Algebra notes, Arun Ram March 3, 2024

1.3 Lecture 4: Theorem of the primitive element

Proposition 1.8. Let F be a field and let F be an algebraically closed field containing F. Let o, 3 € F
and let c € F. Let oy, ..., be the roots of mor(x) and let By, ..., Bs be the roots of mgr(x) so that

mar(r) =(x—a1) - (x —ay) and mgr(x) = (x —B1) - (v — Bs) in Flz],

and o = a1 and B = (1. Assume that

cg{_(ﬂ_ﬂj)]ie{l,...,r},je{l,...,s} with (i,j)#(171)}-

(a0 — )

then
F(a, B) = F(a+ ¢p).

Proof.
To show: (a) F(a + ¢f8) C F(a, B).

(b) F(a, B) C F(ax + ¢p).
(a) To show: a + ¢f € F(a, ).
(b) To show: (ba) a € F(a + ¢f)

(bb) B € Far + cB).

(ba) To show: mg pa+tep)(T) =7 — .

Since
mar(z) € Fa, B)[z] and h(z) = mgr(B + ca — cx) € F(o, §)[]

and
maqr(a) =0, and h(a) =0,

then mq p(atcp) () is @ common divisor of mqr(z) and h(z) = mgr(B + ca — cz).
As elements of F[z], mq r(z) factors as map(z) = ( — @)(z — a2) ... (¥ — a;) and h(z) factors as

h(z) = (B +ca—cx—p1)-- (B4 ca—cx—Bs).
Since ¢ '8+ o — C*I,Bj = «; except when ¢ =1 and j = 1 then
ged(mar(z), h(z)) =z — o

So Mo F(atcB) () =2 -«
So a € F(a + ¢f3). O

Theorem 1.9. Let F be a field and let K be the splitting field of a polynomial f(x) € Flx].

Then there exists v € F such that
K=F(7).

Proof. Let aq,...,ar € K be the roots of f(z) so that f(z) = (x —a1)--- (z — a) in K[z]. Then
K=F(a,...,ak).

By induction on ¢, the theorem of the primitive element gives that if £ € {1,...,k} then there exists
¢ € K such that
Flag,...,ap) = F(yi—1, ar) = F(y).

Let v = . O
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