Algebra notes, Arun Ram April 22, 2024

2.30 Proof that perfect fields give no repeated roots
Theorem 2.36. Let F be a field. The field

F is perfect
if and only if F satisfies
if f(z) € Flz] and f(x) is irreducible  then f(x) has no repeated roots.

Proof. =: Assume F is perfect and let m(z) € F[z].
To show: If m(z) € F[z] has a repeated root then m(z) is not irreducible.
Assume «a € F is a repeated root of m(z).

Then
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m(z) = (z — a)*n(zx) and m'(z) = — = (v — a)Qjﬂ +2(z — a)n(x),

giving that m/(a) = 0.

Case m/(x) # 0: Since deg(m/(x)) < m(x) then m(zx) is not the minimal polynomial of «.
So m(x) is a multiple of mq (z).
So m(x) is not irreducible.

Case m/(z) = 0 and char(IF) = 0. Then deg(m(x)) = 0. So m(x) is not irreducible.

Case m/(z) =0 and char( ) = p with p > 0. Then m(z) = 2" + cp_12*=DP ... 4 c12P + ¢o.
Let bk,1 =F- (Ck,l), . b =F- ( )

Then

2 4 F(b_)aF P 4o 4 F(by)a? + F(b)
= 2k by )PP o BPaP 4B
= (mk + bkflxkil + -+ b+ bo)p.

m(x)

So m(z) is not irreducible.

<: Assume F is not perfect and p = char(F) € Z~.
To show: There exists f(z) € F[z] such that f(z) is irreducible and f(x) has a multiple root.
Since F is not perfect then there exists o € F such that o!'/? ¢ F.
Let
f(z) =mar(z) =2 —« be the minimal polynomial of a over F.

Since f(x) is the minimal polynomial of « over F then f(z) is irreducible.
Since f(z) = 2” — a = (xz — /)P then f(x) has a multiple root.
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