Algebra notes, Arun Ram February 15, 2024

1.13 Tutorial 11 MAST30005 Semester I, 2024
1. If R and S are rings, their product R x S = {(r,s) | r € R,s € S} is a ring with
(r,s8)+ (', 8) = (r+7',s+ ) and (r,8)(r',s") = (r', s5).

(a) Write down the additive and multiplicative identities in R x S.
(b) Is Z/8Z isomorphic to Z/27 x 7/AZ (as rings)?
(¢) Is Z/6Z isomorphic to Z/37Z x 7Z./27 (as rings)?

2. Let R and S be rings. Is the map

R — RxS
. P
Is r oo (r,0) a ring homomorphism?
Is Bo= RXER a ring homomorphism?
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3. Let R be aring. If I, J are ideals of R, the sum of I and J is defined by
I+J={z+ylexel,yeJ} CR.
(a) Show that I + J is an ideal of R.

(b) Prove the Chinese Remainder Theorem:

If I+ J=Rthen R/(INJ)=R/I x R/J (as rings).

(¢) The classical Chinese remainder theorem says that if m and n are coprime integers, then for
any a, b, the system of equations x = a (mod m) and x = b (mod n) has a unique solution
modulo mn. Show how this follows from the result called the Chinese remainder theorem
above.

4. Find a greatest common divisor in Z[i] of —1 + 7i and 18 — 1.

5. Let F' be a field and f(x) € F[z] a polynomial such that f(a) # 0 for all a € F. Show that if f
has degree at most 3, then f(x) is irreducible.

6. Find all irreducible polynomials of degree at most 3 in Fa[z]. Show that 1+ z + x* is irreducible
in Falz].
7. Define C[t] and CI[t]].

(a) Show that C[t] and C][¢]] are integral domains.

(b) Determine C[t]* and C[[t]]*.

(c) Show that {1 € C[[t]] and €' € C[[t]] and sin(t) € C[[t] and tan(t) € C[[t]].

(d) Show that t=1 ¢ C[[t]] and cot(t) & C[[t]].

(e) Let C(t) be the field of fractions of C[t] and let C((¢)) be the field of fractions of C[[t]].

Show that ‘
c((t) = {oyu (|| #cr).
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8. Let R be a nonzero ring. An element a € R is nilpotent if there exists n € Z~¢g such that o™ = 0.
Let a € R. Prove that if a is nilpotent then 1 + a is a unit.

9. Let a and b be integers with ged(a,b) =1 (in Z). Prove that the greatest common divisor of a
and b in Z[i] is also 1.
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