Algebra notes, Arun Ram December 10, 2023

6.3 Polynomial Rings

Definition. Let A be a commutative ring and for i € Z~q let 2° be a formal symbol.
e A polynomial with coefficients in A is an expression of the form
a(z) = ap + 1w + aga® + - -
such that

(a) ifi € ZZO then a; € A,
(b) There exists N € Z~¢ such that if i € Z~y then a; = 0.

e Polynomials f(x) = 19 + riz + rez? + -+ and g(z) = so + 812 + 5222 + - - - with coefficients in
R are
equal if r; =s; for i € Z>o.

e The zero polynomial is the polynomial 0 = 0 4 0z + 0z 4 - - .

e The degree deg (f(x)) of a polynomial f(z) = ag + a1z + agz? + - - - with coefficients in A is
the smallest N € Z>( such that ax # 0 and ay =0 for k € Z- n.

If f(x) =0+ 0z + 022 + --- then define deg (f(m)) =0.

e Let A be a commutative ring. The ring of polynomials with coefficients in A is the set Alz]
of polynomials with coefficients in A with the operations of addition and multiplication defined
as follows:

If f(z),g(z) € Alx] with

f(x):T0+T1a:+r2m2+-~- and g(x):30+31x+32x2+... \
then
f(x)+g(z) = (ro + s0) + (r1 + s1)x + (ro + s2)2® 4+ ---, and
f(@)g(z) = co+ a1z + cox’ +---, where ¢ = Z TiSj.
i+j=k

Proposition 6.9.

(a) Let R, S be commutative rings and let ¢: R — S be a ring homomorphism. Then the function

Y R[x] — Slz]
o+ 1T+t 4 o(ro) +p(r)T + p(r)a? + -

is a ring homomorphism.

(b) Let R be a commutative ring and let « € R. Then the evaluation homomorphism

evq: R[z] — R

d d 18 a ring homomorphism.
ro+rix+---rqrt — rot+nria+---+rqo
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