Algebra notes, Arun Ram March 9, 2024

3.6 Tutorial 2: NEW MAST30005 Semester 1: Last week’s theorems

Last week we covered the following theorems. Write careful proofs of each.

Proposition 3.5. Let F be a field and let F be an algebraically closed field containing F. Let o, 3 € F
and let c € F. Let ay, ..., be the roots of mor(x) and let By, ..., Bs be the roots of mgp(x) so that

Map(@) = (@ —a) - (r—ar) and  mgp(@)=(r—F) - (x-p)  inFa],

and o = aq and B = (B1. Assume that

c M ] T}, 7 st with (2,9
9?{ (a—a) lie{l,...,r},je{l,...,s} th(,]);«é(l,l)}.

then
F(a,8) = F(a + cB).

Theorem 3.6. Let F be a field and let K be the splitting field of a polynomial f(x) € Flzx].
Then there exists v € K such that
K=F(7).

Theorem 3.7. (Classification of finite fields). The map

F: {pk | p,k € Z~o and p is prime} <+ {finite fields}
Card(K) i K
D — F, =Z/pZ
Pk — Fpk:{a€E|apk:a}

is a bijection.

(b) Let n,d,m € Zso withn =dm. Then Fpn 2 Fa and

F: E
@

2

Autde (Fpn) = {1, Fe 2 ,F(mfl)d}, where :

is the Frobenius automorphism.

Theorem 3.8. Let n € Zwg. Let w = ™/ and let ®,,(z) be the nth cyclotomic polynomial.
(a) Q(w) is the splitting field of f(x) =a™ — 1 over Q.
() 2" — 1 =[] @al2).
dn
(¢) ®,(x) € Z]z] and D, (x) = my, g(z).
(d) deg(®,(z)) = Card((Z/nZ)*) = (the number of primitive nth roots of unity).
() Autq(Q(w)) = (Z/nZ)".

Proposition 3.9. The map given by

GLy(C) — Autc(C(e)) oar: Cle) — C(e)
a b R o where ) R f(astt)
¢ d “ 7 o(z24%)

is a group homomorphism.
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3.6.1

HW:
HW:
HW:
HW:
HW:
HW:

3.6.2

Small tasks for the proof of Proposition 3.5

Show that F(a + ¢f) C F(e, B).
Show that mg ratep)(T) = T — .
Show that o € F(a + ¢f).

Show that mg p(atep)(r) = — B.
Show that 8 € F(a + ¢f).

Show that F(«, 8) C F(a + ¢f).

Small tasks for the proof of Proposition 3.6

Carefully set up the induction to use Proposition 3.5 to prove Proposition 3.6.

3.6.3 Small tasks for the proof of Proposition 3.7

HW:

of K.

HW:
HW:
HW:
HW:
HW:
HW:

Let K be a finite field. Show that there exists p € Z~ such that p is prime and F,, is a subfield

Let K be a finite field. Show that there exists p, k € Z~¢ such that p is prime and Card(K) = p*.
Let K be a finite field with ¢ elements. Show that K* is an abelian group with ¢ — 1 elements.
Let G be a group with r elements. Show that if g € G then g" = 1.

Let K be a finite field with ¢ elements. Show that if & € K and a # 0 then a9~ ! = 1.

Let K be a finite field with g elements. Show that if o € K then a? = a.

Let K be a finite field that contains F, as a subfield. Show that the function

F: K —- K

P is an automorphism.
Q Q

3.6.4 Small tasks for the proof of Proposition 3.8

HW:
HW:

HW:
HW:
HW:
HW:
HW:
HW:

3.6.5

HW:

Show that Q(w) is the splitting field of " — 1 over Q.

Show that =" — 1 = H Dy(x)
din
Show that ®,(x) € Q|z]
Show that ®,(z) divides my, ().
n(2)

Show that ®,(x) divides my, g(x).

T

Let 0 € Autg(Q(w)). Show that o(w) is a primitive nth root of unity.

Show that deg(my, g(x)) = (the number of primitive nth roots of unity).
Show that Autg(Q(w)) = (Z/nZ)*.

Small tasks for the proof of Proposition 3.9

b

Show that if <a
c d

> € GLy(C) then o € Aute(C(e)).
cd
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Proposition 3.10. Let F be a field and let F be an algebraically closed field containing F. Let o, 3 € F
and let c € F. Let o, ..., o be the roots of mar(x) and let B1,...,[Bs be the roots of mgr(x) so that

Mar(x) =(x —a1) - (x — ) and mgr(x) = (x — B1) - (v — Bs) in Fla],

and o = aq and B = (B1. Assume that

c M 1 T 7 st with (2,7
%{ (a—o) lie{l,...,r},je{l,...,s} th(,]);&(l,l)}.

then
F(a, B8) = F(a+ ¢B).

Proof.
To show: (a) F(a + ¢f8) C F(a, B).

(b) F(a, 8) € F(a + cB).
(a) To show: a+ ¢f € F(a, ).
Since a € F(«, 8) and B € F(a, 5) and ¢ € F and F(q, ) is a field then o + ¢ € F(a, ).
So F(a, ) is a field containing F and « + ¢f.
Since F(a + ¢f) is the smallest field containing F and « + ¢ then F(a + ¢f) C F(«, 5).
(b) To show: (ba) o € F(a + ¢f3)

(bb) B € F(a+ ¢p).
(ba) To show: mg payes)(T) =7 — .
Since
mar(z) € Fla, )] and h(z) = mgr(B + ca — cx) € F(a, B)[x]
and
mar(e) =0, and h(a) =0,

then mq, p(a+cp)(7) is a common divisor of mqr(z) and h(z) = mgr(B + ca — cz).

As elements of F|x],

ma,r(x) factors as mar(x) = (x —a)(z —ag)...(z — ay) and
h(z) factors as h(z) = (B4 ca—cx—P1) (B +ca—cx—fs).

Since ¢ '8+ o — ¢713; # «; except when i =1 and j = 1 then
ged(mar(z), h(z)) =2 — .

So Mo F(at-cB) () =2 -«
So a € F(a+ ¢f). O

Theorem 3.11. Let F be a field and let K be the splitting field of a polynomial f(x) € Flz].
Then there exists v € F such that
K=F(v).

Proof. Let ay,...,ar € K be the roots of f(z) so that f(z) = (x —a1)--- (z — ag) in K[z]. Then
K=F(a,...,ak).

By induction on ¢, the theorem of the primitive element gives that if £ € {1,...,k} then there exists
¢ € K such that
Flag,...,ap) =F(yi—1,ap) = F(v).

Let v = . O

92



Algebra notes, Arun Ram March 9, 2024

Theorem 3.12. (Classification of finite fields). The map

F: {p" | p,k € Zso, p is prime} > {finite fields}
Card(K) i K
p — F, :E/pZ )
p* — Fp={aeF,|o” =a)

Proof. Let K be a finite field.
Since K is finite then the ring homomorphism

p: Z — K

1 = 1 1S not injective.

Let p € Z~¢ be minimal such that ¢(m) = 0.

If q,r € Z>o and p = qr then ¢(q)e(r) = ¢(gr) = ¢(p) = 0.
So g =1 and r = p or vice versa and p is prime.
S0{0,1,2,...,p—1} =F, = Z/pZ is a subfield of K.

So K is a finite dimensional F,-vector space.
So there exists k € Z~¢ such that dimp, (K) = .
So K| = p*.

Let a € K with o # 0.

Since K* is an abeliangroup of order p* — 1 then P -l =1.

So a is a root of aP+~1 — 1.

There are p* — 1 roots of 27" 1 — 1 (the (p* — 1)th roots of unity) and

Card(K) = Card(K* U {0}) = Card(K*) 4 Card({0}) = (p* — 1) + 1 = p*.

So o .
K={aeF,| o’ =a}.

Theorem 3.13. Let n € Zsq. Let w = e*™/™ and let ®,,(x) be the nth cyclotomic polynomial.
(a) Q(w) is the splitting field of f(x) =a™ — 1 over Q.

(b) 2" — 1 =[] ®alx).
din
(c) ®n(z) € Z[z] and O, (x) = my ().
(d) deg(®,(z)) = Card((Z/nZ)*) = (the number of primitive nth roots of unity).

(e) Autg(Q(w)) = (Z/nZ)*.

Proposition 3.14. The map given by

GLy(C) — Autc(C(e)) Tab: Ce) — C(e)
a b where actb
L £©) . f(e)
<C d> Ugs 9(6) (aeii)
ce+d

is a group homomorphism.
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