Algebra notes, Arun Ram April 7, 2024

3.15 Lecture 18: Principal ideals

Let R be a commutative ring and let p € R.

e The element p is prime if p satisfies p # 0 and pR # R and

if a,b € R and ab € pR then a € pR or b € pR.

e The element p is irreducible if there do not exist a,b € R such that

p=aband a ¢ R* and b & R*.

In other words, an element p € R is prime if the principal ideal pR is a prime ideal.

HW: Let R = Z[z]. The element z is irreducible and xR is a maximal principal ideal but zR is not
a maximal ideal since R 2 TR+ xR 2 xR. The element z is also prime since Z[z|/xZ[z] = Z which
is an integral domain.

HW:. Let R = Z[V/=5] = {a + by/=5 | a,b € Z. Define N(a + b\/=5) = a? + 5b? so that if x,y € R
then N(zy) = N(z)N(y). The element 3 € R is irreducible since N(3) = 9. The element 3 is not
prime since 3 divides (1 ++/—5)(1 — +/—5) = 6 but 3 does not divide 1 4+ /=5 and 3 does not divide

1—+/-5.
Let
S = {ideals of R} and PE = {principal ideals of R}
partially ordered by inclusion.

Proposition 3.71. Let A be an integral domain.

AJAX —— PE

A s dA s a bijection.

(b) Let d € A. Then d is irreducible if and only if dA is a mazimal principal ideal of A.
(c) Let d € A. If d is prime then d is irreducible.

(d) Let d € A. If Py gy satisfies ACC and d # 0 and d ¢ A* then there exist k € Z~( and irreducible
P1,--.,Pk € R such that a = p1 - - - py.

Proposition 3.72. Let A be a PID.
(a) Let d € A. Then d is prime if and only if d is irreducible.
(b) The poset Pjg o) of principal ideals of A satisfies ACC.
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3.15.1 Some proofs

Proposition 3.73. Let A be an integral domain.

AJAX «— PE
dA*  —  dA

1$ a bijection.

(b) Let d € A. Then d is irreducible if and only if dA is a mazimal principal ideal of A.

(c) Let d € A. If d is prime then d is irreducible.

d) Letd e A. If P satisfies ACC and d # 0 and d & A* then there exist k € Z~¢o and irreducible
[0,R]

Plye-

,Pk € R such that a =p1 -+ pg.

Proof.
To show: (aa) If z,y € A and xA = yA then there exists u € A* such that x = yu.

(aa)

(ab) If there exists u € A* such that x = yu then A = yA.
(ba) If d € A and d is irreducible then dA is a maximal principal ideal of A.
(bb) If d € A and dA is a maximal principal ideal of R then d is irreducible.

Assume z,y € A and zA = yA.

Since x € yA then there exists v € A such that x = yv.
Since y € zA then there exists u € A such that y = zu.
So x = yv = zuw.

Using that A is an integral domain then the cancellation law gives that uv = 1.
So u € AX.

Assume that there exists v € A* such that z = yu.

Then A = yuA C yA and yA = zu~'A C zA.

So zA = yA.

Assume dA is not a maximal principal ideal.

Then there exists a principal ideal gA such that dA C gA C A.
Sod=ghand g ¢ A* and h & A*.

So d is reducible.

Assume that d is reducible.

Then there exist g, h € A such that d = gh and g, h ¢ A*.
So dA C gA C A.

So dA is not a maximal principal ideal.

Assume that d € A and d is prime.

To show: d is irreducible.

To show: If d = ab then a € A* or b € A*.

Assume d = ab. Then ab € dA.

Since d is prime then a € dA or b € dA.

Case 1: a € dA.
Since a € dA then there exists r € A such that a = dr.
So d = ab = drb.
By the cancellation law, then rb =1 and b € A*.
Case 2: b € dA.
Since b € dA then there exists s € A such that b = ds.
So d = ab = das.
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By the cancellation law, then as =1 and a € A*.

So d is irreducible.

To show: If there exists m € R with m # 0 and m ¢ R* that does not have a finite factorization
into irreducible then P& does not satisfy ACC.

Assume that there exists m € R with m # 0 and m ¢ R* that does not have a finite factorization
into irreducible elements.

Since m is not irreducible then there exist a,b € R such that a,b ¢ R* and m = ab.

Since m does not have a finite irreducible factorization then at least one of a and b does not
have an irreducible factorization.

So there exists my € R such that

mRCmRCR and m; does not have a finite irreducible factorization.

Repeating the process with my, there exists ms € R such that

mRCmRCmeRC R and my does not have a finite irreducible factorization.

In this way mR C miR C maR C -+ is a non-finite increasing chain in P{*.
So Pt does not satisfy ACC.
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Proposition 3.74. Let A be a PID.
(a) Let d € A. Then d is prime if and only if d is irreducible.
(b) The poset Pjy a) of principal ideals of A satisfies ACC.

Proof.
(a) =: Assume that d € A and d is prime.

To show: d is irreducible.

To show: If d = ab then a € A* or b € A*.
Assume d = ab. Then ab € dA.

Since d is prime then a € dA or b € dA.

Case 1: a € dA.
Since a € dA then there exists r € A such that a = dr.
So d = ab = drb.
By the cancellation law, then rb =1 and b € A*.

Case 2: b € dA.
Since b € dA then there exists s € A such that b = ds.
So d = ab = das.

By the cancellation law, then as =1 and a € A*.
So d is irreducible.
(a) <: Assume that d € A and d is irreducible.
So dA is a maximal principal ideal.
Since A is a PID then Sjg g] = P,z and dA is a maximal ideal.
Since dA is a maximal ideal then dA is a prime ideal.
So d € A is prime.
(b) Let I; C I C --- be an ascending chain of ideals in A.
To show: There exists k € Z~¢g and n € Z~y, then I,, = I},.

Let

Im= | I

J€Z>0

Then I, is an ideal of A.
Since A is a PID then there exists d € A such that I,, = dA.
To show: There exists k € Z~g and n € Z~y, then I,, = I}.
Let k € Z~¢ such that d € Ij,.
To show: If n € Z~y, then I, = I}.
Assume n € Z~j. Then

So Iﬁ ZZIk.
So A satisfies ACC.

149



