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1.6 Lecture 6. Mobuis transformations and algebraic number fields
1.6.1 Modbuis transformations

The ring Cle] of polynomials in a variable € with coefficients in C has field of fractions

—@ €),9g(e €) wi € wi &:@iae €) = b(e)c(e
oo = {19 1 r0.g0 cc@mmga} win H =D it a0 = e

The group of 2 x 2 invertible matrices with entries from C is

~—

GLy(C) = {(i Z) € Mays(C) | ad — be # 0} .

Proposition 1.13. The map given by

GL3(C) — Autc(C(e)) Tab: Cle) — C(e)
a b where act+b
— 79 , 1)
(£ 4 E @ ()

is a group homomorphism.

1.6.2 Examples of algebraic number fields

Let Q be the algebraic closure of Q.
e An algebraic number is an element of Q.
e An algebraic number field is a finite extension of Q.

Let f(z) € Q(z) and let where a1, ..., a, € Q are the roots of f(z) so that

fl@)=(x—a)---(z—a),  inQzl.

e The discriminant of f(z) is D?, where

p= TI (ai-aw.

1<i<j<k

Let K be the splitting field of f(x) € Q[z]. If o € Autg(K) then o is a permutation of the roots
of f(x) and
c-D=(-1D)")D  sothat oD?= D2

Thus D? is fixed by Autg(K) and D? € Q.
e If D ¢ Q then the minimal polynomial of 22 — D? is and Q(D) is a degree two extension of Q.

e If D € Q then Autg(K) C A, where A, is the alternating group.

Example 1. If f(x) = 22 + bz + ¢ is an irreducible polynoimal in Q[z] and

flx)=2?+bz+c=(z—ai)(z—az) € Qx| then Q1) = Q(ag)
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since a1 = b — ap. If 0 € Autg(Q(aq)) is the element given by
o(ay) = ag, then o(ag) = ay,
since ag + oag = o(a; + az) = o(b) = b= a; + as. So
Autg(Q(an)) ={1,0} =Z/2Z = S,.
The discriminant
D? =1 —4ccQ and D =+Vb? —4c and D e Q(aq).
So Q(a1) =Q(D) and ¢D = —D.

Example 2.. Let f(z) = 2% + a2 + asz + ag. Change variable z = y — %ag. Then

3ya? a3 2a9 a’ a1as
3 2 2 2 2 2
f(x) =y azy” + 9 27+a2y 3 Y+ 9 + a1y 3

So assume that f(z) = 23 + bx + ¢ and let K be the splitting field of f(x). If f(z) is separable and
irreducible then

+ ag.

if D
D? = —4p* —27¢  and  Autg(K) = i ? Fe
Z/3Z, if D€ Q.
If f(z) =2 +bx+c=(xr—a1)(z — az)(z — as) then

—Cc=e3 = aja03 = —c,
b=ey =aias + ajasz + asas,

O=e; =a; +a2+ as,

and the Hasse diagrams of the posets in the Galois correspondence are

Q(a1, az, as) {1}
Q(a1) Q(a2) Q(as) {1, s12} {L,s13} {1,s23}
Q(D) As
Q S3

A concrete example is f(x) = 23 — 2 which has roots 2%, 2%w, 2%w2, where w = 27i/3

cube root of unity and

is a primitive

Autg(K) =S3 and D =+-27-4=6V3i.
Examples of the two cases are

flz) =2 -3z +1, which has D = /81 =9, and
f(x)=23+32+1,  which has D = /=135 = 3V/15i.

Example 4.. Let f(z) = 2* 41 which has roots w,w?,w’, w”, where w = €2™/8. Let K be the splitting
field of f(x) over Q. Then

Autg(K) = Z/2Z x Z/2Z, the Klein four group.
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Let a,b € Q and let K = Q(+/a, v/b), which is the splitting field of
f(@) = (2* = a)(a® = b) = 2" — (a + b)z + ab.

Then
Autg(Q(va, Vb)) = Z/2Z x 7.)2Z,

generated by 0: K — K and 7: K — K where

o(vB) = Vb, and () = — V5,

The Hasse diagrams of the posets in the Galois correspondence are

Q(v/a, V) {1}
QWb  Q(a) QWab) and  {loT} { {1,0} } {1,7}
Q l,0,7,07

Here, Q(v/a, vb) = Q(v/a + v/b) since (v/a+ vVb)? = a+2y/avVb+b € Q(yv/a+v/b) and so (vVab)(v/a+
Vb) = (avb + by/a) € Q(v/a+ vb). So (b—a)ya € Q(v/a+Vb).

Example 5. Let f(z) = 2" — 1. The polynomial f(z) has roots 1,w,w!,...,w" !, where w = €27/"

Let K be the splitting field of f(z) over Q. Then
Autg(Q(w)) = (Z/nZ)*  and  Card((Z/nZ)") = ¢(n),
where ¢(n) is Euler’s phi function.
Example 6. Assume F contains a primitive nth root of unity and let K be a finite Galois extension
of F. Then

there exists b € F such that
Autp(K) = Z/nZ if and only if " — b € Fx] is irreducible and
K is the splitting field of ™ — b

Example 7. Assume F = E(zq,...,z,) and K = E(ey,...,e,), where e, ..., e, are the elementary
symmetric functions in x1,...,%,. Then

K is the splitting field of  f(z) = (z — z1)(x — x2) - - - (z — zy,) € Flx],

and
Autﬂ: (K) = Sn .
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