Algebra notes, Arun Ram March 11, 2024

1.9 Lecture 9: Finitely generated modules over a PID
A principal ideal domain (PID) is a commutative ring A such that
(a) (Cancellation law) If a,b,c € A and ¢ # 0 and ac = bc then a = b,
(b) (Principal Ideals) If I is an ideal of A then there exists m € R such that
I =mA, where mA = {cm | c € A} = A-span{m}.

Let A be a PID and let M be an A-module. Let B C M. The submodule generated by S is
A-span(B) = {c1b1 + - - cxbg | k € Zso, c1,...,cx € A, by, ..., b € B}.
The module M is finitely generated if there exists a finite set B C M such that M = A-span(B).
Proposition 1.22. Let A be a PID and let M be an A-module given by generators
ayymy + -+ - +ayjsms =0,
generators mi,...,mg € M and relations :
aggmi + -+ agsms = 0.
Let P € GLi(A), Q € GLs(A), k = min(s,t) and dy,...,d € A such that
A=PDQ, where D = diag(dy, ..., d).
Then M s presented by
generators  by,...,bs and relations dib1 =0, ..., dibp=0.
Theorem 1.23. Let A be a PID and let M be a finitely generated A module. Then there exist
k.t € Z>o and dy,...,d, € A such that

A A
M2 —@ - &—a&A¥

diA dpA
Special cases of A/dA are
A . o A A
O—A—A and if u € A* then M—K—O.

Theorem 1.24. (Chinese remainder theorem) Let A be a PID and let d € A.
Assume d=pq with ged(p,q) = 1.

Then there exist r,s € A such that 1 = pr + gs and
A ~ A A
dh 7 AT gh
pr+pgh = (0+pA1+qA) is an A-module isomorphism.
gs+pqA  — (14 pA,0+qA)
1+pgA — (1+pA/1+qA)

Proof. . Let r;s € A such that pr 4+ sq = 1. Then

1 0\ _ (pr+qs O\ (p q\(r —q\ (1 1\ (p O\ (r —q
0 pq) 0 pg) \0 ¢q/\s p/) \O 1)J\0 ¢/\s »p
Using this and the method of proof of Proposition gives

pA T gA  1-A 7 pgA pgA  pgA’
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1.9.1 Proof sketches

Proposition 1.25. Let A be a PID and let M be an A-module given by generators
airmy + - -+ aisms = 0,
generators mi,...,mg € M and relations :
appmy + -+ agsms = 0,
Let P € GLi(A), Q € GLs(A), k = min(s,t) and dy,...,d € A such that
A=PDQ, where D = diag(dy, ..., dy).
Then M is presented by
generators by, ..., bs  and relations diby =0,...,dpb = 0.
Proof. Fori e {1,...,s} let
bi = Qiimi + -+ Qisms,  sothat  my; = (Q i1+ -+ (Q7 1) sbs,

for j € {1,...,s}. Thus generators (m) can be written in terms of generators (b) and vice versa. Since
Zaijmj = ZaijQ;klbk = Zpikdkbk: =0
J gk k

then the relations (m) can be derived from the relations (b). Since
diby = Z(Pil)kjaijil)lkbk = Z(Pil)kjajlml =0,
i,7,0 .5,
then the relations (b) can be derived from the relations (m). O

Theorem 1.26. Let A be a PID and let M be a finitely generated A module. Then there exist
k.t € Z>o and dy,...,d, € A such that

A A
M~ ... — @ A%
Y
Proof. Since M is finitely generated there exist s € Z~g and myq,...,ms € M such that
A% 2 M

M = A-span{my,...,ms}, Define and let K = ker(®).

€; — my
Since A satisfies ACC and A% is a finitely generated A-module then
the A-submodule K is finitely generated.

So there exist t € Z~q and

ar = (a11,---,0a15), - ar= (a1, .., a05) in A®s such that K = A-span{ai,...,a;}.
Since A®
M =
K

then M is presented by

ajimy + -+ - +ajsms =0,

generators mi,...,mg e M and relations :
appmy + -+ agsms = 0,
Then use the previous proposition to produce the isomorphism M = d% DD d%& ® A%, O
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