Algebra notes, Arun Ram April 15, 2024

2.2 Proof that the poset of R-modules is a modular lattice

Proposition 2.2. Let R be a ring and let M be an R-module. Let N be an R-submodule of M. Define
Sinv) = 1P | N € P C M are R-module inclusions} partially ordered by inclusion.
For P,Q € Sy, define
P+Q={p+q|peP andqeQ} and PNnQ={meM|meP andme Q}
(a) Let P,Q € Sy,a- Then
P+ Q =sup(P,Q) and PnNn@=inf(P,Q).
(b) (modular law) If L, P,Q € Sy and P C Q then Q + (LN P)=(Q+L)NP.

Proof.
(a) To show: (aa) PC P+ Q and Q C P+ Q.
(ab) If L € Sjyarp and P C L and Q C L then P+ Q C L.
(ac) PNQ C Pand PNQ C Q.
(ad) If K € Syppand K C Pand K CQ then K C PNQ.
(b) To show: If P C Q then QN (P+ L) =P+ (QNL). Assume P C Q.
To show: QN (P+L) =P+ (QNL).
To show: (ba) QN (P+L)C P+ (QNL).
To show: (bb) P+ (QNL)CQN(P+L).

(ba) Assume a € QN (P + L).
To show: a € P+ (QNL).
So there exist p € P and ¢ € L such that a = p + £.
Sincea€ Qand pe Q thenl=a—pe€ Q.
Sole@nNL.
Soa=p+LeP+(QNL).
SoQN(P+L)CP+(QNL).

(bb) Assume b€ P+ (QNL).
To show: be QN (P + L)
Since b € P + (Q N L) then there exist p € P and £ € Q N L such that b =p + /.
Since P C @ then p € Q.
Sob=p+lec@nN(P+1L).
SoP+(QNL)CnN(P+L).

P+(QNL)=QN(P+L). O
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