—12(:U(15 + 423 + 222 + 26 + 32223).
Let A= Q[z] and w: C — Q[z] be defined by w(R) = z, w(B) = w(W) = 1. Then p;, = 2F + 1% +1F =
zF + 2, for k =1,2,3,4,5,6. So the pattern inventory is, by Theorem 3.2,
I= —(( +2)% +4(2* +2)> + 2(2° + 2)® + 2(2® + 2) + 3(z + 2)*(2* + 2)?)
= 2% + 22° + 92" + 162° + 292° + 20z + 15.

The coefficient of z* now gives the number of necklaces having i red beads [1 has six red beads, 2 have
five red beads, ..., 15 have no red beads.]

The total number of necklaces is,
14249416429+ 20+ 15 =92,

as in Example 5. So the number of necklaces with at least one red bead is 92 — 15 = 77.

To count the number of necklaces with three red beads, two black beads and one white bead, let
A =Q[z,y,2] and w: C — A be defined by w: R+ z, w: By, w: W > z.

Then the pattern inventory is,

I=35((r+y+2)° +4@° +y* +2%)° +2(2° + 3 + 2°)?
+2(2% + 4% + 2% + 3z +y + 2)% (2 + 2 + 22)P).
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We want the coefficient of 23y%2z. The terms involving x>y are given by

15 ((35.)2%%2 +3(222) (22%y")) = 5 (5 +12)
= 6.
So there are six necklaces of length 6, with 3 red beads, 2 black beads and 1 white bead.

Example 7. Porphyrins are chemical compounds derived from porphirﬂ which has the structure shown
below (somewhat simplified).

The numbers 1 to 8 indicate sites at which substitutions by radicals may take place.
How many porphyrins are there, having two types of radical, four of each kind?

To answer this, we need to determine first the group G, of symmetries of the above structure. This
consists of eight elements,

(1) the identity transformation, 1;

(2) three rotations, clockwise by 7/2, w, and 37/2, giving the elements,

o = (1357)(2468), 0% = (15)(26)(37)(48), o> = (1753)(2864);

(3) four reflections: two about the vertical and horizontal axes of the structure respectively, and two
about diagonal and off-diagonal lines. These are given by

T = (12)(38)(47)(56), To = (18)(27)(36)(45),
To? = (16)(25)(34)(78), To3 = (14)(23)(58)(67).

Hence the cycle index polynomial of G is
P = &(af + 5z + 223).

If we take C' = {r, s}, a = Q[r,s] and w: C — A, defined by w: 7+ 7, w: s+ s, the pattern inventory
is
I=3((r+s)8+50+ ) +2(r* +5)%).
We want the number of porphyrins with four of each of the radical r and s, which is given by the
coefficient of r*s%, i.e. by,
1//(8 4 —
5((4) +5(2) +2- 2) = 13.

Hence there are 13 possible such porphyrins.

See G. Pdlya and R.C. Read, Combinatorial Enumeration of Groups, Graphs and Chemical Compounds, Springer
(1987), p. 124.
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4.3.1 Exercises with Answers

1. In Example 7, determine the number of porphyrins having three types of radical, four of the first
kind, two of the second and two of the third. [60]

2. A roulette wheel has 15 locations, at regular intervals, to be coloured with three colours. Two
colour schemes are considered to be the same if one can be obtained from the other by a rotation in
the plane. Determine the cycle index polynomial for the relevant group of rotations, and find the total
number of possible patterns. How many patterns have 9 positions coloured with one colour, 5 with
the second and 1 position coloured with the third colour? [ (z1® + 223 + 423 + 8215); 956,635; 2002]
4.4 Problems 3

1. Let X = {1,2,3} and G = S5 be the group of all permutations of X. Let C' = {1,2} and define
w: C — Z[z,y] by w(l) =z and w(2) = y.

(i) Write out all 8 functions from X to C' and find their weights.
(ii) Find the orbits of G on the functions found in (i).

(iii) Compare your solution to (ii) with the pattern inventory found by Pdlya’s theorem.

2. (de Bruijn) Let m be a fixed integer, and let n = 2m + 1. Consider the 10" numbers of n digits
(a number might start with one or more zeros), each number being printed on a card. Two cards
are considered the same if one of them can be transformed into the other by putting it upside down
(for example, 0698161 is regarded the same as 1918690, since 0,6,9,8,1 cannot be distinguished from
0,9,6,8,1, respectively, under the transformation). Show that the number of different cards is

3. A cylinder (with circular base) is coloured with n horizontal strips in ¢ colours. In how many ways
can this be done?

4. A cylinder (with circular base) is coloured with n vertical strips in ¢ colours. In how many ways
can this be done?

5. Write out the cycle index polynomial of the group D,. Consider the set of all necklaces that can
be formed using eight beads coloured red, green or blue. Find the pattern inventory, and determine
how many patterns there are with three red beads, two green and three blue beads.

6. Let F be the set of faces of a cube and let G be the group of permutations of F' produced by
rotations of the cube. Determine teh cycle index polynomial of G and the number of distinct ways of
colouring the faces of a cube with ¢ colours (distinct with respect to rotations of the cube).

7. (Bill Unger) Suppose G acts on X and bi(g) denotes the number of k-cycles in X (of the action of
g € G on X). Also suppose we know by : G — N. Show that b,: G — N is given by

bul(g) = % > nu(R)bi(gh).

kln

Find the cycle index polynomial of G.
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