Algebra notes, Arun Ram March 1, 2024

3.3 Tutorial 1 NEW MAST30005 Semester 1, 2024: Last week’s theorems

Last week we covered the following theorems. Write careful proofs of each.

Proposition 3.1. Let K be a field and let H be a subgroup of Aut(K). Then K is a subfield of K.

Theorem 3.2. Let p: A — R be a ring homomorphism. Let K = ker(y). Then the function

18 a Ting isomorphism.

Proposition 3.3. Let F be a subfield of a field K and let a € K. Let Flz] = K be the evaluation
homomorphism. Let F(a) be the smallest subfield of K containing F and «. Let

Fla] = im(evy)  and let map(z) =co+ 1w +---coqat™ +a2° € Fla]
be such that
ker(eve) = (map(z)),  where (map(x)) = mar(@)F[z] = {mar(z)g | g € Flz]}.
Then
Fle) = Flo) = 0

and, as a vector space over T,

F(a) has F-basis {1,a,02,... o1}

Theorem 3.4. Let E be a subfield of K and assume that there exists f € E[z] such that K is the
splitting field of f over E. Then the map

{field inclusions F CE C K} <+— {group inclusions Autg(K) O H D {1}}
F — AutF(K)
K" < H

s an isomorphism of posets.
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Some steps for the proof of Theorem [3.4}
Let K be a field.

e Let F be a subfield of K. The Galois group of K over F is

Gal(F) = Autp(K) = {0 € Aut(K) | if e € F then o(e) = e}.

e Let H be a subgroup of Aut(K). The fixed field of H is

Fix(H) = K? = {e € K | if 0 € H then o(e) = e}.

HW: Show that Autg(K) is a subgroup of Aut(K).

HW: Show that K is a subfield of K.

HW: Let F C K be a subfield of K. Show that Fix(Gal(F) O F.

HW: Let H be a subgroup of Aut(K). Show that Gal(Fix(H)) C H.

HW: Let F and G be subfields of K and assume that F C G. Show that Gal(G) C Gal(F).

HW:. Let G and H be subgroups of Aut(K)) and assume that G C H. Show that Fix(G) D Fix(H).
HW:. Let H be a subgroup of Aut(K)). Show that Fix(Gal(Fix(H))) = Fix(H).

HW:. Let F be a subfield of K. Show that Gal(Fix(Gal(F))) = Gal(F).

HW:. Let F be a subfield of K and let 0 € Aut(E). Show that Gal(co(F)) = oGal(F)o~! (subgroups
of Aut(K)).

HW:. Let H be a subgroup of Aut(K) and let o € Aut(E). Show that Fix(cHo ') = o(Fix(H))
(subfields of K).

HW:. Let F be a subfield of K and assume that K D F is the splitting field of a polynomial f(z) € F[x]
over F and that f(z) factors as

flz)=(z—a1) - (z — ay), with a,...,ap € K.

Show that K = F(a,...,ap).

HW:. Let F be a subfield of K and assume that K = F(aq,...,ay). Show that there exists v € K
such that K = F(y).

HW:. Let F be a subfield of K and assume that K O F is Galois. Show that there exists v € K such
that K = F(v).

HW:. Let F be a subfield of K and assume that K O F is Galois. Let v € K such that v € K such
that K =F(v). Let G = Autp(K). Show that

myr(z) = H (x —B).

BeGy
HW:. Let F be a subfield of K and assume that K O F is Galois. Let v € K such that K = F(~). Let

G = Autp(K). Show that
deg(m. r(z)) = |G|.
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HW:. Let F be a subfield of K and assume that K D IF is Galois. Let v € K such that K = F(y). Let
G = Autp(K). Show that
dimp(K) = |G].

HW:. Let F be a subfield of K and assume that K D I is Galois. Let v € K such that K = F(~). Let
G = Autp(K). Let Gy = {g7 | g € G}. Show that

G — Gy
g = g7

HW:. Let F be a subfield of K and assume that K O F is Galois. Let v € K such that K = F(y).
Show that Fix(Gal(F)) = F.
HW:. Let H be a finite subgroup of Aut(K). Show that K D K is a Galois extension.

HW:. Let H be a finite subgroup of Aut(K). Show that Gal(Fix(H)) = H.
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